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7h£ beneficial improvements lately made^ aad stUliSfSJdi^ ' 
In the plan of the scientific education of the Cad(Ha> id idtt 
Royal Military Academy at Woolwich, having rendered s „ 
further extension of the Mathematical Coarse adviseable, 1. 
was honoured with the orders of his Lorddup, the Matter 
General of the Ordnance, to prepare a third.^olume, i^ addi* 
tion to the two former volumes of the Ccftirso, to COiddh 
such additions to some of tho sul^ects before cpea^ osf iaV 
those two volumes, with such other new branchy nf ndUhiry: 
science, as might a;ppear best adapted to promote the eddt of' 
this important institution. From my advmtced imd the ‘ 
precarious state of my health, 1 was desirous of d^nit^f^lElh' 
a tash, and pleaded my doubts of being able, in such a stime^, 
to answer satisfactorily lordship’s wishes. Thk di^ohy 
however was obviated by the r^y, that, to |ae$erve. a unj^ 
formity between the former and the additimnd parts of the 
Courae, it was requisite that I should undeitdee the direction 
of the arrangement, and compose such parts of the worh ws' 
might be found convenient, or as relaih^ tp^hl^ics iht whpch -> 
I had made experiments or impovements^ and ^ the rest. 
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nt^ fej;£}nfe ‘ tS^fh'- khid iadto](|pBM^ beungen- 
; tiBf eJtett ’ nijr teest endeawow, I immediatdtyiMh 

;' to^uuee of l>r« Gi^goi^of 

tEe R.o;f^ MiBido^ Addei^, tiiail w£oq^ Wtb fer hk-cx. 

and hii lon^ experiences 1 fetitnr 
‘Of ,3d«i^‘p6rion itiort fit to be assoo^ed ib the dtie petlbiinanee 
:of sbcli a taik, Acc<kdit>g}y, Ibis volume k to be cooridered 
' Is the joint compbsitioh of that g«»tlemim tmd ira7telf> hav- 
; ^ch. of us taken and prepared, in nearly eqvid portions, 

' depillte chapters and branches Of the tn»ic, being such as, 
. in the compass of this volume, vrith the advice ai^ asristance 
, iif %he Ineut. -Governors were deemed amtmg rite most useful 
sobj^ts for the putposes of die edacadon esta- 
Mhlied in the ^ademy. 

' ’ "llbe several parts of the work, and their arrangement, are 
'm fblkiw.— in the first chapter are contained all the proposi- 
’ done “of the course of Cmic Seatons, first printed for the use 
•Off' the Academy in the year 11S7, which remtdned, after 
’ tbbse that were sel«:ted for the second volume of diis Course : 
'tp'Whkh k addt^ a tract on the algebraic equations of the 
tevera! coific sections, serving ns a brief Introdutilkai to the 
alg^uc propertks'of curve fines. 

'Tlhe fd chapta* contains' a ihort geometrical treatise on the 
etements of /sopmjneirj/ and the maxima and 
rii^fltcs ond so/lfih,* in which several propositions usually in- 
-vcstigated by fiuxlonary {Uvcesses are effected geometrically ; 
and in winch, indeed, the princi^ results deduced bylEhos. 
Sk^son, Hordey, Legendre, and LhuiHier ;ir^ fhiown iitto 
the compass of one short tract. 

The 3d and 4th chapters exhibit a conclm but compre* 
hritsirh vi^of the iri^ommetrictdmii^mii» that htwhich 
the chlef'^eoretns dfl^ane and Sjfiierical Trigdiibrnetrysire 
dediiOed Algebraically by mesms of what Is eote&oniy deno> 

minated 
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• miastsd the jdritkm«^ ^ Biim. A«;|^iBparisea»|, 
model of invesdgatioa ado{tt«d in these eh>s{)te!riSy 
rfursaed'm that part of the secood vQluaie of -th»/oGfn^^, 
ediidiis devoted to Trigonometry* «hU miable a etitde#|o. 
trace the relative advantages of the' algebeaidd end geom^ 
trkal methods of treating this useful branch of science* The 
fourth chapter includes also a disquidthm on the naitMte KtnA 
measure of s/did angleSf in which the theory of that pecuhar 
elms of geometrical magnitudes is so represented* as to reader 
their mutual comparison (a thing hitherto su{^Si^ impeh* 
sible except in one or two very obvious cases) a matter of 
perfect ease and simplicity. 

Chapter the hfUx relates to Geodesic Operations* and that 
more extensive kind of Trigonometrical Survei^ng which «•, 
employed with a view to determine the geographical- aiiniiw 
tion of places, the magnitude of kingdoms, and the figore cdT 
the eartli. This chapter is divided into two sections; in the 
first of which is presented a general .x:couBt of this kind of 
surveying ; and in the second, solutions of the mo.:t import- 
ant problems connected with these operations. This portioil 
of the volume it is hoped will be found *highly nsefid} as 
there is no work which contains a concise and connected ac- 
count of this kind of surveying and its dependent probl^s i 
and it cannot fail to be interesting to those who kooar how 
much honour redounds to this country hom the great 4sill, 
accuracy, and judgment, with which the trigonometriical 
survey of England has long been carried on. 

In the Cth and 7th chapters are developed the prmcij[4es 
of Polj/genometryf and those which relate to the Dk'iiion gf' 
lands and other surfaces, both by geometrical construction 
and by computation. 

The 8th chapter comains a view of the nature and solu- 
tion of eqmf^ms in general* with a selection of the best rules 
for equations of dlfterent degrees. Chapter the 9th is devoted 

to 
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to the nature and properties of curves^ and the 
qf equations* These elntpters are manifestly connected^ and 
show how the nmtual relation subsisting between Equations 
of different degrees^ and curv^ of various orders, serve for 
the reciprocal illustration of the properties of both. 

In the 10th chapter the subjects of Fluents and FluMoml 
equations are concisely treated, lire various forms of Fluents 
comprised in the useful table of them in the 2d volume, are 
investigated : and several other rules are given 5 such as it is 
believed will tend much to facilitate the progress of students 
in this interesting department of science, especially those 
which relate to the mode of finding fluents by coiitinuatioD. 

The 11th chapter contains solutions of the most useful 
problems concerning the maximum effects of machines in 
motion; and d^velopes those principles which should con- 
stantly be kept in view by those who would labour beneficially 
for the improvement of machines. 

In die 12th chapter will be found the theory of the pHs^ 
sure of earth and fluids against walls and fortifications ; and 
the theory which leads to the best construction of powder 
magazines with equilibrated roofs. 

The 13th chapter is devoted to that highly ilitcresting 
subject, as well to the philosopher as to military men, the 
theory and practice 0 / gunnery. Many of^the difficulties at- 
tending this abstruse enquiry are surmounted by assuming 
die results of accurate experiments, as to the resistance expe- 
rienced by bodies moving through the air, as the basis of 
the computations. Several of the most useful jiroblems are 
solved by means of this expedient, with a facility scarcely to 
be expected, and with an accuracy far beyond our most san^ 
guine expectations. 

The 1 4th and last chapter contains a promiscuous but ex- 
tensive collection of problems in statics, dtjna§^ies, hydro- 
statics, hydtmiks^ projectiles, &c, &c} serving at once to 

exercise 
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exercise tbe jpupil in the various bnttdies of mallt^itaticis 
comprised i:i the course, to demonstrate their utility e^pieciully 
to those devoted to the military profession, to excite a tHtrst 
for knowledge, and in several i;npartant respects to gratify if# 

'I'his volume being professedly supplementary to the pre- 
ceiling two volumes of the Course, may best be used in tuition 
by a kind of mutual incorporatloti of its contents with those 
of the second volume. The method of effecting this will, 
of course, vary according to circumstances, and the precise 
employments for which the pupils are destined ; but in ge- 
neral it is presumed the following may be advantageously 
adopted. Let the first seven chapters be taught immediately 
after the Conic Sections in the 2d volume* Then let the 
substance of the 2d volume succeed, as far as the Practical 
Exercises on Natural Philosophy, inclusive. Let the 8th and 
9tli chapters in this 3d vol. precede the Treatise on Fluxions 
in the 2d 5 and when the pupil has been taught the part re- 
lating to fluents in that treatise, let hnn immediately be con- 
ducted through the 10th chapter of the 3d volume. After 
he has gone over tlie remainder of the Fluxions with the 
applications to tangents, radii of ctirvature, rectifications, 
quadrature, &c, the llth, I’ith, and iSth chapters of the 
3d voL should be taught. The problems in the 1 4‘th chap- 
ter must be blencUd with the practical exercises at the end 
of the 2d volume, in such manner as shall be found best 
suited to the capacity of the student, and best calculated to 
ensure his thorough comprehension of the several curious 
problems contained in those portions of the work. 

In the composition of this 3d volume, as well as in that of 
the preceding parts of the Course, the great object kept con- 
stantly in view has been iitiliiyy especially to gentlemen in- 
tended for the Military Profession. To this end, all such 
investigationis^as might serve merely to display ingenuity or 
talent, without any regard to practical benefit, have been care- 
fully 
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fttliy /^xcli*de(i The stiidfnt has put into his hands the two 
powerful instruments of the ancient and the modem or sub- 
lime geometry ; he is taught the use of both> and their rela- 
tive advantages are so exhibited aS to guard him, it is hoped, 
from any undue and exclusive preference for either. Much 
novelty of matter is not to be expected in work like this ; 

■S' 

though, considering its magnitude, and the frequency with 
which several of the subjects have been discussed, a candid 
reader will not, perhaps, be entirely disappointed in this re- 
spect. Perspicuity and condensation have been uniformly 
aimed at through the performance : and a small clear type, 
with a full page, h*5ve been chosen for the introduction of a 
large quantity of mutter. 

A candid public will accept as an apology, for any slight 
disorder or irregularity, that may appear in the composition 
and arrangement of this Course, the circumstance of the dif- 
ferent volumes having been prj?pared at widely distant times, 
and with gradually expanding views. But, on the whole, I 
trust it will be found that, with the assistance of my friend 
and coadjutor in this supplementary Volume, I have now 
produced a Course of Mathematics, in which a greater variety 
of useful subjects are introduced, and treated witlf^erspicuity 
and correctness, than in any three volumes of equal size in 
any language whatever. • 

CHA. H0TTON. 

Jefqy, ISl 1. 
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MATHEMATICS, &c. 


. CHAPTER I. 

CONTINUATION OF THfi CONiC SECTIONS. 


In the year IIS'? ms published, by ord6r of the Master 
General of the Ordnance, for the use of the Royal Military 
Academy, a volume of miscellaneous exercises, which had, 
for many preceding years, been employed in manuscript, in 
the education of the cadets in the academy. The first and 
principal article in the contents of that volume, wa^ an ex- 
tensive geometrical treatise oil Conic Sections, treated in a 
new and a more methodical, as well as easier way, than had 
been usual. — In the year 1798 , when the 2d volume of the 
Academical Course was first published, fay order of the Mas- 
ter General also, the leading propositions of that treatise on 
Conic Sections were introduced into it. — And now, on the 
further extension of the Course, by order of his lordship the 
present Master General, the remaining propositions, of the 
said first treatise of Conics, are introduced into this Sd 
volume. 

It will be observed that the theorems or propositions in this 
volume, are ^umbered in the regular succession from those in 
the 2d volume, in each of the three sections, commencing 
here, in the third volume, with the number next following the 
last in the 2d volume, so as to form these propositions in both 

VoL. in. B those 
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Ike theoreOMiare as follow. ^ 


SECTION t 
OF THE ELLIPSE, 

' theoShm in (5.) 

Th. Differalce betwem the Scmi-mnwem end » line 
^ from the Tocos to mtyPmot in the (-«"'• '”S“' 

to a Fourth Proportioml to the Semi-transverse> the l)is 
tance from the Centre to the Focus, and the Distance froni 
the Centre to the Ordinate belonging to that Point of the 

Curve. 

( 

That Is, ^ , , 

AC - FE e= ci, or FE = Ai •, / 

andjfjs - AC = ci, or /e = bi. ' s f » i 
Wheie CA : cf : ; CD : ci the 4;m V 
propOTtional to CA, cf, Cd. 

For, draw ao piimllel and equal to cathesemitonjugatfej 

and join CG meeting the ordinate DE in He 

Ihei, by theor. 2, c a^ : ag- : cA* - cd^^ : de* : 
and. by Ln. tri, : : ca - ^ ^ ag - dh , 

Also fd ^ CF ,«CD,andFD =cf - icF . c^+ * 

but by right-angled triangles, FD , + de = »£ » ■ 

therefore fe‘ s cf* + ca - 2 cf . Cd + CD - P« . 

But by theor. 4-, ca* cf* — ca , 

and, by supposition, 2CP . CD — 2cA . Cl } 
theref. ff* = CA* - 2ca i ci + cd* - D« * . 

But by supposition, ca* t cd* : : CP*^or ca - AO . ci , 
and,^: sim. tri. ca* : cb* : s ca* - AG : cdJ - DH . . 

consequently’ -• fe*^ca r-.ScA • Cl -J- Dl, • ' ^ 

And the root or ,ade of this square » Fi sa; CA :r, Ct, ~ Ali 
Inihe same manaer is fwmd/E = ca + a 5 W. 
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CoroL 1. Hence ci or ca w is a 4th ^^iropcatidfaat m ' 

CA, CF, Cto. ' 

(7ora/. 2. And /e TE =c: 2ci 5 that is, the 
between two lines dfawn from the foci, to any point in 
curve, is double the 4th proportional to CA, cf, cd. 


theorem xm (ll). 

If a Line be drawn from either Focus, Perpendicular Co t 
^ Tangent to any Point of the Carve ; the Distance of tht^r 
Interaction from the Cehtre will be equal to the Semi<*> 
transverse Axis. 

That Is, if iPJs/p 
be per}>enditular to 
«he tangent rvp^ 
then shall cv and 
cp be each equal 
to CA or CB. 


For through the point of contact E ilraw fe, and,/k 
meeting re produced In o. The4 the z.gep= 4FEP, 
being each equal to the 4 /rp^ and the angles at t being 
right, and the side pe being common, the two triangle? (?Er, 
FEP arc equal in all respects, and so ge =: rrf, and gp cr rp. 
Therefore, since rp =a and Fc 3 = and the angle at 
1 common, the side CP will be = 2 : {fc or ^ab, that Is cprrcA 
or ca. And in the same manner cp r: ca or cb. u.E d. 

CoroL 1. A circle described on the transverse axis, as a 
diameter, will pass through the points p, p; because all the 
lines CA, CF, cpi cB, being equal, will be radii of the cL’cIe. 

CoroL 2 , CP is parallel to/i, and cp parallel to fe. 

Carol. 3. If at the intersections of any tangent, with the 
circumscribed circle, perpendiculars to the tangent be drawn, 
the|^ will meet the transverse axis in the two foci. Tliat iS, 
the perpendiculars pr, pf give the foci f,/1 



THEOREM XIV (12). 

The equal Ordinite?, or the Ordinates at equal Distances 
from the Centre, on the opposite Sides and End? of an 
Ellipse, have their Extremities connected by one Ri^ht 
line parsing through the Ceittre, and that h bisected 
by the Centre. 

Ba That 
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for vfhtn cn = cC, then also is be » tJH by cor# 2, th. 1- 
]^ut the /.0 = 2. Gy being both right angles ; 
therefore the third side ce CH, and the -dDCE =s Z.GCH;, 
and consequently £CH is a right line. 

CoroL 1 . And, conversely, if ech be a right line passing 
through the centre; then shall it be bisected by the centre^ 
or have ce = CB; also de will be =: GH, and CD = CG. 

CoroL 2 . Hence also, if two tangents be drawn to the two 
ends E, H of any diameter eh ; thej^will be parallel to each 
other, and will cut the axis at equal angles, and at equal dis- 
tances from the centre. For, the two CD» ca being equal to 
the two cG, ci^ the third proportionals ct, cs will be equal 
also j then* the two sides CE, cT being equal to the two CH, 
cs, and the included angle ECr equal to the included angle 
Hcs, all the other corresponding parts are equal : and so the 
/.T = ils, and TE parallel to hs. 

CoroL 3, And hence the four tangents, at the four ex- 
tremities of any two conjugate diameters, fornt a parallelogram 
circumscribing the ellipse, and the pairs of opposite sides are 
each equal to the corresponding parallel conjugate diameters. 
For, if the diameter rh be drawn parallel to Uie tangent te 
or HS, it will be the conjugate to eh by the definition 5 and 
the tangents to <?, h will be parallel to each other, and tp the 
diameter eh for the same reason. 


THEOREM XV (13). 

If two Ordinates ed, td be drawn from the Extremities e, e, 
of two Conjugate diameters, and Tangents be drawn to 
the same l^Ufemities, and meeting the Axis produced in 
xandRi 


Then 


O? THB 
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Theft shall ci> be a mean propoitJonal between ijrf, rfa, 
.ami cd a Jtnean prepbmoi^ beb^een rc^^ 



For* by theor. 7, €d : CA : : ca : CT, 
and by the same, : ca : : c A : cut ; 

theref. by equality* cd t cc/ : : cr ; CT^ 

But by sim tri. dt : erf : : cr ; ca; 
theref. by equality, cD ; erf ; : erf : DT, 

In like niaiiDer, erf : cd : : cd : rfa. a.£.D^ 

Carol. 1. Hence cd : erf : : ca : cT. 

CoroL ^2- Hence also CD : erf : : rfe ; de. 

JVnd the rectangle cd . de =r erf . de, or ACDE rr A tde^ 

Coiol, 3, Also erf^ == CD . 

•and CD^ = erf . rfa, 

Or erf a mean proportional between CD, DT $ 
and CD a mean proportional between 6rf* rfR. 

THEOREM XVT (14). 

The same Figure being constructed as in the last Theorem^ 
each Ordinate will divide the Axis, and the Semi-axis added 
to the external Part, in the same Ratio. 

[See the last fig.] 

That IS, DA : DT : : DC : db, 

« and rfA : rfx : : rfc : rffi. 

^ For, by theor. 7, CD : ca : : ca : CTj 

and by div. cd : ca ; : ad : at, 

and by comp. cd : db : : ad : DT, 

or, - - DA : DT ; : DC : DB. 

In like manner, rfA : rfR : : rfc : rfs. a.E.D. 

CoroL 1. Hence, and from con 3 to the last, it 

erf® CD , DT S5S AD . DB = CA® — CD^, 

CD® =r erf . rfn =5 Arf^ rf« sa Ci® - erf®. 


Coro/. 
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_ '4"to<l‘C3#'as=‘0'E* 4-^* '4 ; , 

Coral* 3. Ftirther, became CA- : ta ^ : : ab . bb 6t ti* : i>B% 
therefore ca : cki :i qdi i>e, 
likewise ca : m i: co : ik* 


tHeor:^®4 xni (15). 


If from any Point in the Curve there be irawn an Ordinate, 
and a Perpendicular to the Curve, or to the Tangent at 
that Point : Then, the 

Pish on the Trans, betw^n the Centre and Ordinate, ci>: 


Wi|l be to the Dist! pd : : 
As Sq. of the Trans. Axis: 
To Sq. of the Conjugate. 

That is, 

CA’^ ca ^ : ; pc ; pp. 


r 



For, by theor. 2, ca® : co* : : ad . no : de% 

But, by rt. angled As, the rect. rn . dp df/ ; 
and, by cor. 1, theor. 1C, cd . nr = ad . db $ 
therefore - - ca* : : : to . dc : rn . dp, 

pp # ,p - • AC® ; ca^ : : pc* : dp. o.ed. 

• 

^ THKOUEMXVni (18). 

If there he Two Tangents drawn, the One to the Extremity 
of the Transverse, and the orb- r to the Extremity of any 
other Diameter, each meeting the otlie'r's Diameter pro^ 
duced I the tw^o d'angential Irianglcs so formed, will be 
equal# 





For, draw the Ordinate DE. Then 
By sim. ttiangles, CD : CA CE : cn ; 
but, by theor. 7, cd : cA . ca : j 
theref. by equal, ca ; ct : c® : 


The 
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Hie tm> triangles €eTj..i^^K>ave tlieh |heW3|;Ie 
and the*»deft'ri)iiitit^ angle rec^woceUyproptarioi^ 
triangles, aire rite^ore e^ua^ namel]^, dbe 4 cfT 4 #417^ 

Carol, 1. From eacK of the equal tsri. CBT, CAK) 
take the common spade capz, - . . 

and there remains the external A PAT == A pns. 

Carol. 2. Also from the equal triangles jCETj dAiit, 

, take the common trian^e csjp, 

and there remains the A teo =: trapez. AVEO. 

THEOREM XIX (19). 

The same being supposed as in the last Proposition; theA any 
Lines Ka, ac, dravm parallel to the two Tangents, shall 
also cut off equal Spaces. That is. 



For, draw the ordinate de. Then 
The three sim. triangles can, cde, cgh, 
are to each other as , i ca% ci>% ; 
til. by div. the trap, aked : trap. ANHG : : ca*— CD* : CA*— CG®e. 
But, by theor. 1, de® ; Ga" : : CA* -cD® :CA® - CG*. 

tlieref. byequ. trap, aned : trap, anhg : : de* : 

But, by sim. As, tri. ted : tri. kqg ; : de* : 
theref. by equality, AKED ted : : anhg : KQG* 

But, by cor. 2, theor. 18, the trap, aned = A ted; 

and therefore the trap, anhg = A KUG. 

In like manner the trap. Anhg =: A Kf/g'. a.E.D. 

CoroL i. The three spaces anhg^ tehg, iccig are all equal. 

CoroL2, From the equals anhg, kcag, 
take the equals hnhg^ Y.qgy 
and there remains ^Ahg = g'JQG. 

Coroh 3. And from the equals ^^Ahg, gq^Of 
take the common space gqiinOy 
and there remains the A tan = Al^A. 

4. Again from th^ equals K(iaj tbhg, , 
take the common space kxhg, 
and there remains telx s: A taHr 


Carol 
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€OKIC S®CT40lfi. 


CoroL 5. And when, 

,by the lines Ka> ch, 

‘moving with a parallel 
motion} Ka comes into 
the position ie, where 
is the conjugate to 
CAi then 

the triangle icac becomes the triangle irc, 
and the space 4 nhg becomes the triangle akc ; 
and therefore the 4 ^ A anc ^ 4 tec. 

f ^ 

Carol, 6. Also .when the lines ica and hg 4 by moving 
with a parallel motion} come into the position cc, Me, 
the triangle tan becomes the triangle ceu^ 
and the space telk becomes the triangle tec ; 
and theref, the A ceu =/iTEC sa 4 fNC 4 iRe. 



THEOREM XX (20). 


Any Diameter bisects all its Double Ordinates, or the Lines 
drawn Parallel to the Tangent at its Vertex, or to its CoU’* 
jugate Diameter, ** 


£ 


That is, if ag be parallel 
to the taj'geni te, or to 
then shall lo = hg. ^ 



For, draw an, qh perpendicular to the transverse# 

Then by con 3, theor. 1 9, the 4 loh ~ 4 hqh j 
but these triangles are also equiangular ; 
consequently their like sides are equal, or lq = ly, 

CoroL Any diameter divides the ellipse into two equal 
parrs. 

For, the ordinates on each side b^ing equal to each other, 
gnd equal in number ; all the ordinates, or tlif area, on one 
side of the diameter, i$ equal to ril the ordfoales, or the area, 
on the other side of it. 


THEOREM 






Xtt ( 21 )./ ' '■ 

H JU; (he Square df any Diameter t 
.Is to the i^uare Of its Conjugate 5 : 

Sp is the Rectangle of any two Abscisses: 
To the Square of their Ordinate/ 

That is, CE* ; : : el • m or CE® - CL* : La®, 


For, draw the tangent 
TE, and produce the or- 
dinate an to the trans- 
verse at K. Also draw 
an, CM perpendicular to 
the transverse^ and meet- 
ing £0 in H and M. 

Then, similar triangles 
being as the squares or their like sides, it iS| 
by sim. triangles, A cet : A CLk : r (5)^® : CL*; 
or, by division, a CET : trap, telk : CE* : CE* — cl\ 
Again, by sim.tri.A cifM : A Lan : : cc* : La®. 

But, by cor. 5 tJieor. 19, the A crn = A cet^ 
and, by corl 4 theor. 19, the A LaH == trip, tele ; 
theref. by equality, ce® : cc® : : CE 7- ct® : La®, 
or - - CE* : cc® : : EL . LG i La®. a.£.l). 



CoroL I . The squares of die ordinates to any diameter, 
are to one another as the #ectangles erf their respective 
^abscisses, or as the difference of the squares of the semi- 
diameter and of the distance between the ordinate and centre. 
For they are all in the same tatio of cE® to ce®. 

Corol, 2. The above being the same property as that be- 
longing to the two axes, all the other properties before laid 
down, for the axes, may be understood of any two conjugate 
diameters whatever, using only the oblique ordinates of these 
diameters^ instead of the perpendicular ordinates of the axes ; 
namely, ail the properties in dieoi-emsd, 7, 8, 14, 15, 16, IS 
and 19. 


THEOREM xxil (22). 

If any Two Lines, that any where intersect each other, meet 
. the. Curve each, in Two. Points ; then 
The Rectangle of the Segments of the one ; 

Is to the Rectangle of ^the Si^pients of the other : ; 

As the Square of the I)iam; Paiallel to the former : 

To the Square of the Oiam. Parallel to the latter. 

■ That 
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Tlxat IS, if cjEi a»d cr be 
Parallel to any t^o Lines 
i>Ha, puq ; then shall 
CR^ : cr^ : : PH . HQ ; /m ,njr; 


For, draw the diameter che, and the tangent te, and its 
parallels pk, ki, mh, meeting the conjugate of the diameter 
CR in, the points t, k, r, m. Then, because similar triangles 
are as the squares of their like sides, it is, 

by sim, triangle;^, CR® : gp’* r : A cm. : A GPJcj 
and • - - - CR* : gh* : : A cri : A GHM; 
thercf by division, cr* : gp'' — gh" : : cri : kphm. 

Again, by sun. tri» ce**? cti- ; : A ctb ; A cmh ; 

^and by division, ce^ : CE'' — CH^ : : A cte : tehm. 

But, by cor. 5 theor. 1 9, the A cte = A cir, 
and by cor. 1 theor. 19, tehg n kphg, or tehm = kphm ; 
theref. by equ. CE* : CE^ — CH* : : cr* : G?*— gh* or ph hq. 
Ill like manner ce^ ; ce* — ch* : : cr* : /?h . nq, 

Theref. by equ, CR^ : c> ® : : ph . Ha : pH . Hy . aE.D. 

Corel, 1 , In like manner, if aiiy other line parallel 

to cr or to py, meet PHa ; since the rectangles pti a, p hY 
are also in tJxe s^ame ratio o| cR* to, cr* ; therefore rect. 
PHa : puq : : PH a : ^ 

Also, if another line p'Aa be drawn parallel to pq or cRt 
because the rectangles pVm', are still in the same ratio, 
therefore, in general, the rect..;/Ho : piiq : : : p'fiq\ 

I'hat is, the rectangles of the parts of two parallel lines, 
are to one another, as the rectangles the parts of two other 
parallel lines, any wbcire intmecting the former. 

CoroL 2. And when any of the lines only touch the curve, 
instead of cutting it, the rectangles of such become squares, 
and the general property still attends them# 



That is, 
cr" : € 7 ^ ; : 

or CR : cr : : TE : Te. 
and CR : cr . : : tt. , 

CoroL S, AndLence tI : 



: : te ; fe. 


SECTION 


< »» J 
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THEOREM XIV (5), 

The Stun or Difference of the Semi-transverse and a Line 
drawn from the Focus to any Point in the Curve, h equal 
to a Fourth Proportional to the Semi'*transvorse, the Dis- 
tance from the Centre to the Foous, and the Distance from 
the Centre to the Ordinate belonging to that Point of the 
Curve. 


That IK, 

EE + AC :r Cl, or FK AI ; 
and /e ~ AC-'-ci, or jizzzBi. 
Where ca : CP : CD : a the 
4th propor. to CA, CF, cp. 


For, draw ag parallel and equal to ca tSe semi-conjugate j 
;pind join CG meeting the ordinate 1>K produced in h. 

Then, by ihcor. 2, CA^ : ag‘ : : cv^ — CA‘ : di&*; 

and, by As, ca"" : ag’ ; : CD’ — ca’ : dh® - AO*; 

con^equeutly de'^dk^ — ag* = dkk’— ca*. 

Also FD =: CF ^ rn, and fd* =r cf^ — 2cf . cD + cd* ; 
hut, by right angled triangles,, Ptf + D# fk’ ; 
therefore fe’ — cf’ — — 2 cp . cd -}- cd* *f dh% 

But by theor. 4, CF* — oi* CA% 
and, by ‘lupposiiion, 2 cf . cd 2 ca . ct ; 
theref- !*£’=: CA* — 2CA . ci + cd* +* dh\ 

But, by supposition, pA* : cd* ; : cf* or cA* h ag* : ci*; 

and, by sim. As, c a* : CD* : : CA* 4 AG* : CD* + Dh’ j 

therefore - Cl* cr cd* + dh" » ch ‘ 5 
c onsequently - FB* ~ CA* — 2ca . ci + Ci*. 

And the root or $ide of this square is te ss ci — ca in ai. 
In the same manner is found = ci + cv == bi. q k.d. 

Cor^l. 1. Hence ca ks ci is^^4th proper, to ca, cf, cd, 

Coro/. 




IZ COMIC SECTtCiM#. ♦ 

Carol 2. Andfz + pe =s Sch w 2ci j or fB) ch, are 
in continued arithmetical progre^on> the comi&on di^rence 
being ca the semi-transverse. 

Corel. 3. From the demonstratidn it appears, that pE^z:: 

— AG^ =: DH“ ca\ Conseqqently dh is every where 
greater than de ; and so the asymptote cGH never meets 
the curve, though they be ever so far produced : but dh imd 
DE approacli nearer and nearer to a ratio of equality as they 
recede farther from the vertex, till at an inrinite distance they 
become equal, and the asymptote is a tangent to the curve at 
an infinite distance from the vertei:. 


THEOREM XV (n)» 

If a Line be drawn from either Focus, Perpendicular to a 
Tangent to any Point of the Curve ; the Distance of their 
Intersection from the Centre will be equal to the Semi- 
transverse Axis. 


That is, if FP,yp be perpen- 
dicular to the tangent Tpp,. 
then shall cp and cp be each 
equal to CA or CB. 


For, through the point of contact e draw fb, and /e, meet- 
ing rp produced in G* Then, the ^ gep= z. fep, being each 
equal to the Z /Ep, and the angles at p being right, and the 
side PE being common, the two triangles oep, fep are equal 
in all respects, and so ge = fe, and op = Fp. Therefore, 
since fp = ^FO, and Fc =s ^wfy and the angle at P common, 
the side cp will be = {Jg or | ab, that is cx» = ca or CB. 

And in the same manner cp = CA or CB. a e,d« 

CoroL 1. A circle described on the transverse axis, as a 
diameter, will pai^s through the points v^ p; because all the 
lines CA, cp, c/?, cb, being equal, will be radii of the circle. 

CoroL 2. CP is parallel to yk, and cp parallel to fe. 

CoroL 3. If at the intersections of any tangeht* with the 
circumscribed circle, perpendiculars to the tangent be drawn* 
they will meet the transverse axis in the two That is 
the perpendiculars f?, thelfqei 

THEQKBIA 




urPmiofLA. 
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fHEOmitM xVl (12). 

The equal Ordinates, or the Ordinatesnt equal Di$ta|ices 
from the I ’emre, on the opposite Sides and Ends of an 
Hyperbola, ha^ their Extremities connected by one Right 
Line passing through the Centre, and that Line is bisected 
by the Centre. 

That i$> if CD = cOk, or the 
ordinate de = GH ; then shah 
CE = CH, and ECH will be a 
right line. 

For, when cd :== cG, then also is de gh by cor. 2 theor. 1. 
But the D r: Z g, being both right angles ; 
therefore the third side .CE = ch, and the /.DcE ±: Z.gch> 
and consequently ech is a right line*'*' 

Carol. I . And, conversely, if ech be a right line passing 
through the centre j »then shall it be bisected by the centre, 
or have CB = ch, also de will be = gh, and cd = cg. 

Co7^oL 2. Hence also, if two tangents be drawn to the two 
ends E, H of any diamet^ EH ; they will be parallel to each 
other, and will cut the axis at equal angles, and at equal dis- 
tances from the centre- For, the two cd, ca being equal to 
the tW 0 ^ CG, CB, the third proportionals cc, cs will be equal 
also ; then the two sides CE, ct l^ing equal to the two ch, 
cs, and the included angle fxt equal to the included angle 
Hcs, all the other corresponding parts are equal : and so the 
Z.T =: Z. B, and TF. parallel to 
Coral. 3. And hence the four tangents, at the four ex- 
tremities of any two conjugate diameters, form a parallelogram 
inscribed between the hyperbolas, and the pairs of opposite 
sides are each equal to the corresponding parallel conjugate 
diameters. — For, if the diameter eh be drawn parallel to the 
tangent te or hs, it will be the conjugate to eh by the defi- 
niti(;n ; and the tangents to e,A will be parallel to each other, 
and to the diameter for the same reason. 

tHBORBM XVII (IS). 

If two Ordinates ed, ed be drawn from the Extremities e, c, 
of two ^hjugate Diameters, and Tangents be drawn to the 
same Extremities, jjmd meeting the Axis produced in t 
and E ; , 

Then 




'14" ^ ' CdNtf 

Then shall c» Be a iriean proportional between erf, rfn, 
and erf a mean proportion^ between cn^ 



For, by theor. 7, et> : CA : : CA : CT, 

, > , and by the same, erf ca : : CA : cn ; 

theref. by equality, cn : erf : : cn: cr. 

But by Am, tri. nr : erf : : ex : CR*, 

'tlieref by eqiiality, cd i cd : : : dt. 

In like manner, erf : CD : : cn ; rfn, aE.D. 

Cofvl. 1. Hence cd ; erf : : cr : ex. 

CoroL 2. Hence atfe cd : c2? r : de : db. 

And the rcct. cd . de =r erf . rfr, or A cdI; == A crf<?- 

Carol, 3. Also erf^ =: cd . dx, and cd^ = erf . rfR. 

Or erf a mean proportional between CD, dt; 
and CD a mean proportional between erf, rfR* 

THEOREM XVin (M). 

TIio same Figure being constructed as in the last Proposition, 
each Ordinate will divide the Axis, and the Semi-axii^ 
added to the external Part, in the same Ratio. 

' [See the last fig.] ‘ 

That is, DA ; DT ; : DC : db, 
and rfA : rfR : : rfc : rfB. 

For, by theor. 7, cd : ca : : ca : c t, 
and by div. Cp i ca : ; AD : AT, 

and, by comp. cd : Db : : ad : jjx, 
or - • DA : DT ; ; DC' : db. 

In like manner,"^ rfA : rfn : : rfc 2 rfB. a.E.D. 

CoroL I . Hence, and from cor. 3 to the last prop, it is, 
erf^ ^ CD . DT = AD . DB r: CD* — CA’', 
and CD® zr erf . rfn s; Arf . rfu *5=5 ^ erf®. 

Coroh %, Hence also CA®=CD*-^crf% and crf*!»rfe®-^pK®. 
C^ral, 3* Farther, beca^ ca®;; ad . db or drf* ; 

therefore CA i fctf , ; crf : DE. ' 

' likewise ca : C4 s : cd : rfc. 

THEOREM 
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TKEoBiib 3ax { 15 ), 

If from any Point 10 the Curve ^ere he drawn an Ordinate, 
and a Perpendicular to the Curve, or to the 1 angent at 
that Point : Then -the 

Dist. on the Trans, between the Qentv& and Ordinate, co: 

Will bc.to the Dist. PB :: 

As Square of Trans. Axis : 

To Square of the‘ Conjugile. 

That is, 

CA* : ca“‘: ; pc.: dp . 

For, by thfeor. 2, cA* t C ’^ : : AJ> . Ui3 : nE% 

But, by rt. angled As, the reel, td bp ^ de^,** 
and, by cor. 1 theor. 1 6^ ciF. dt ^ ao . Bb 5 

therefore - - ca^ : ca '' : : td . DC : td ..dp, 
or ^ . x?A- : Cfl* :: dc : dp. a*E3. 



THEOREM XX (IS). 


If there be Two Tangents drawn, the One to the Extremity 
of the Transverse, and the other to the Extremity of any 
other Diameter, each meeting tl^e other^ s Diameter pro- 
duced : the two Tahgeutiai Triangles so formed, will be 
equal. 


That is, 

the triangle CET =: 
the triangle CAN 



For, draw the ordinate BE* Then 
By siin. triangles, CD : CA : : cE ; CN ; 
but, by theor. 7,^ fip ; ca : : ca : ct 5 
theref. by equal, ,CA : ct : : ce : ok. 

The two triangles cet, can have then the angle o common, 
and the sides abQut tKat angle reciprocally proportional; those 
triangles are therefore eqti$l, via^ the Acet«: Acan. a.E.D. 



conto SSTtOKS. 


IS 

Corel. 1. Take each of the «<^al tri. CiNf 
' from the common space capb* 
and there remains the extranal A PAT as 4 pn^, 
C^roL 3* Abo take the equal triangles 

from the common triangle 'CE% 

and there repaairts the A TED =r DrapeE. anb0. 


TDEOREM XXX (}9)e 


i’he same being supposed as m the last Proposition; then 
any Lines Ka, caj ^irawn parallel to the two Tangents, 
shall also cut off equal Spaces. 


That isi 

the A Kao =: trapi^te. anho. 
and Aay^ = trapez. hMkg. 





For, draw the ordinate de. Then 

The three sim. triangles can, cde, cgh, 

are to each other as ca% cg® ; 

th.by div.thetrap. aned ; trap, anhg : ; cn® — ca® : co®— CA**. 

But, by thebr. 1 , de® : go® : : cn®— ca® ; cg*— ca®; 

tlieref.byequ. trap. ANEP t trap, anhg : : dk® ; gq*. 

But, by sim. As, tri. ted : tri. KaG : : DE® : Ga® ; 
tlieref. by equal, aned : TED ; : anhg : Kau. 

But, by cor. % theor. the trap, aned A ted ; „ 
and therefore the trap, anhg = A Kao. 

In lll^e manner the trap. anA^ = A Kqg. a.E.D. 

CoroL l.'^The three spaces anhg, tehg, Kao are all 
equal. ♦ " 

Coroh 2. From the equals anmg, kqg, 
take the equals AK/zi**, Ky^, 
and there remains = ^^QG. 

CoroL 3. And from the equals ^^/hg, gqQO, 
take the common sj^ce 
and there remains the A lqh c:: A hgh. 

CoroL 4* Again, from the equals kog> tehg, 
takte the common space klhg, 
and there remains tblk =r A tan* 

CoroL 
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Corol, 5. And when, by 
the lines Ka, OH, moving 
with a parallel motion, Ka 
comes into the position ir, 
where CR is the conjugate to 
«:a 5 then 

the triangle Kqg becomes the triangle irc, 
and the space anhg becomes the triangle anc; 
and therefore the A irc = A anc = A tkc^ 

Carol. 6. Also when the lines Ka and Ha, by moving trith 
a parallel motion, come into the position ce, m«, 
the triangle Ran becomes the triangle c<?m, 
and the space telk becomes the triangle tec ; 
and tiu?ref. the A = A tec = A anc =: A irc. 



THEOREM XXII (20j, 


Any Diameter bisects all its Double Ordinates, or the Lines 
drawn Parallel to tile'll angent at its Vertex, or toils Con* 
jugate Diameter. 


That is, if ag be paral- 
lel to the tangent TE, or 
to ce, then shall La~ 



For, draw qh, gh perpendicular to the transverse. 

Then by cor. 'S thcor. 21, the A lqh = A i.gh j » 
but these triangles are also equiangular; 
conseq. their like sides are equal, or La = Lj. 

Coral. 1, Any diameter divides the hyperbola into two 
equal par*$. 

For, the ordinates on each side being equal to each other, 
and equal in number ; all the ordinates, or the urea, on one 
side of the diameter, is equal to all the ordinates, or the area, 
on the other side of it. 

Corol. 2, In like manner, if the ordinate be produced to 
the conjugate hyperbolas at a , it may be proved that 
VoL» lu. * C La' 



IS 


CONIC SECTIONS. 


IQ' If . Or if the tangent tb be produced, then EV=:Ewr. 
Also the diameter t^CEH bisects all lines drawn parallel to te 
or and limited either by one hyperbola, or by its two cOn* 
jugate hyperbolas. 

THEOREM XXIII (SI). 

As the Square of any Diameter : 

Is to the Square of its Conjugate : : 

So is the Rectangle of any two Abscisses : 

To the Square of their Ordinate. 

That is, CE^ : cc* : : EL . LG or cl‘ — CE^ : L^i^ 

For, draw the ^tangent 
TB, and produce the ordi- 
nate QL to the transverse 
it K. Also draw qh, cm 
perpendicular to the trans- 
verse, and meeting eg in 
H and M. Then, similar 
triangles being as the 
squares of their like sides, 
k is, 

by sim. triangles, Acet : Aclk :: CE* : CL^; 

or, by division, A cet : trap- telk : : ce^ : CL‘ - CE^. 

Again, by sim. tri. A cm : Aloh : ; ce* : lq*. 

But, by cor. 5 theor. 21, the A ccm — A cet, 
and, by cor. 4 tiieor. 21, the A lqh = trap, telkj 
theref. by equality, ck* : c<r : ; cl* — ce* : lq% 
or - - CE* : ce* : r EL . LG : La*. a e,d. 

Corol, 1. The squares of the ordinates to any diameter, 
are to one another as the rectangles of their respective ab- 
scisses, or as the difference of the squares of the semi-diame- 
ter and of the distance between the ordinate and centre. For 
they are all in the same ratio of ce* to ce% 

Corol, 2. The above being the same property as that be- 
longing to the two axes, all the other properties before laid 
down, for the axes, may be understood of any two conjugate 
diameters whatever, using only the oblique ordinates of these 
diameters instead of the perpendicular ordinates of the axes ; 
namely, all the properties in theorems 6, 7, 8, 16, 17, 20, 21. 

CoroL 3. Likewise, when the ordinates are continued to 
the conjugate hyperbolas at a', /, the same properties still 
obtain, substituting only the sum for the difference of the 
squares of ce and cl, 

That is, CK* ; ce* : ; cl* + ce* : La'*. 

And so m* ; lq'*; ; cl® — CE® ; cl* + ce®* 



Cord. 
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CoroU 4, When, by the motion of La' parallel to itself, 
lhat line coincides with ev, the last corollary becomes 
CE^ : : : 2cE* : ev% 

orcfr';EV“:: i i 2, 
or ce : ev : : 1 : ^2, 

or as the side of a squai*e to its diagonal. 

That is, in all conjugate hyperbolas, and all their diame- 
ters, any diameter is to its parallel tangent, in the constant 
ratio of the side of a square to its diagonal. 

THEOREM XXIV (22). 

• 

)f anyTwo Lines, that any where intersect each other, meet 
the Curve each in Two Points ; then 
The Rectangle of the Segments of the one : 

Is to the Rectangle of the Segments of the other : : 

As the Square of the Dlam. Parallel to the former : 

To the Square of the Diam. Parallel to the latter. 



For, draw the diameter cue, and the tangent te, and its 
parallels pk, ri, mh, meeting the conjugate of the diameter 
CR in the points t, k, i, m. Then, because similar triangles 
are as the squares of their like sides, it is, 

by siin. triangles, cr^ : gp* : : A CRI : A gpk, 
and - - CR^ : GH- : : A CRl : A GHM ; 

theref. by division, cr"' : — GH'' : : cRi : kphm. 

Again, by sim. tri. : ch* ; : A cte : A cmh i 
and by division, ce^ : CH" ~ ce® : : Acte : tehm. 

But, by cor. 5 theor. 21 , the A cte z: A cm, 
and by cor. 1 theor. 21, tehg = KPHO, or tehm=KPHM 5 
theref. by eqa. : ch* — oe* : ; CR^ : GP“— GH"or pH.na, 
In like manner ce® : ch® —ce® : ; cr* : 

Theref. by equ, cn* : cr* : : ph . hq : /?h . ny. q.e.d. 

C 2 Coral. 
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CONIC SECTIONS^ 


Coro!, 1 , In like manner, if any other line parallel 

to cr or to pq^ meet phq ; since the rectangles p'n'^ 

are also in the same ratio of cr^ to cr* ; therefore the rect. 
PHa ; pH<7 : : ph'q : pH(/^ 

Also, if another line p'Aq' be drawn parallel to pc^or cii; 
because the rectangles v* ho! ^ phq are still in the same ratio, 
therefore, in general, the rectangle pho : pnq : : p'ho! : p*/iq\ ' 
That is, the rectangles of the parts of two parallel lines, are 
to one another, as the rectangles of the parts of two other 
parallel lines, any where intersecting the former. 

Corot, 2. And when any of the lines only touch the curve, 
instead of cutting it, the rectangles of such become squares, 
and the general property still attends them. 

That is, 

CR* : cr* : : te" : TC*, 
or CR : cr : : TE : rcy 
and CR : cr :: iE : iCy 

CoroL 3. And hence te to tE : ie, 

THEOREM XXV (23). 

If a Line be di^Awn through any Point of the Curves, Parallel 
to either of the Axes, and terminated at the Asymptotes ; 
the Rectangle of its Segments, measured from that Point, 
will be equal to the Square of the Semi-axis to which it 
parallel. 


That is, 

the rect. hbk or H^K=Crt% 
and rect. /iE/v' or htkzziCA^, 


For, draw al parallel to cfl, and oe to CA. Then 
by the parallels, cA* : ca* or ae* : : CD* ; I)H* \ 

and, by theor. 2, ca* : ca^ ; ; cd* — ca* : he*; 

theref. by subtr. cA* : ca? : : ca* : dh* — de* or HEK. 

jBiit the antecedents ca% ca* are equal, 
dieref. the consequents hek must dso be equal 
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In like manner it is again, 
by the parallels, CA* : ca^ or AL* : : cd^ ; dh* ; 
and, by thieor. 3, CA* : ca ^ : : cd^ + ca^ : ; 

thei-ef. by subtr. ca« : ca* : : CA® : or 

But the antecedents ca*, ca’ are the same, 
thcref, tiie conseq.. ca \ must be equal* 

In like manner, fay changing the axes, is hzk or hek =: ca^ 

Carol, 1. Because the rect HEK = the rect. HeK. 
therefore eh : ch : ; ok : EK, 

And consequently he is always greater than H€, 

Coroh 2, The rectangle huK =r the rect. HE<t. 

For, by situ. tri. eA : eh ::Bk : IeK. 

SCHOLIUM. 

It IS evident that this proposition is general for any line 
oblique to the axis also, namely, that the rectangle of the 
segments of any line, cut by the curve, and terminated by the 
ahVinptotes, is equal to the square of the semi-diameter to 
which the line is. parallel. Since the demonstration is drawn 
from properties that are common to all diameters. 

# 

THEOREM XXVI (24). 

All the Rectangles are equal which are made of the Seg-* 
ments of any Parallel Lines cut by the Cilrve, and limited 
by the Asymptotes. 


That is, 

the rect, iiek =r hck. 
and rect. AeA x= hek. 


For, each of the rectangles hek or hck is equal to the 
square of the parallel semi-diameter cs ; and each of the rect- 
angles /lEk or hek is equal to the square of the parallel semi- 
diamotcr ci. And therefore the rectangles of the segments 

of all parallel lines are equal to one another- a.K.n* 

* ^ Coro(. 
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CONIC 


CoroL 1 . The rectangle rek being ccm^tamly the samcji 
whether the point E is tafeen on the one side or the other of 
the point of contact i of the tangent parallel to hk, it foUows 
that the parts HE, KE* of any line HK, are equal.. 

And because the rectangle ueK is constant, whether the 
point e is taken in the one or the other of the opposite hy- 
perbolas, it follows, that the parts Hr, Kr, are also equal. 

CoroL 2. And wheri hk comes into the position of the 
tangent i>iL, the last corollary becomes 11.= id, and im=in, 

and LM=:DN. 

Hence also the diameter ciR bisects all the parallels to dl 
which are terminated by the asymptote, namely RH = RK. 

Carol. 3. From the proposition, and the last corollary, it 
follows that the constant rectangle hek or ehe is=iL^- And 
the equal constant rect* HrK or ene zz mln or 

Carol. 4. And hence il ^ the paralleNemi-diamcter cs. 
For, the rect. ehe = il*,' 
and the equal rect. ene = im* — il*, 
thercf. IL^ — IM* — il", or = 2iL' ; 
but, hy cor. 4 theor. 23, im* = 2cs*, 
and therefore - - il = cs. 

And so the asymptotes pass throughiHie opposite angles of 
all the inscribed parallelograms. 

' THEOREM XXVII (25). 

The Rectangle of any two Lines drawn from any Point in 
the Curve, Parallel to two given Lines, and Limited by 
the Asymptotes, is a Constant Quantity. 

That is, if AP, EG, Di be parallels, 
as also Aa, ee, dm parallels, 
then shall the rect. pao = rect. gek = rect. idm. 
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For, produce KB, mp to the other asymptote at h, t. 
Then, by the parallels, he ; ge :: ld : idj 
but ' - • • EK : EK :: dm ; pmj 

theref. the rectangle hek : gek : : edm : idm. 

But, by the last theor. the rect. Hek r: ldm } 

and therefore the rect. gek =: idm sis PAO. a.E.D« 


THEOREM XXVllI (27). 


Evei7 Inscribed Triangle, fonncd by any Tangent and the 
two Intercepted Parts of the Asymptotes, is equal to a 
Constant Quantity ; namely Double the Inscribe Paral- 
Idogram. • 

That is, the triangle CTS =: 2 paral. GK. 


For, since the tangent ts is 
bisected by the point of contact 
E, and EK is parallel to tc, and 
GE to CK ; therefore CK, KS, ge 
are all equal, as are also cg, gt, 
KK. Consequently the triangle 
GTE ~ the triangle KES, and 



each equal to half the constant inscribed parallelogram CK. 
And therefore the ijithole triangle cts, which is composed of 
the two smaller triangles and the. parallelogram, is eoual to 
double tlie constant inscribed parallelogram GK. *a.E.p 4 


THEOREM XXIX <29). 

If from the Point of Contact of any Tangent, and the two 
Intersections of the Curve with a Line parallel to the 
Tangent, three parallel Lines be drawn in any Direction, 
and terminated by either Asymptote ; those three Lines 
shall be in continued Proportion. 


That is, if HKM and the 
tangent iLbe parallel, then 
are the parallels dh, ei, gk 
in continued proportion. 



For, by the parallels, ei : ii. : : dh ; hm •, 

and, by the same, ei : IL ; : gk ; km j 

theref. by compos, eP : il® : : dh . gk : hmk; 

but, by theor. i 26 , the rect. hmk = il^ ; 

and theref. the rect. dh . gk = ei*, 

or - - - PH : EI ; ; EI ; gk. q.e.p. 

^ THEOEEIli 


CONIC S^CTIONIS* 




THEOREM XXX (fiO)- 

Draw the semi-Jiameters cii, ciN, CK ; 
Then shall the sector chi = the sector ciK . 



For, because hk and all its parallels are bisected by CIN, 
therefore the triangle cnh tri. cnk, 
and the segment inh = seg. inkj 

consequently the sector cih — sec. ciK* 

CoroL If the geometricals dh, ei, gk be parallel to tlid* 
other asymptote, the spaces ohie, etkg will be equal ; for 
they are equal to the equal sectors chi, cIX. 

So that by taking any georaetricals ct>, ce, cg, &c, and 
drawing dh, kt, gk ^ &c> parallel to the other asymptote, 
also the radii ch, ct, ck *, 

then the sectors cht, cik, f'Tc, 
or the spaces dhie, EjKG,*i^c, 
will be all i qiial among tlieinselvcK, 

Or the .sectors cH/, chk, ^c, 
or the spaces 7 >hik, DjifiG, 
will be in arithmetical progression. 

And therefore these sector.^, or spaces, will be analogonsi 
to the logarillims of the lines or ba«cs CD, CK, CG, S<c ; namely 
CHI or OH IE the log. of the ratio of 
CI> to CE, or ofcE to CG, See; or of Ki to dh, or of CtK to 
and cilK or diikg the log. of the ratio of 
CD to cc, ^c, or ol GK to DII, SiC, 


SECTION III, 

OF THE PARABOLA. 

THEOREM XX ( 7 ). 

If an Ordinate be drawn to the Point of Contact of any 
Tangent, and another Ordinate produced to cut the Tan* 
gent ; It \vill be, as the Diirercncc of the Ordinates : 

Is to the Difference added to the external Part : : 

So is Double tlie first Ordinate ; 

'To the Sum of the Ordinates. 

Tlut 



OF THE FARABOLA. 


2 .?' 


That is, KH : Ki : : kl ; kg. 


T 



1 H K. ft 


For, by cor. 1 thcor. 1, p : oc bc : da, 
und - - • p ;2 dc :: DC : rr or 2da, 

Blit, by sim. triangles, ki : Kc ; : r>c ; DT 5 . 
therefore by equality, p :2 dc : : jci : kc, 
or, - - - P : KT : : KL : KC. 

Again, by theor. 2, p : kr : : KG : kc ; 

therefore by equality, KH : Ki : ; kl : kg. Q-E,IL 

Coroh i. Hence, by coinposii ion and division, . 
it is, ItH : Ki : : CK : GJ, 

.ind HI : iiK : : liK : kl, 

also TIT : IK : ; IK : IG ; 

that is, IK is a mc'ari*pro]>ortional between IG and lu, 

Corol, 2. And from this last pi*opertv a tangent can easily 
be drawn to the curve from any given point l. Namely, 
draw THG perjienv'lcular to the axis, and take IK a mean pro- 
portional between in, tg; then draw kc parallel to tlie axis, 
and c will be the point of contact, through* wliich and the 
given point 1 tlic tangent tc is to be drawn, 

THEOREM XXI (16). 

If a Tangent cut any Diameter produced, and if an Ordinate 
to that DiaiiiCter be drawn from the Point of Contact 5 
tJien the Distance in the Diameter produced, between the 
Vertex and the Intersection of the Tangent, will be equal 
to the Absciss of that Ordinate. 

That is, TE EK. 

For, bythe last th. ie :ek cK 
But, by thcor. 1 1, CK = kl, 
and therefore ie ~ ek. 


Corol, 1 . The two tangents ci, Li, at the extremities of 
any ihaible ordinate cl, meet in the same point of the diame- 
ter of that double ordinate produced. And the diameter 
drawn through the interserlion of two tangents, bisects the 
line connecting the points of contact. 



CiVoL 
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Co7^oL 2* Hence we have another method of drawing a 
tangent from any given point i without the curve. Namely, 
from I draw the diameter ik, in which take ek = Et, and 
through K draw cl parallel to the tangent at E ; then c and L 
arc the points to wlxichthe tangents must be drawn from i* 

THEOREM XXII (18). 

If a Line be drawn from the Vertex of any Diameter, to cut 
the Curve in some other Point, and an Ordinate of that 
Diameter be drawn to that Point, as also another Ordinate 
any where cutting the Line, both produced if necessary : 
The Three will be continual Proportionals, namely, the 
two Ordinates and the Part of the Latter limited by the 
said Line drawn from the Vertex. 

That is, DE, GH, Gi are 
continual proportionals, or 
DE : GH : : CH : Gi. 


For, by theor. 9, - - - de*: gh“:: ad : ag; 

and, by sim, tri. - - - DE : cJi :: ad : ag^ 

theref. by equality, - - DE : Gi : : Dii^ : gh\ 

that is, of the three DE>GH,GI, 1st : 3d :: Ist^ : 2d“; 
therefore - - - - - 1st : 2d : : 2d : 3d, 

that is, ------ dt: : gh :: Gii : Gr. q.e.d. 

C^roL 1 . Or their equals, gk, gh, gi, are proportionals ; 
where ek is parallel to the diameter ad, 

CoroL 2- Hence it is dl : ag : : : gi, where p is 

the paran'.oicr, or AG : gi r : Dv. : 

For, by the tlefirj. ag : gh : : gh : p. 

Corel, 3. Hence also the three mn, mi, mo, are propor- 

tionals, where mo is paniliel to the diameter, and am parallel 
to the ordinates. 

For, by tlieor. 9, - mn, mi, mo, 
or their equals - AP, AG, AD, 
are as the squares of PN, gh, de, 
or of their equals ci, gh, gk, 
which are proportionals by cor, 1 . 

theorem xxiii (19). 

If a Diameter cut any Parallel Lines terminated by the Curve-, 
the Segments of the Diameter will be as the Rectangle of 
the Segments of those Lines. 

That 
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That iS, EK : EM : : ck . kl ; nm . mo* 

Or, EK is as the rectangle cr . KL* 

For, draw the diameter 
PS to which the parallels 
CL, ^o are ordinates, and 
the ordinate Ea parallel to 
thern, 

i fien CK is the dijffer- 
t ? f'e. and kl the sum of 
U ordin.ites eq, cr; also 

ibe dii>Vieiice, and A 20 the sum of the ordinates eq, ns. 
And the dideretices of the abscisses, afe^ qr, qs, or kk, em. 

1 nen by coi . theor. .9, qr ; qs : : CK . kl : nm . Mo, 

that is - - KK : EM : : CK . KL : NM . mo. 

Coro/. I . The rect. cK.KL=rect. ek and the param. of ps. 
For the rect. CK.KLrrrect. qr and the param. of Ps. 

Coral, 2. If any line cl be cut by two diameters, ek, gh ; 
the rectangles of the parts of the line, are as the segments of 
the diameters. 

For EK is as the rectangle ck . kl, 
and GH is as the rectangle ch . hl ; 
therefore ek : gh : : ck . kl : ch . HL, 

CoroL 3. If two parallels, cl, no, be cut by two diamc* 
ters, EM, Gi ; the rectangles of the parts of the parallels, wdll 
be as the segments of the respective diameters. 

For - - - EK : EM : : ck . KL : NM , MO, 

and - - * EK : GH : : ck . KL : CH . hl, 

theref. by equal. EM : gh : : nm . isio : cti . hl. 

Coro/. i\ When the parallels come into the position of 
the tangent at ?, their two extremities, or points in the curve, 
unite in the point of contact p ; and the rectangle of the parts 
becomes the square of the tangent, and the same properties 
still follow them- 

So that, Ev ; pv : : pv :p the param. 

GW : pw : : pw : p, 

EV : GW : : pv* : pw% 

EV : GH :: pv*: ch . HL, 
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THEOKEM XX TV (20). 

If two Parallels intersect any other two Parallels ; the Rect- 
angles of the Segments will be respectively Proponional. 

That is, CK • KL : DK . KE ; : Gl . IH ; M . lo. 

5 - 



I'or, by cor. 3 theor. 23, rK : qt ck . kl : gj ih; 

and by the same, pk : ni : : dk . KE : isi . lo ; 

thereh by equal,' CK . ke : bk . ke: : Gi . ill : Ni . lo. 

CoroL When one of the pairs of intersecting lines comes 

into the position of their parallel tangents, meeting and limit- 
ing each other, the rectangles of their segments become the 
squares of their respective tangents. So that the constant 
ratio of the rectangies, is that of the square of their parallel 
tangents, namely, 

CK . KL : DK . KE : ; tang\ parallel to QL : tangS parallel to be. 


THEOREM XXV (21). 

If there be Thr^c Tangents intersecting eada other ; their 
Segments will be in the same Proportion. 

That is, Gi : IH : : CG : GD : : DH : HE. 

For, through the points 
G, I; D, H, draw the diame- 
ters GK, IL, DM, HN \ as 
also the lines ci, ei, which 
are double ordinates to the 
diameters GK, hn, by cor. 1 
theor. 16 ; therefore 
the diameters GK, dm, hn, 
bisect the lines cl, ce, lk j 
hence km ~ cm — ck = icE — -*CL Jle = ln or ne, 

and MN = — NL — iCE— JLE IT iCL =r: CK Or KL, 

But, by parallels, Gi : ih : : kl : ln, 
and - - CG : GO : ; ck ; KM, 

•also - - BH : nii : : i\rN : nk. 

But the 3d terms KI-, ck, mn are all equal ; 
as aho the 4th terms lk, km, ne. 

'ritcrefore the first and second tenne, in all the lines, are 
proportional, namely gi : IH : ; CG : op : : dh ; HE. <i.E.JD. 

SECTION 
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SECTION IV. 


OH THK CONIC SECTIONS AS EXPRESSED BY ALGEBRAIC 
EQUATIONS, CALLED THE EQUATIONS OF THE CURVE. 



' 1 . For Ihe Ellipse. 

Let d denote ab, the transverse, or any diameter ; 
f = in its conjugate; 

^ = ak, any absciss, from the extremity of the diam. 
y = PK the correspondent ordinate. 

Then, theor. 2, : iir : : ak . kb : dk% 

that is, : : rid Jt') : y% hence = 

or fii/ zz (:^/{d,v — x‘^.)y the equation of the curve. 

^^nd from these equations, any one of the four letters or 
cjiiamitics, (/, c, jr, y, may easily be found, by the reduction 
of equations, when the other three are given. 

Or, if p denote the ])aranieter, = r/ by its definition ; 
then, by cor.th. 2^ d : p \ ; jr(d— jt) : j/% or rfy^=/?(rAr — 
'which is another form of the equation of the curve. 

Otherxvise. 

Or, if d zz AC the semiaxis; c = cti the semiconjugate ; 
pzze^-^d the semiparameter; x = CK the absciss counted 
from the centre; and y = dk the ordinate as before. 

Then is ak=^/'— and kb = i/ + .t’, and AK.KD = (</--.r)X 
id -f x) = d"- — 

Then, by th. 2, : d^-^x^ ; j/% and dy'^:=c\d" 

or di/ zz — ,r-), the equation of tlie curve. 

Cir, d : p : : and dy^zzp{d^--x^% another form 

of the eejuation to the curve; from which any one of the • 
quantities may be found, when the rest are given. 

52 . For the Hj/pcrbola. 

Because the general property of the opposite hyperbolas, 
with respect to their abscisses and ordinates, is the same as 

that 
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that of the dlipie, therefore the process here is the very saine 
as in the former case for the ellipse ; and the equation to the 
cuWe must come out the same also, with sometimes only the 
change of the sign of a letter or term, from -f- to — , or from 
— to +» because here the abscisses lie beyond or without 
the transverse diameter, whereas theyjie between or upon 
them in the ellipse. Thus, making the same notation fyr the 
whole diameter, conjugate, absciss, and^^rdinate, as at Srst in 
the ellipse; then, the one absciss ak being x, the other bk 
will be d + •*’> which in the ellipse was d — jr ; so. the sign 
of .r must be changed in the general property and equation, 
by which it becomes d® : : : : a'(d + *r) hence 

c\dx + and dy = c {dx + the equation the 
curve. 

Or using/? the parameter, as before, it is, d ; x{d + x) 

or = p\dx + another form of the equation to the 

curve. 

Oiherx&isey by using the same letters d, r, p, for the halves 
of the diameters and parameter, and x for the absciss CK 
counted from the centre % then is AK=:*r— d, and BK=jr4*d, 
and the property d^ : c* : : (t — d) x {x + d) : y\ gives 
dy r: c^{x^ — d^), or dy = c\/(x^ — d^), where the signs of 
d® and x^ are changed from what they were in the ellipse. 

Or again, using the semiparameter, d t p : : x^ 
and d}/^ r: p{x^ — d^) the equation of the curve. 

But for the copjugate hyperbola, as in the 6gure to theo- 
rem 3, the signs of both x^ and will be positive ; for the 
property in that theorem being ca* : ca* : ; cd* + ca® : 
it is : : X* + d* ly^ = Der% or d^y^ = c\x'^ + d% and 

dy = cV(x^ + d-),the equation to the conjugate hyperbola. 

Or, as d : p : : + d^ ly^^ and dy“ = f(.r* + d^) also the 

equation to the same curve. 

On the Equation to the Hyperbola between the Asymptotes^ 

Let CE and cu be the two asymptotes to 
the hyperbola dFD, its vertex being f, and 
EF, W, AF, BD ordinates parallel to the 
asymptotes. Put af or ef = <?, cb—jt, 
and 'BD = y. Then, by iheor. 28, af . ef 
= CB . BD, or flf* = xy^ the equation to the 
hyperbola, when the abscisses and ordinates 
ire taken parallel to the asymptotes. 

3. For the Parabola* 

If X denote any , absciss beginning at vertex, and its 
ordinate, also p the parameter. Then, by cor. theorem 1* 
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AK : hld : : Kp : Ps or x :j / : ; p j hence p-r the 

equation to the parabohi. ? 

4i/^br theVirck. 

Becanuse the circle is only a species ojF tjie ellipse, in tphich 
the two axes are equal to' each other; tbemfoire, making the 
two di|||neters d and c equal, in the foregoing equations to the 
ellipse; they become 5^ s= dx-^x\ when the absciss x begins 
at the vertex of the diameter : and^* szd^ x\ when the 
absciss begins at the centre. 

Scholium* 

In every one of these equations, we perceive that they rise 
to the 2d or quadratic degree, or to two dimensions ; whi^h 
is also the number of points in which every one of these 
curves may be cut by a right line. Hence it is also that these 
four curves are said to be lines of the 2d order. And these 
four are all the lines that are of that order, every other curve 
being of some higher, or having some higher equation, or 
may be cut in more points by a right line. 


I 


CHAPTER n. 

ELEMENTS OF ISOPERIMETRY. 

De/. 1, • When a variable quantity has its mutations regu- 
lated by a certain law, or confined within certain limits, it is 
called a maxivimn wlicn it has reached the greatest magni** 
tude it can possibly attain ; and, on the contrai^, when it 
has arrived at the Ica^t possible magnitude, it is called a 
minimum^ « 

Def. 2. Isopcrimeiersj Or Isoperimclrical Figures^ are 
those which have equal perimeters, 

Def. 3. The Locus of any point, or intersection, &c, is 
the right line or curve in whicli these are always situated. 

The problem in which it is required to find, among figures 
of the same or of diS'erent kinds, those which, within equal 
perimeters, shall comprehend the greatest surfaces, has long 
engaged the attention of mathematicians. Since the admir- 
able invention of the method of Fluxions, this problem has 
been elegantly treated by «ome of the writers on that branch 
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of analysis; especially by Maclaurin and Simpsott. A 
more extensive problem was investigated at the time p{ 
war of problems,” between the two brothers Jolin and 
Janies Bernoulli : namely, ** To find| among all the isoperi- 
inelrical curves between given limits, such a curve, that, con- 
structing a second curve, the ordinates of which shall be 
functions of the ordinates or arcs of the former, tlie area of 
the second curve shall be a maxitiHim minimum**^ While, 
however, the attention of mathematicians was drawn to the 
most abstruse inquiries connected with isoperimetry, the ek* 
ments of the subject were lost sight of. Simpson was the first 
who called them back to this interesting branch of research, 
by giving in his neat little book of Geometry a chapter on the 
maxima and minima of geometrical quantities, and some of 
the simplest problems concerning isoperimeters. The ne^t 
who treated this subject in an elementary manner was Simon 
Lhuillier, of Geneva, who, in 1782, published his treatise 
De Relatione rmihia Capacitatiset Terminonan Figuraruvi, 
ike. His principal object in the composition of that work 
was to supply the deficiency in this respect which he foimd in 
most of the Elementary Courses ; and to determine, with re- 
gard to both the most usual surfaces and solids, those which 
possessed the minimum of contour with the same capacity ; 
and, reciprocally, the maximum of capacity with the same 
boundary. M. Legendre has also considered the same sub- 
ject, in a manner somewhat difierent from either Simpson or 
Lhuillier, in his Element^de Geometric. An elegant geometri- 
cal tract, on the same subject, was also given, by Dr. Horsley, 
in the Philos. Trans, vol. 75, for 1775; contained also in the 
New Abridgment, vol, 13, page 053. The chief propositions 
deduced by these four geometers, together wdth a few addi- 
tional propositions, are reduced into one system in the follow- 
ing theorems. 


SECTION 1. SURFACES. 

THEOREM I. 

Of all Triangles of the same Base, and whose Vertices fall 
in a right Line given in l^osition, the one whose Perimeter 
is a Minimum is that whose sides are equally inclined to 
that Line. 

Let AB be the common base of a series of triangles abc', 
ABC, &c, whose vertices c', c, fall in the right line lm, given 

in 



smitFAiCfis. 


S3 


{ki pc^itiODi llyen is the triangle oF least 
perimeter that whose sides Ac, bc^ we 
incHtied to the line hu in ei|ual angles^ 
for, let .BM be drawn from b, per^ 
pendicularly to tM, and Jgroduced till 
DM 532 r join ADf an4 wni the point* 
c where At> cuts lm d^w Bc : also, from any other point c', 
assumed in tM, draw c'd. Then tl^ triangles dmc, 

BMC, having the ahgle 0CM == angle acl (th. 7. Geom.) = 
MCB (by hyp4* tt bmc, and dM*'= bm; arid mc common 
to both, have also nc =: bc jth; 1 Geom.). 

So also, we have c'o = CB. Hence AC -f- CB = ac -j- cd 
r: AD, is less than Acf + c d (theor. 10 Geam<), or tlun its 
equal Ac' + c'b. And consequently, ab -f- bc 4 AC is less 
than AB + BC + Ac', q. E. D. ^ 

Cor. 1. Of all triangles of the same base and the same al- 
titude, or of all equal triangles of the same base^ the isosceles 
triangle has the smallest p^imeter. 

For, the locus of the veistices of all triangles of the same 
altitude will be a right line tM parallel to the base.; and 
when LM in the above figure becomes parallel to ab, since 
MCB 2 = ACt, MCB =: CBA (til. 12 Geom.), ACL = CAB; it 
follows that CAB = CBA, and consequently ac r: CB (th. i 
Geom.), 

Cor. 2. Of all triangles of the same surface, that which 
has the minimum perimeter is equilateral. , 

For the triangle of the smallest perimeter, with the same 
surface, must be isosceles, whichever of the sides be consi- 
dered as base : therefore, the triangle of smallest perimeter 
has each two or each pair of its sides equal, and consequently 
it is equilateral. 

Cor. 3. Of all rectilinear figures, with a given magnitude 
and a given number of sides, that which has the smallest pe- 
rimeter is equilateral. 

For so long as any two adjacent sides are not equal, we 
may draw a diagonal to become a base to those two sides, and 
then draw an isosceles triangle equal to the, triangle so cut 
o£F, but of less perimeter : whence the corollary is manifest. 

Scholium. 

To illustrate the secotid corollary above, the student may 
proceed thus : assuming an isosceles triangle whose base is 
wt equal to either of the two sides, and then, takingfor a new 
base one of those sides of that mangle, he may construct an- 
other isosceles triangle equal to it, but of a smaller perimeter. 
Afterwards^ if the base and sides of this sdcond isosceles tri- 
Vqu hi. D angle 
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angle are not respectively equal, he may construct a third 
isosceles triangle equal to it> but of a still smaller perimeter ; 
and so on* In performing these successive operations,he will 
find that the new triangles wiH approach nearer and neater 
to an equilateral triangle, ^ .j;/ 


THEOREM 11;?^ 

Of all Tridngles of the ®fcme Base, and of Eqtj^l Perimeters, 
the Isosceles Triangle £as the Greatest Surface. 

Let ABC, ABD, be two triangles of the same 
base ABanc^with equal perimeters, of which 
the one abc, is isosceles, the other is not ; 
then the triangle abc has a surface (or an 
altitude) greater than the surface (or than 
the altitude) of the triangle abd. , 

Draw c'd through d, parallel to ab, to 
cut CE (drawn perpendicular to As) in c': then it is to be 
demonstrated that ce is greater than c'e. 

The triangles AC^b, adb, are equal both in base and alti- 
tude ; but the triangle ac'b is isosceles, while adb is scalene : 
therefore the triangle ac'b has a smaller perimeter than the 
triangle adb (th. 1 cor. 1), or than acb (by hyp.). Conse- 
quently Ac'< AC j and in the right-angled triangles a EC', aec, 
having AE common, we have c'e < ce*. e. d. 

Cor* Of all isoperimetrical figures, of which the number 
of sides is given, that which is the greatest has all its sides 
equal. And In particular, of all isoperimetrical triangles, that 
whose surface is a maximuxti, is equilateral. 

For, so long as any two adjacent sides are not equal, tlie 
surface may be augmented without increasing the perimeter. 

Remaf'k* Nearly as ’in this theorem may it be proved 
that, of all triangles of equal heights, and of which the sum 
of the two sides is equal, that which is isosceles has the great- 
est base. And, of all triangles standing on the same base 
and having equal vertical angles^, the isosceles one is the 
greatest. 



• When two mathematical quaniittes ere separated by the character <, 
it denotes that the preceding quantity is less thorn the succeeding one ; when, 
Qffi the contrary, the separating character is it denotes that the ptevoding 
quantity is grtaler than the sticceediog one. 


THEOREM 
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rnwmu iti. 

Of all Right lines that can be drawn tfarongh a Gitren Pomt, 
between Two Right |jines Given in PositiQn> that whicli is 
Bisected by the Given foint forms with the other two Lines 
the Least Triangle. 

Of all right lines Ot)t AB, gd, that 
can be draw|^ through a given poiiH 
p to cut thenght Jines CA, CD, given 
in position'J that, AB, which is facet- 
ed by the given point forms srith 
CA, CD, the least triangle, ABC. 

For, let EE be drawn through a 
parallel to cd, meeting dg* teoduced if necessary) in e ; 
then the triangles pbd, pae, manifestly equiangular; and, 
since the corresponding sides pb, f'a are equal, the triangles 
are equal also. Hence pbd will be less or greater than pag, 
according as cg is greate^ or less than CA. In the former 
case, let pacd, which is common, be added to both; then will 
BAG be less than dgc (ax. 4 Geom.). In the latter case, if 
PGCB be added, dcg will be greater than bac ; and conse- 
quently in this case also bag is less than oca. 

Cor, If PM and pn be drawn parallel to cb and CA re- 
spectively, the two triangles pam, pbn, will be equal, and 
these two taken together (since am = pn=: mc) will be equal 
to the parallelogram pmcn : and consequently the parallelo- 
gram PMCN is equal to half adc, but less than half dgc. 
From which it follows (consistently with both the algebraical 
and geometrical solution of prob. 8, Application of Algebra 
to Geometry), that a parallelogram is always less than lialf a 
triangle in wWch it is inscribed, except Avhen the base of the 
one is half the base of the other, or the height of the former 
half the height of the latter; in which case the parallelogram 
is just half the triangle : this being the maximum parallelo- 
gram inscribed in the triangle. 

Scholium, 

From the preceding corollary it might easily be shown, 
that the least triangle which can possibly be described about, 
and the greatest parallelogram which can be inscribed in, any 
curve concave to its axis, will be when the subtangent is equal 
to half the base of the triangle, or to the whole base of the 
parallelogram : and that the two figures will be in the ratio of 
2 to I* But this is foreign to the present enquiry. 

D 2 'THEOREM' 
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THEOREM Xr. 

Of all Triangles in which tyro Sides arc Given in 
the Greatest is that in which thi^two Given Sides are Per*- 
pendicular to each other* 

For, assuming for base one of the given sides, the surface 
is proportional to the perpendicular %t fall upon that side 
from the opposite extremity of the other given side^ there- 
fore* the surface is the, greatest when that perpendicular is 
the greatest $ th^ is to wheh the other side is not in- 
clined to that peipendiculai* but with k : hence the 

surface is a maximuM when the two given sides are perpendi- 
cular to each other* 

^ !» 

Otherwise. Since the surface of a triangle, in which two 
-sides are given, is proportional to the sine of the angle in- 
cluded between those two sides; it follows, that the triangle 
is the greatest when that sine is the^greatest : but the greatest 
sine is the sine total, or the sine of a quadrant ; therefore the 
two sides giveii make a quadrantal angle, or are perpendicular 
to each other. E. n* 


THEOREM V. c 

Of all Rectilinear Figures in which all the Sides except one 
are known, the Greatest is that which may be Inscribed in 
a Semicircle whose Diameter is that Unknown Side. 

For, if you suppose the contrary to be the case* then when- 
ever the figure made with tlie sides given, and the side un- 
known, is not inscribable in a semicircle of winch this latter 
is the diameter, viz* vriienever any one of the angles, formed 
by lines drawn from the extremities of the unknown side to 
one of the summits of the figure, is not a right angle ; we 
may make a figure greater than it, in which tliat angle shall 
be right, and which shall only differ from it in tf^t respect : 
therefoi-e, whenever all the angles, formed by right lines 
drawn from the several vertices of the figure Jo the extremi- 
ties of the unknown line, are not right angles, or do not fall 
in the circumference of a semicircle, the figure is not in its 
maximum state, q. £• d. 


theorem vir. 

Qf all Figures made with ^des Given in Numbci: and 
nkisde, that ivl|idh may be Inscribed in a Circle is the 
Greatest. 


Let 





zi 




' Let ABCbirc be the 
polygon inscribed, and 
a polygon with 
equal sides, but not in- 
scribable in a circle; so 
that AB s abf bc 
&c ; it is afiirtped that , 
the polygon ABCDEFcir 
is greater than the polygon V 

i)raw the diameter ep; join PB ; upon j 
the triangle abp^ equal In all rgs^ts to ; and join ep. 
Then, of the two figures erfcip, least is not (by 

hyp.) inscribable in the semicircle ofei^hich ^ is the dtame* 
ter. Consequently, one. at least of these two figures is smaller 
tlian the corresponding part the figure APBcdefq (th. 5). 
Therefore the figure afbc0BPg is greater than the figure 
apbcdefg : and if from these t^re be taken away the respect- 
ive triangles APB, «p6, which are equal by construction, there 
will remain (ax. 5 CreomtJ the polygon abcde fg greater than 
the polygon abcdefg, e. 


^=7AB make 


THEOREM vri* 

The Magnitude of tbe Greatest Polygon which can be con- 
tained under any Number of XJnequal Sides, does not at all 
depend on the Order in which those Lines are connected 
with each other. 

For, since the polygon is a maximum under given sides, it 
is inscribable in a circle (ih. 6). And this inscribed polygon 
is constituted of as many isosceles triangles as it has sides, 
those sides forming the bases of the respective triangles, the 
other sides of all the triangles being radii of the circle, and 
their common summit the centre of the circle. Consequently, 
the magnitude of the polygon, that is, of the assemblage of 
these triaj^les, does not at all depend on their dispositioiif 
or arrangement around the common centre, q. e. d. 

THEOREM VIII. 

If a Polygon Inscribed in a Circle have all its Sides Equal, ^11 
its Angles are likewise Equal, or it is a Regular Polygon. 

For, if lines be drawn from the several angles of the poly- 
gon, to the centre of the circumscribing circle, they will 
divide the polygon into as many isosceles triangles as it :&is 
rides i and each of these isosceles triangles will be equal to 
either of the others in all respects^ and of course they will 

have 
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have the angles at their, bases all equ^I; consequently, the 
angles of the polygon, which are each made up of two angles 
at the bases of two contiguous isosceles triangles^ will be equal 
to one smother* a* £• d. 

THEOREM IX. 

Of all Figures having the Same Number of Sides and Equal 
Perimeters, the Greatest is Regular. 

For, the greatest figure under the given conditions has 
all its sides equal (th. 2 car.). But since the sum of the 
sides and the number of them given, each of them k 
given : therefore (tii. 6), the figure is in^ribabie h a circle: 
and consequently (th, 8) all its angles are equal ; that i$, it is 
regular, a* E. D. 

Cor. Hence we see that regular polygons jwssess the pro- 
perty of a maximum of surface, when ^compared with any 
other figures of the same name and with equal perimeters. 

THEOREM 

A Regular Polygon has a Smaller Perimeter than an Irregu- 
lar one Equal to it in Surface, and having the Same 
Number of Sides. 

This is the converse of the preceding theorem, and may 
be demonstrated thus : Let r and i be two figures equal in 
surface and haiwng the same number of sides, of which R is 
regular, i irregular ; let also r' be a regular figure similar to 
R, and having a perimeter equal to that of i. Then (th. 9) 
r' > I; but I = R ; therefore b ! > R, |^ut r' and r are si- 
milar j consequently, perimeter of r' > perimeter of h j while 
per. r' = per. i (by hyp.). Hence, per. i > per R. q. e. d. 

THEOREM XI. 

The Surfaces of Polygonsy Circumscribed about the Same or 
Equal Circles, are respectively as their Perimeters 
Let the polygon a BCD be circumscribed 
about tbo circle efgh ; and let this polygon 
be divided into triangles, by lines drawn 
from its several angles to the centre o of 
the circle. Then, since each of the tan- 
gents AB, BC, &.C, is perpendicular to its 

• This th<»urem, together with the analogous ones respecting bodies circtiin- 
scfibkg cyliniioTS and sphen fl, were given by Emetson in his Geon^ctry, and 
their use in thv theory of Isoperimetets was just suggested; but the fiiW 
application of them to that theory is due to Simon Lhuillicr. 



corre- 
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iorresptmdiM radkis oe, of, &c, drawn to tte point of con* 
tact (th. 46 Geoin.); since the area of a triangle is equal 
to the rectangte of the perpendicular and half the base (Mens« 
of Surfaces, pn 2)% it follows, that the area of each of the 
triangles abo, boo, &c, is equal to the rectangle of the radius 
of the circle and half the corresponding side ab, bc, &c : and 
consequently, the area of the polygon abcb, circumscribing 
the circle, will be equal to the rectangle of the radius of the 
circle and half the .perimeter of the polygon* But, the sur- 
face of the circle is equal to the rectangle of the radius and 
half the circumference (th. 94? Geom.)- Therefore, the sur- 
face of the circle, is to that of the polygon, as half the cir- 
cumference of the former, to ialf the perimeter of the latter; 
or, as the circumference of the formet", to the perimeter of 
the latter. Now, let P and p' be any two polygons circum- 
scribing a circle c : then, by the foregoing, we have 
surf, c ; sin*f« p " s circum. c : perim. p. 
surf, c ; surf, p' : : circum. c : perim. * 

But, since the aiitececWits of the ratios in both these propor- 
tions, are equal, the lilnsequents are proportional: that is, 
fiui-f. p : surf, p' : : perim. p : perim. p'. q. e. d. 

Cor, 1. Any one of the triangular portions abo, of a po- 
lygon circumscribing a circle, is to the corresponding circular 
sector, as the side AB of the polygon, to the arc of the circle 
included between AO and so. 

Cor, 2. Every circular arc is gpreater thgn its chord, and 
less than the sum of the two tangents drawn from its ex* 
tremities and produced till they meet. 

The first part o^this corollary is evident, because a rjgbt 
line is the shortest distance between two given points. The 
second part follows at once from this proposition : for ea + 
AH being to the arch eih, as the quadrangle aeoh to the 
circular sector HiEO ; and the quadrangle being greater than 
the sector, because it contains it ; it follows that ea + AH is 
greater than the arch eih 

Cor, S, Hence also, any single tangent ea, is greater than 
its corresponding arc £i. , 


• This second corollary is introduced, not because of its immediate con- 
nection with the subject under discussion, but because, notwithstanding its 
simplicity, some authors have employed whple puges in attempting iu dc* 
4moi»stratioii, and laikd at last. 
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. t»EOEEIif XII.' 

If a Okie and a Pdiygdn,, Circutnscribabie aboiX another 
OrcTe, ^ Isopenmetersj 'die Surface of the Circte is a 
Geomeiricat IVIean Proportional between th^ ^olygcn aki 
a Similar Polygon (regular or irregular) Circuipscribed 
about that Circle. 

I|k . n. 

Let c be a citcle, p a polygon J^operi metrical to that ctcle, 
and circumscribable about some other dr^e^t and p' a polygon 
similar to p and circiim.scribable about tlie circle c : it is af- 
firmed that p : c : : c : p# p" -Si 

For, p : p' ;; perirn*- p :: p : ;,cii^nm\ c t perim*. 

by th. 89, Geom. and the hypoAiesis. 

But (th. 1 1 ) P^ : c : : per. p : cir. c : P^ : per, p' x Cir. c. 
Therefore p ; c : : - - - - c : per. p' x cir. c 

; ; cir. c : per. p' : ; ;t : p'. q. k. b, 

) 

THEOREM Xm. 

If a Circle and a Polygon, Circumscribable about another 
Circle, are Equal in Surface, the Perimeter of that Figure 
is a Geometrical Mean fVoportional between the Circum- 
ference of the first Circle and the Perimeter of a Similar 
Polygon Circumscribed about it. 

Let c = p, and let p' be circumscribed about c and similar 
to c : then it is affirmed that cir. c : per, p : per p : per 

For, cir. c : per. p' : : c : p' ; ; p : p' ; : per^ p : per^ p'. 

Also, per. p' : per, p - - - ; : pem^' ; per. p X per, p^ 

Therefore, dr. c : per, p - - : ; per‘. p : per. p x per. p" 

; : j)er. p ; per. o. £. P. 

THKOREM XIV. ^ 

The Circle is Greater than any Rectilinear Figure of the Same 
Perimeter ; and it has a Perimeter Smaller than any Recti- 
linear Figure of the same Surface. 

For, in the proportion, p : c ; : c : p', (th. 12), since c < p', 
therefore p < c. 

And, in the propor. tar. C : per. p ; : per. p : per. p' (tjb, 13), 
pr, cir. c : per. p' : : cir^. c : per*, p, . . 

and cir* c < per. p'j 

therefore, cir*. c < per*. F;, or cir. c < per, p. a. E. d. 

Cur.. 1, It follows at once, from this and the two preced- 
ing tlieprems, that rectilinear figures which are isoperimeters, . 

and 
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and each cxresumscribable about a arcle, are respectively in 
the inverse ratio of thfe -pi^metersi Or of the surfaces, of 
figures similar to them, and bof:h circtimscribed about Olie 
and the same circle. And th^ the perimeters of equaj 
tilineal figur^i each circumscribable about a circle, are re- 
spectively irf' the subduplicate ratio of the perimeters, or of 
the surfaces, of figures similar to them, and both circurnscribed 
about one and the same circle. 

Cor. 2- Therefipfre, the d&nrnarison of the perimeters of 
equal regular figurell having different numbers of sides, and 
that of the surfaces of regular isoperimetrical figures, is re- 
duced to the comparison of the p^fmcte^s, or of the surfaces 
of regular figures respectively slmirar to them, and circum** 
scribable about one and the same cirde. 



Lemma 1. 

If an aente angle of a right-angled triangle be divided into 
any number of equal paj'ts, the ^de of the triangle opposite 
to that acute angle is divided into, ^unequal parts, which are 
greater as they are moKe remote from the right angle. 

Let the acute angle c, of the right- Cfc 
angled triangle acf, be divided into equ;;l 
parts, by the lines cb, cd, ce, drawn from \ \ x s, 
that angle to the opposite side j then shall \ \ 
the parts ab, bd, 3cc, intercepted by the j/L B J> il T 
lines drawn from c, be successively longer as they are more 
remote from the right angle a. 

For, the angles acd, bce, &g, being bisected by cd, cd, 
&c, therefore by 83 Geom. ac ; cd : : ab : bd, and 

BC : CE : : BD : DE, and DC : cf : : de : ef. And by th. Cl 
Geom, CD > CA, ce > cb, cf > cd, and so on : whence it 
follows, that de > ab, de > db, and so on. a. e. d. 

Hence it is obvious that, if the part the most remote 
from the right angle A, be repeated a number of times equal 
to that into which the acute angle is divided, there will re- 
sult a quantity greater than the side opposite to the divided 
angle. 


THEOREM XV. 


If two Regular Figures, Circumscribed ajbout the Same Circle, 
differ in their Number of Sides by Ijnity, that which has 
the Greatest Number of Sides shall have the Smallest Pe- 
rimeter. 

Let CA be the radius of a circle, and ab, ad, the half sides 
of two regular polygons circumscribed about that circle, of 

which 
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4:2 

which the number of sides differ by uipty» beii^g Ciw 
respectively « + I and n* The angles acb, Acp# \ 

therefore are respectively the^^ and the -^th > 

part of two right angles: consequently these A Bll 
angles are as n and w + 1 : and hence, the angle may be 
conceived divided into 7i + 1 equal parts, of which BCD is one# 
Consequently, (cor. to the lemma) {n + 1)bd > ad. Taking, 
then, unequal quantities from equal quantities, we shall have 
+ 1) AD ~ (n + 1) + 1) AD — AD, 

or, (n + l) AB<M.AD. 

That is, the semiperimeter of the polygon whose half side is 
AB, is smaller than -the semiperimeter of the polygon whose 
half side is ad : whence the proposition is manifest. 

Cor, Hence, augmenting successively by unity the num- 
ber of sides, it follows generally, thilt the perimeters of 
polygons circumscribed about any proposed circle, become 
smaller as the number of their sides become greater. 

THEOREM XVI. 

The Surfaces of Regular Isoperimetrical Figures are Greater 
as the Number of their Sides is Greater: and the Perimeters 
of Equal Regular Figures are Smaller as the Number of 
their Sides is Greater. 

For, 1st. Regular isoperimetrical figures are (cor. 1 th. 14) 
ill the inverse ratio of figures similar to them circumscribed 
about the same circle. And (th. 1 5) these latter are smaller 
\vhen their number of sides is greater: therefore, on the 
contrary, the former become greater as they have more sides. 

2dly. The perimeters of equal regular figures are (cor, 1 
th. 14) in the subduplicate ratio of the perimeters of similar 
figures circumscribed about the same circle: and (th. 15) 
these latter are smaller as they have more sides : therefore 
the perimeters of the former also are smaller when the num- 
ber of their sides is greater, a. e. d. 


SECTION II. SOLIDS. 

THEOREM XVII. 

Of all Prisms of the Same Altitude, whose Base is Given in 
Magnitude and Species, or Figure, or Shape, the Right 
Prism lias the Smallest Surface. 

For, 
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For, the :kti of each face of the prism is proportional to its 
height ; tbetefote the area of each face is the smallest when 
its height is the smallest, that is to say,, when it is equal to 
the altitude of tjie prism itself: and in that case the prism is 
evidently a right prism, q. e, d. 

THEOREM XVIII. 

Of all Prisms whose Base is Given in Magnitude and Species, 
and whose Lateral Surface is the Same, the Right Prism 
has the Greatest Altitude, or the Greatest Capacity. 

This is the converse of the preceding theorem, and may 
readily be proved after^the manner of theorem £. 

THEOREM XIX. 

« * 

Of all Right Prisms of the Same Altitude, whose Bases are 
Given in Magnitude and of a Given Number of Sides, that 
whose Base is a Kegiilar Figure has the Smallest Surface. 

For, the surface of a right prism of given altitude, and base 
given in magnitude, is evidently proportional to the perime- 
ter of its base. But (thi 10) the base being given in magni- 
tude, and having a given number of sides, its perimeter is 
smallest when it is regular; whence, the truth of the piopo- 
sition is manifest. 

THEOREM XX. 

Of Two Right Prisms of the Same Altitude, and with Irre- 
gular Baees Equal in Surface, that whose Base has the 
Greatest Number of Sides has the Smallest Surface : and, in 
particular, the Right Cylinder has a Smaller Surface than 
any Prism of the Same Altitude and the Same Capacity. 

The demonstration is analogous to that of the preceding 
theorem, being at once deducible from theorems 16 and 14. 

THEOREM XXI. 

Of all Right Prisms whose Altitudes and whose Whole Sur- 
faces are Equal, and whose Bases have a Given Number of 
Sides ; that whose Base is a Regular Figure is the Greatest. 

Let p, p', be two right prisms of the same name, equal in 
altitude, and equal whole surface, the first of these having a 
regular, the second an irregular base ; then is the base of the 
prism p', less than the base of the prism p. 

For, let p" be a prism of equal altitude, and whose base is 
equal to that of the prism p' and similar to thtit of the prism p. 

Then, 
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Th€», the lateral siirifat^ of the iiiteflatilfe*' §x^ the 

lateral sur&ce <rf tite priim t' (thv 19) : JteAce^s^ the tptial 
fece of p'is smaller^han i^tal sutfae4^f arid tJterefoit 
(by hyp*) smaller than the whole ^uthct ol pi*' Botthe ptfelns 
and p have equal altitudes aod similar therefore the 
dimensions of the base of p'" are smaller than the dimensions 
of the base of p* ConseqOently the base of p", or that of 
is less than the base of p ; or ti^ bai^e of p greater than tiut 
of P\ E, pw . 

THEOREM XXIU ^ 

Of Two Right Prisms, having Equal Altitudes^ Equal Total 
Surfaces, and Regular Bases, tha^ whose Base has the 
Greatest Number of Sides, has the Greatest Capacity* 
And, in particular,^a Right Cylinderds Greater than any 
Right Priiun of Equal Altitude and^Eqnal Total Surface* 

The demonstration of this is similar to that of the preced- 
ing theorem, and flows from th. 20. 

THEOREM XX!U. 

The Greatest Parailelopiped which can be contained under 
the Tliree Parts, of a Given Line, any way taken, will be 
that constituted of Equal length, breadth, and depth. 

For, let AB bCfcthe given line, and, 

jf possible, let two parts ae, ed, be — *—[ — | [ — - «■ ■ 

unequal. Bisect ad in c, then will A c E D B 
the rectangle under ah ( r: AC + ce) 

and ED ( = AC — ck), be less than ac^ or than ac . cD, by the 
square of CE (th. 3^1 Oeom.)- Consequently, the solid a b . 
ED , DB, will be less than the solid Ac . cd . db ; which is 
repugnant to the hypothesis. 

Cor>, Hence, of all the rectangular parallelopipeds, hav- 
ing ihe sum of their three dimensions the same, the cube is 
the greatest. 

THEOREM XXIV, ” 

The Greatest Parailelopiped that can possibly be contained 
under the Square of one Part of a Given Line, and the 
other Part;* any way taken, will be when the former Part 
is tho Double of the latter, . 

Let AB be a given line, and 

then is ac'' . tB the a p' d c c b 
p|reatest possible. 


For, 
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. Fbr« kt 40^ aisd c’a anf oibtr peiti iata ii?ladbjdM' ^i?en 
iise Ax^oiay. be divided} aw let Aq, ac', be- bieecited j|^ 
i^pecfively; ^ j^heii d^l Mf ®». «s‘'4 aij;-* sic i qa 
tl^or. 91 Xjiieotxu^>. 4 ap' • .<c!B» or greaberi^an Ushb^ii4 

c'a* . c'Bs by tbe preceding tlieoreai. : . . . *. 

‘ / ' f ‘ i' ■■ ■’ I / 'v-- i(. - 

7KE0.RBM .XX^« 

Of all Rtgbt Paral|filopi^^i''Oiven In Ma|;nitudei^b^t wKich 
has th€ Smallest Surface has all its Faces Squares, or is a 
Cube. And reciprocallyj , of all ]^a?i91elopipeds of Equal 
surface, the Greatest is a Cube. 

For, by theorems 19 and 21, the righl parallelopiped hav- 
ing the smallest surface with the same capacity, or the great- 
est capacity with the same surface, has a square ior its base. 
Btit, any face whatever may be taken for base ; therefore, in 
the parallelopiped who^jl^ surface is the smallest with the same 
capacity, or whose capacity is the greatest with the sam^ sur- 
face, any two opposite faces whatever are squares i conse- 
quently, this parallelopiped is a cube. 

THEOREM XXVI. 

The Capacities of Prisms Circumscribing the Same Right 
Cylinder, are Respectively as their Surfaces, whether Total 
or Lateral. 

For, the capacities are respectively as tlie bases of the 
prisms; that is to say (th. 11), as the perimeters of their 
bases 5 and these are manifestly as the lateral surfaces: whence 
the propositioh is evident. 

Cor. The surface of a right prism circumscribing a cylin- 
der, is to the surface of that cylinder, as the capacity of the 
former, to the capacity of the latter. 

D^l The Archimedean cylinder is that which circum- 
scribes a sphere, or whose altitude is equal to the diameter of 
its base. 

" THEOREM XXVII. 

The Archimedean Cylinder has a Smaller Surface than any 
other Right Cylinder of Equal Capacity ; and it is Greater 
than any other Right Cylinder of Equal Surface. 

Let c and c denote two right cylinders, of which the first 
is Archimedean, the other not : then, 

1st, If . . . c t=: c', surf C < surf, c' : ^ 

2dly, if surf, c zz surf, c', c > c'. ^ , 

For, 
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For, having circumscribed about the cylinders C, c^tbo 
right prisms p, p', with square bases» the former will be a 
cmie, the second not : and the following series of equ^ ra* 
tios will obtain, viz, c : p : : surf, c :surf. p : : ba:se, c : base p : : 
base c' : base p' : : c' : p' : : surf, d : surf. 

Then, 1st : when c ss^c\ Since c : P : : c' : p', it follows 
that P = p'; and therefore (tb. 25) surf, p < surf. p'. But, 
surf, c : surf, p : : surf, ; surf;, p'; consequently Surf, c < 
surf. c'. Q.E. ID. / ' 

2dly: when siir^^c = surf. c'. Then, since surf. C : surf, 
p : : surf, c' : surf, p', it follows that surf, p = surf, p' ^ and 
therefore (th. 25) p > p'. But c : p : : c : p'j consequently 
c > c'. Q. E. 2D. 


THEOItEM xxvnt. 

Of all Right Prisms whose Bases are Circumscribable about 
Circles, and Given in Species, that whose Altitude is 
Dduble the Radius of the Circle Inscribed in the Base, 
has the Smallest Surface with the Same Capacity, and the 
Greatest Capacity with the Same Surface. 

This may be demonstrated exactly as the preceding theo- 
rera> by supposing cylinders inscribed in the prisms. 

S'ckolmm, 

If the base cadnot be circumscribed about a circle, the right 
prism which has the minimum surface, or the maximum ca- 
pacity, is that whose lateral ^wface is quadruple of the sur- 
face of one end, or that whose lateral surface is t\ro-thirds 
of tlie total surface. 'Phis is manifestly the case with the 
Archimedean cylinder; and the extension of the property 
depends solely on the mutual connexion subsisting between 
the properties of the cylinder, and those of circumscribing 
prisms. 


THEOREM XXIX. 

The Surfaces of Right Cones Circumscribed about a Sphere, 
are their Solidities. 

For, it may be demonstrated, in a manner analogous to 
the demonstirations of theorems H and 2(i, that tliese cones 
are equal to right cones whose altitude is equal tg the i;adius 
of the inscribed sphere, and whose bases are equal to the 
total surfaces of the cones: therefore the surfaces and solidi- 
ties are; proportional. 


THEOREM 
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THEOREM XICK. 

The Surface or the Solidity of a llight Cone Cirattnscriied 
about a Spherei is Directly as the Square of the Cone’s 
Altitude, and Inversely as the Eau^ess of that Altit^e ovefc 
the Diameter of the Sphere* 

Let yjkT be a right'-angled^ triangje ivhich, 
by its rotation upon va as an axis, genehites a \ 
right cone ^ and bda the semicircle which by b 
a lik;e rotation upon Va fornas the inserted 
sphere: then, the surface or the solidity of ^ A. 

Va* * y \ 

the cone Varies as — • « a I ^ -A T 

VB ^ 

For, draw the radius CD to the point of contact of the 
semicircle and vt. Then, because the triangles vat, vdc, 
ai*e similar, it is AT : VT : : CD : vc. 

And, by compos, at : AT vt : : CD : CD + cv =: VA 5 
Therefore at* : (at -f- vt) at : : cd ; va, by muAKply- 
ing the terms of the first ratio by at. 

But, because vb, vd, vA are continued proportionals, 
it is VB : VA : : vd** : va* : : CD* : AT* by sim. triangles. 

But CD : VA : : at^ : (at + vt) at by ihe last;^ and these 
mult, give CD . vb : va* : : cb* : (at + vt)at, 

Va* 

or VB : CD ; : va* : (at + vt)at = cd . 

But the surface of the cone, which is denoted by ie • AT* -J- 
T . AT • VT *, is manifestly proportional to the first member 
of this equation, is also proportional to the second member, 

or, since CD is constant, it is proportional to , or to a third 

proportional to BV and av. And, since the capacities of these 
circumscribing cones are as their surfaces (th. 29), the truth 
of the wliole proposition is evident. 

Lemma 2* 

The difference of two right lines being given, the third 
proportional to the less and the greater of them is a mimmum 
when the greater df those lines is dmible the other. 

Let Av and bv be two right 
lines, whose difference ab is 

given, and let ap be a third A B V B 

proportion^ to Bv and av; 

then is ap a minimum when av as? 2BY. 


♦ 'ir being: = S'141593. See Tal. ii. pa. 45. 



BLEMEYTTS OKtiiQfSAIMSrair. 


- For, sinoe' • J^r “to'Ay^. {bji i^k'h ■■ - 

^ . , .Sn^viMon AP »„i(ie-»A¥i::ttlAv<ji!.AVJ^#vy’^i.i»»''> «'- 
*cx , 'AP r. ciuAV^ ’■'.' a''.;*--'’’';'' 

jPsWQPf'Wfl.AV ==)A«u,AP»;ii‘'!' 

JDut vp tiAW^is ekher- ts oc, |^A7i^(eoiiS» ta 

S8,<of ■:( '■•• t # - -..■ s *.' ■*■ ^ 

»‘^^^ore AP ‘ AB < f ■H(||W^!«r4A'll-^ApJ i>p 3l¥ 
Ocmstguentlj^ ihe nusiaa^tn tw^e> of a¥ Ib tbp 4|futdtti^'^ 
AB } and in that case Pv = vjuK»2ABt -.flf 

■ (•’ ■ •■*■*•’. .. " '• f '* , 

.,«, ' - i '-. SHEOREM . ' XXXJ . ' A - ■ . % 7 > K ''' 

. “ '- r - r-V " ‘ 

Of all Right Conesr Circumscribed abouitlhe & 


tK6 Smallest is thaf whose Altitude is tJoubfe the jDi^me*- h 
ter of the Sphere* 

..” f ' 

For, by til. SO, the^aolidity'Vtwe^^:'-*- (see the fig. to 


that; Jiiear^m) : and, hf lemnw 2,Aince va- vb is*giv»i|,,tl|pu 
third pwaportional ^ is a minimum when v a 2A1J* ' q* feiD. 

' "C^r- , I* jtj weif he. di§tai^e from the centre <4 the sphere 
to the vertex of the least circumscribing cone, is triple the 
radius of the sphere. 

Qfp f . H^rifce ilsd, ihe ri<& of such -^ene is tn^lo the^ 
riffius of its bise. 


TukonsM xicxir. 

TJhe Whole Surface of a *Ri^t Gone being :,Given| ahe Inw 
scribed Sphere is the Greatest when the Slant Side of the 
hQ^Uc i* Triple the Radius of its Base. ‘ ' 

' For, let t aud d' be two right Oohes of whoW stir- 
face, the radii of their rOspectii'e inscribed sphCre$ d^h^’^ 


tfcmonstTrttitmpciDitnJts ^ OtS ’ l < 3 !) rff<t 
principles , is really irresistible , and therefore needs no corro - 
b ( i | ra ^ n $ yiet U if conducive aa well ti > lii ^ nitt } impficn ^ em^ntiy c/%i 

tq meptal to vl^in like results., from dUfWiUt processes ^ In this 

vii;w it ^iir be a^Faniageoiffl to tho ' stiid^Mti to eouirrAa saaeria ^ 

of tha . pr ^^ i ^ il'iona i|i thi « by mtians «f the Aii « 4o«kiil aplty»tA 

the tiijth Cnijnpiated i|i tb ^ AiaPve--leiiipia t > etaketrforftn . e \ ontpW : liat 

AB be denoted bl * a, a\ by if , uv by -- e . Then we sli^If have — o : a * ; : 

X : the third proportional; which is ^ be a m^imumi tl^® 

ftuxiofi of this h’action wiM be equal to xero (Flux, art, 51), ^at is^Klux. 

afts . ,19 and 30 ), ; »— ^■-■■. >=& o . Consequently a * »-» ^dx m d , biid a » 

_ « rAr ‘^‘ 94ia»As Above ., “’ * ^ ^ / ■ '% 

' . * denoted 



* . ■ . ■ 

deoetcd fay '&• mi K*'; iet ifac 'dllB' of tfa« oMo-' « fafa tnpte 

«zui 'Ik' c W'B mm- momr ta Cj,'-’«B(1 da^awa^ct'^bi^ . bfatlk 

ih$f!$fy^ . ' J^'^c^iuiil'rdre kmibki tllke- 

dimmkdm^dT e"'4re 

<faktwidotw'of d't ati4''coik#<9bkat)ys|^M aisdSyi*'ifc^^ifa^4phow 
-fat dV'ii 

fatscjfb^ 'fai 'Cyior *.> B> ■ ‘ . »• '■*'■* ’■ -'f ■ * ' '''^ ’'' ■; 

Cffr. Tie tapeiky ef a r^t. woe fakps gf^eai* tbe in* 

w e a ii fi 'j^^facNi' is' tik i(t«Bt«se srtnar^^ im cqtk is 

tf^lioilio 'l!SU^tlS of'Jte, fak®’ 

For ci»aci^''of sOch oOOds '^ar£: as ' -'siB^lMis' 

(Hi-ss}. ■ •'■■►' .'■ *;■ 

" ;f‘ „ , 

jn^R&M xrstn* ' ■" ,■'. ■ ' 

Of kl Right Cones of ^n&l Whole S|tir&;ef the 
is that whose Sid* is Triple^^ Rachat of its Ba«e : iuad 
reciprocally, of idhRight Coiifes of Eqoal Capacity, that 
whose Sido is TripJe jme Radhis of ik wiao has dte Least 
Sarfwk. .' ' ■ ; .;■ , ' 

ywi th, ^e (;^)(Ma^,of aci|^ 
pound mioof its whole surface' and the radios of l^ioseiwed 
sp^re. Thaitfofe, the whole surface bying^'een, ^ <!e> 
pacity is proportional to the radw cd thevimciibed whera: 
and consequently is a osajthhum whwit the r^ios of me in* 
seethed sf^re is,soeh } lh^ SS) wfam side tko ' 

cone is- triple tile red^ Of the bsse^v 
Again, redprocsdly, the caip^ty heiag ^yeoy the ^stll’fiu» 
is in the fatvwse rario of the splutre, insam^ '^tfaer^re, it 
is ^smallest wfaou th^radiueisebe greyest; that is (th. 3^ 
when the sideofthe coneistr^etheradiusof itsbase. 




• H«we seiia * simiiff Wtult Mjr esfiiy<te iwaiiead 
fltivHiniL r^iof^ l^€ iHise be denotiNf % % tbe «|i)e ^ t|te * 

hf «* |1J| wbolto emiilee bf 9 ^ 3*14I5^S %y Tbee cirettm* 
^re<^ 0f bttue y(M be INrei 4ti6%t>t9^f, tbe eitrfbf^ ' 

waa. We enribee U, ^nsfom^ «*» «r» ^ irtwi ^ i^W bebg ^ e*, 

I|fa 1 - * , f', H • ',• 'i;' 1 V \ 

we heTe « ^ ^ e« Buj^ the «ttB|i4e cene ^nel to'Hie $()ear«iraot . 

of dlBH^tec^ioftbe'i^oem si^ «iidl*W the of the be^; t1^ ^ 

Hf U ^ j/ tine .teto J of the erSe ' 

.'"i \r^ •'' 

Ti^hf '|ee*, *« ^ — )» 

Vote rih * E 



ELJtMSMTS 


SO' 


^ 'toboii? 4W .ipqciVi ' ■■ , ’ 

ThE ^j?4*ainitil*:^ 

. , ctBnswW a&wrt the Saq^ JRighi Gpiitg, urit respe^mly 
f.M tihf^'.'30h4iti«S' '^' ])eFtkular.»''il»e:..&»T»^ df;i 

'j jPj^tramid jis . 

I Jiat C^ne> as,theSoli(^t;r 4 ||^ ?53imWi^ 

'^fithe Cwe ; and these Ri^ifis t9>;t£hose *h« 

'Surfaces or the Perimeterp qjf th^ B^s, , , ' ,,.i , 

. the capacities pf tiie seyw^ wltds ate ewpe^fw^'tw 

their bases} and their surfaces are:aa'^fkarijiti^ertpf 
bases : so ihat the proposition 1007 manifest^ be demon- 
strated by a chiain^of reasoning exactly like that adoptied iii 
theorem 11. 

THEOREM .XXX^' - /.,, 

The Base of a Right Pyramid being Giteti in Species^ the 
Capacity of that Pyramid is a Maximum with tbp' Same 
Suriacei apd, on the contrary, the Sur&ce is a.Miltiiaum 
with the Same Capacity, when the Height of One pace is 
Triple the Radius of tlie Circle Inscribed in the Base. 

I/Ct i» and *’ be two right pyramids with rimilar bSiies, the 
height of one lateral face of R beihg triple the radius of i£e 
drcle inscribed in the base, but this proportion hot obtain- 
ing with regard to r' ;,'«theh ' ■ 

1st. If surf. Ti0= sm’f. p', p > p'. 

2 dlyJ If . .PS*!../, surf ‘P <'silrf, P':‘ - *'* 
For, let c and c' be right conesiriseribedwitlifn tjifepjiiih- 
inids P aiid p': then} ih the cone c, the slant side is triple 
the radius of its base, while this is not the case with inspect 
to the cone c'. Therefore} ife =r c, surf, c <; surf. c'} and, 
if surf, c sr snrf. c*, c > c' (th. 33 X 


Uas being a tmiimum, its square must be id likewise (Fh». «irt.03}, that is, 

I . awe®**' ' ■ . i' . ' ' ' ' ' i 

-I ' ■ . ' , lejfectmj tli«4c}ioiq>bator,as cspstaiUsf^s.VSiwV'ISWst 
^ a This, in Aaxions, i« ^ 8«aV ir »» o ; wheUd^ we have 

' fl* 4kf* *» Of a»3 con^BqOeiitly J. wid o* *r 4irJF^ SofestUotfjag; 

this value of u* for tt, in the value of a above given, .|hei'e WM»lta 
, z, «s 2^’ Of « i’«‘’3jpr Thctief43t!e, the aide ofthe cone 

, eu , 1 1." ‘ij'* LiV ' 'I'* V 

is triple the radius of it« base* Or, the aq^Uare of the sfltiiurle Is to tbh equate 
of Radius lof the 1^, w to I, or^toibf »qbwe 4d libe iw the 

baaeads 2'th't* ' ' 

-i But 



n’t If i 




’t % ‘rt 


n 


But, 1st. surf. J> ; surf, c : : surf : surf, c'; 
whence, -if surf p Wm^surf. c' ; 

adQiy. p : c : : p :“c * Tafref ossc : cansequentlr 

surf, c < sitrf c'. But, shrf «> : suef. c t : surf r' | surf c. 

0bmai^mA >» ^ 



lUnm capacity with ^ sama sucpcft, reianTcly to aU tkbt 
fjAxata wii^ etiaihuufM triiin^lar basjis, tmd, « /oiwri, 
rataivefy to evefy fttuev tnangular pyrsnuif 


MNiscMkBmr xxxvt. 


A Splitere h to any Cir«»nmscrib^^ Sdid^ Bovimkd by Ratie 
Snrlkc^ as of tla^ Spliere tp that of tbo Cb> 

cumacrtbtng Solids 

since! all the planes todcl/the aphete, tJ^ raditis ^wii 
to each point of contact will be perpendicular to each re- 
spective' Sd that, if phenes be drawn through the cen- 

ttre effhe fifrfberetmd through ail the edges of the body, the 
body W0l be <Bvided‘tfito p^amids whose bases are the re- 
spe<%ive planes, and their eoaimcm altitude the taduis of the 
sphere. Hence, the stim bf all thett^pyTamids, or the whole 
circumscribing solid, is equal to a pjniimid or a cone whose 
base iseqnaU to the whole surface of that solid, and altitude 
to file radids of the sphere. But the capacity of the 
sphere is equal ip that of a cone whose b^lse is equal to the 
surfSkce of the sphere, and altitude equal to its radius* Con« 
sequently, the capacity of the sphere, is tOkthat of the circum- 
scribing solid, as the •surface of the former to the surfeee of 
the Utter : both having, in this mode of considering th^m, a 
Cbihmbn alittude* o. £. d. 


Can*# !• All cthcmn^cribing cylinders, conest, &c, arV to * 
^ sph^ they drtumsciibe, as their respecthre tUrfaceSr 
For the same proportion will subsist betweefh tMr Udifi* 
nhely sinall corressondiMg segmenfs, and therefore bef*reea 
their whteles, * 

Cm*. ,, All bodies cii^eiuffi^ai&ilD, the sauM ifhcs^, are 


i * 


E2 


tnzomu 





KMCMttTTi 


.VKwemm *xxm. 


, Jphil*^ <3ii^ 

»w«c« ,(,, , 

*-WatV<^ fc |M> d» ( M | ww« l p »*^ iy m|>HM8A» adtaSii. to 

that adopted in th«ot««a 9, 1ip|» 

MMier cwky ^ iwy oAf psiye^ gl 

L« f, themore^ be a iwlycdiT^ la 

a $. T^jm^nnist either diT«oJtprJll»fc,pr ip W 

^Wa it hnd |>Mly otft of ^ ^ !kl( eiMV^in St.^ 
first of these suppositiohs Ss ciAttary tti fh^ »JWj^^h*»s rartK 
■pnfpotukkm, Mjhum in that ease dve sttffiRe w t tttuldi^ot 
heefiM^tethi^of*. Sisdier ihetdoeidMippaiitfen^itM^ 
fore must obtain { an4 tbep iatk piMl of the wsfisce of P 
ntW fidi ehiu^ paitlf nr ndibll; anthh|(the 4 i|pb^ s ; vMch* 
tmr 9 C these W ihh case, 14 ^ iwrptis^ictdara dtonitted Btm 
the centre of a t^oo the phases, will be eat^ ban thafi 
.radius of that ^ere: aiid .consequently the po]yedirq|ll r 
moat be tek than the spheth:' s, because it hss tui e;qiial ha$)|, 
%tit a less ifititifde. n. s. b. ‘ 

" i U Z 

Csf. If a nrism, a cylinder, a i^framld,. pr thne, be 
^qhat to 4 ^txt either in or in stfrfiiiit } ip abp firtt 

taie, the surfiice of the sphere isless fhan the sOmeO of any 
df those sotidsj in the second, thecppiufi^ pf the ifbere ut. 
greater &an that of of those ktfids. 

The theorms in this diapter will a tarsety of 

practical exaaiiples to exerdse the asadent 'in flaoquttatieai. 
A few such are given below. 1 


BX£BC 1 SBS. 

•‘am » 

JEjf. 1. Find the areas of an equilatend triable, afcpiare, 
a iMxagoa, a dodecagon, and a«i^e, perimeter pf end! 
being 3e. ■ * 

Ex. 2. Find the diSerence between d|4i ana of a tt4aagle 
udmae ndes an 3# 4, apddi, md^of m^eqfliiMendKMi^^ of 
equal perimeter. ^ 


Em>^ Whatt as As ana of thy gnatesi^ eriaiifle. tyhsch 
can be cop«dt»ted with taro i^ven ktdea-f end it : |m what 
wiB bethi||||l?gthofm<hhdwde?-‘ •. ' .< •' < 

Ex. 4. ^^ednumfet«libe#«'ch«le<li ULtHNl^ {te^ 
rimetn of an imgtfief pi^tlgoBhrhiich dbiitnpMilhea kkiSi 
whatwetheifYin^tt^^ " - 

Ex, 


wheuamaxiauttif ‘ 



aiiuiximuiilr ' 

Ms. sElljejwo:^^''rf a tt»a^gpal^t^|^Fxa^w4 « 
wjbat i$4($xapadt7w]^'aina^aaum , . , 


10. Tb» sadius <0C» apbsre ia ? Of <l#qi»rii4ifc«f 
lidkiaaiof tfa»fjpbaK«v( it« csrcuQMKnlMd 
ami of H» ciranxuHrMi ayiadeiK ^ 



The srn^of h and efm 

fedma/t oficdhiaaibed atteut k 95 i aiiui alC thak 


feapaedvesmidittes? *' ‘ ' 

£r. J8. The soli4i|ty^of a severe) emiilatera! cone,‘ahS 
AVchiSiedean cylinder, are each 500 : wsat a** th* aurfac^ 
and respectiie diaaensions of each ? 

* Mx,ji 3. tf the suri^ce of a ^ere be represw»it^ hjf the 
number 4', the dreua^enbed' cylinder’s convet wrtke ana 
surface y® ^ wd 6, and the circumscribed e^wik' 
teraf cone'^s convex and vWe sijcr^*» 6 aadO leapectivriy* 
Show how these numbers are deducid. 


Jk. 14. The a^®ty of a sphere^drcmnacribed cylinder, 

and cincunttcrihed eqiaiatenil com, are as thd*hiiwabm 4^ ^ 
and 9. Kequired the proof. 


CHAPTER IIL 


’ MuuKn i«i«MHfitoJisTiiv aoNsXDBiiKD Atiai.mcax.LT. > 

‘ Akr. |. Tb«4 Mbt mwbmh wWdi are adopted by 
Mettaticyns te Ihwwigatiftf th*thm)ry nf Trigonom^ 
the one Geometne/dt thtfother Aigehvtcal ^h« MWMW, 
rite «f th#pif# tw^s* of 

id%y ds sBSM^awj? eit aingjfea, »d those 4 ^ 

ani^les of triangles, are deduced duwedi^twf fipem the 



M 


ANAl^YTICAL PlAlHS tmiGONOMETRY. 


fi)?!ipes m which the scleral eaqhiries are referrld ; ^acfo in- 
dividual case requiring its own particular method, and restixi |9 
on evidence pecttliar to itself. In the latter, the nattire 
properties of .tiite linear-angular quantities (sines, tangents, 
&c,) being first defined, some general relation of these quan- 
tities, or of them in connection with a triangle, is expressed 
by one or more algebraical eqxintions ; and then every other 
theorem or precept, of use in this branch of sdence, ts de- 
veloped by the simple reduction and transformation of the 
primitive equation. Thus, the rules for the three fundar 
mental cases in Plane Trigonometry, which are. deduced by 
three independent geometrical investigations, in the second 
volume of this Cobrse of Mathematics, are obtained alge- 
braically, by forming,^ between the three data and the three 
unknown quantities, thrCe equations, and ob»aiuing, in ex- 
pressions of known terms, the value of each of the nnknowm 
quantities, the others being exterminated by the usual pro- 
cesses. Each of these general methods has its peculiar ad- 
vantages. 1 he geometrical method carries conviction at every 
step j and by keeping the objects of enquiry constantly before 
the eye of the student, serves admirably to guard him against 
the admission of error: the algebraical method, on the con- 
trary, requiring little aid from first principles, but merciy at 
the commencement of its career, is more properly mechanical 
than mental, and requires frequent checks to present any 
deviation fron-j^ truth, riie geometrical method is direct, 
and rapid, in producing the requisite conchisions at the out- 
set of trigonometrical science; but slow and circuitous in 
arriving at those results which the modern state of the science 
requues: while the algebraical luetbod, though sometimes 
circuitous in the developcinent of the mere elementary tlieo- 
fems, is very rapid and fertil^^ in producing those curious and 
interesting formula;, which are wanted in the higher branches 
of pure analysis, and in mixed mathematics, especially in 
Pliysical Astronomy. T his mode of developing the theory 
of Trigonometry is, consequently, well suited for the use of 
the more advanced student: and is theiefore introduced here 
with as much brevity as is consistent with its nature and 
utility. 

2. To save the trouble of turning very frequently , to the 
2d volume, a few of the princij.yal definitions, there given, 
are here repeated, as follows : 

The siiyE of an arc, is the perpendicular let fell from one 
its extremities upon the diameter of the circle which 
passes through the other extremity* 


The 



ANA&TT1€AI^ 


ss 


. costm ^<rf Stti^ Er<,?k the sin^ erf* jfche x:ompl«Ewmt of 

ithzt sircs aad is equal to tke part of the radius ceim|]rk0d^.^J^ 
tween the c^tre of the circle and the foot of the sine. 

The TAWf<aBNT of m arc, is a line which touche^ the circle 
in one extremity of that arc, and is continued from thence 
till it meets a line drawn from or through the centre and 
through the other extremity of the are. ' . 

The secAkt of an arcj is the radius drawn through one 
of the extremities of that arc and prolonged till it meets the 
tangent drawn from, the other extremity. 

The VERSJEB SINE of an arc, is that part of the diameter 
of the circle which lies between tlie beginning of the arc and 
the foot of the sine. * 

The cotangent, cosecant, and covetiskd sine of an 
arc, are the tangent, secant, and versed sine, of the comple- 
ment of such arc. 


3. Since arcs are proper and adequate measures of plane 
angles, (the ratio of any two plane angles being constantly 
equal to the ratio of the two arcs of any circle w’-hose centre 
is the angular point, and which are intercepted by the lines 
whose inclinations form the angle), it is usual, and it is per- 
fectly safe, to apply the above names without circumlocution 
as though they referred to the angles themselves ; thus, wlien 
we speak of the sine, tangent, or secant, of an angle, we 
mean tl)e sijic, tangent, or secant, of the arc which measures 
that anghi , the radius of the circle employt^d being known* 


4. It has been shown in the 2d voL (pa. 6), that the tan- 
gent is a fourth proportional to the cosine, sine, and radius $ 
the secant, a third proportional to the cosine and radius; the 
cotangent, a fourth proportional to the sine, cosine, and ra- 
dius ; and the cosecant a third proportional to tK^ sine and 
radius. Hence, making use of the obvious abbreviations, 
and converting the analogies into equations, we have 

rail X “nn" ia»l. x cos. rad*. rad®* 


cot. ~ 


Or, assuming unity for the rad. of the circle, these will become 

bin, I i 


Tlvese preliminaries being borne in mind, the student may 
pursue his investigations. 


5. Let ABC be any plane triangle, of 
which the side Bc. opposite the angle ' a is 
•denoted by the iaiiall letter a, the side Ac 
opposite the angle b by the small letter 
and the side ab opposite the angle c by 




' ^di, Wee* AC 52 », AD IS 

consequemlyi ^^pppsifif r radiu&'to J^ k^y,. we ad =s A . 
cos* A. flMitolniiii^er 'Itv ^ it 'Bbe^reftM^^c, 

AD 4- Bii + A . imp;A- Py iHirsuing 

similar i^il^i^l; resjpiict >to' the other toe 

triangle,|e«i»cj^a^^ teDte,^ill im 

together(t)biy ^lltfe'as-below: ' ‘ ''^ 

: i vtk5s.-^0’4* c ; cc^rA*^' ' 

.. c + ^-^os/A V ' 

c ^ a. cos. B 4- ^ A} ' ' ‘ 

Now, if fepm these equations it %ere\reqiiire4 t# find 

expressions for the .angles of a plane triangle, when the sides 
arc given! i we have only to multiply the firfet of these equa- 
tions by tf, the second by i, the third by c, and to subtract 
each of the equations thus obtained from the'smn of the other 
two. For thus we f^all have 

r 4 r rr =5 2bc . cos. a* whence cos. a = ■ — ^jpr- 

tf * + c' — d* s= ike . cos. B, . • . cos. % =5 1“ 

if + A* ** C* — 2ai . cos. c, . . . cos, c =i , 


7. ' More convenient expressions than these will be de- 
duce4t^t*^4ter f but even these will often be found very coii- 
Teniehit, when the sides of ^isuugles are expressed in integers, 
and tables pf sines arid tangents, as well as a table of squares, 
(like thsrt in oitr first vol.) are at hand. 

Suppose, for example, the side«iof the triangle are ai»^20, 
ft = 562, t ~ 800, being the numbers given in prop, 4, pa. 
J61, of the Ifitroduction to Mathematical Tables ; then 
we have* , ^ ^ 

4 as S53444 : ... . log. as 5^93?! 175 1 

Qb^\ ^ * ap S 0 ^ 4 fiO log. r: 5‘95 58060 

The remainder being log, to&; a, or of 13671 

Afeaift, i± 4265^6 , '. . log. i; '^6235765 

Thbtcmatader Wing %-'cas. pr 9"'92v7q^ ' - 

15 b** # <!S<^ 320 ' + s »*?350 » 

thieth!rf{i<^$mg)eaait»4^t«r^^ ^ 

' ‘ If ' h. ^shied ip, j&xprpmms thip ^jin^s, 
ste^ hf the cAsmes,' of me apgXesj it would merely be ne- 
ccsiwyiw ibtro^unte ihm the preceding ^u^tions (marked ^ 

^ V instead 





kfU^liy' xM. A’^os. % £^. A^Vf t '[•^^ 

sin*. A), cos. » ss ^(^1 — b)« &C. ' Ifw th^^yt^ 

r«(itteti(ui^%««%nlt^ resbhy' 

jA, * i ■>'»*'■■ '*<&'' ni .llM■^ltflw^l^r■,,ll^,«B‘^Al1.1■■.lll’^M^^ u. i. I ' 

^•.^A,..;:.^U..,^ :••' 

;;«th A 5?, ^,s/3i(r!&*;+2«!t^,+-^6v t- 

C ^ — V^2a^ +' 2aV‘^ — '(a^ +^') .' , 


Or, resolving the ^gc^ression under the radkal into its four 
constituent ^<tors, substituting^ s for a-«f and reducing, 
the equations will become , ^ • 


siii. A asB ^s/ isi Js-i- a)ii^ — ^)<J s— f)l 

;Sin.,B 5 Ss -A.V^ i: 8 (i® <^)( 4 ^ ►- 

ac , 

SW. c te -^v^is^is-axis - b){\s-c) 


(HI.) 


The.se equations are moderately well siifted for computation 
in their latter fonnj they are ilso perfectly symmetrical:' 
and as indeed the quantities^ under the radical are identical, 
and are constituted of known terms, they may be represented 
by the same character ; suppose K : then shait we have ^ 

2 fC 2 k.'* '• 

sin* A n -r • • • sin. b = — ... sin. c bb: — • . . (tit) 

be uc ub ^ 


Hence we may immediately deduce a vciy important th«^o* 
rem : for, the first of these equations, divided by the second, 

gives and the first divided by the third gives 

=r— : whence we havo 

^llu c c 

sin. A : sin. B ; sin..\c loc a i b : ^ {IV. ) 

Or, in words, the sides of plane triangles are proportional to 
the sines of their opposite angles, (See th. l^Trig. voh ii), ^ 

9j Beforo the remainder of the theorems, necessary in the 
solution of plspe triangle%are investigated^ the fundamental 
proposition in the tjiepry of sines, &c, must be deduced, and 
the method explained by which Xables of these quantities, 
confined within the limits of the quadrant, are made to ex- 
tend to the whole circle, or ’tp any number of quadrants 
wb^tdsv^* - In order to this, expressions must be first 
tained for the sinesi cosine$, 8cc,<if the 3#m$ arid .differences ^ 
of any two arps or ar^es. Now, ft has been fi^yiud ,(I) thayt 
u c±'o . fe d- e .^cos. And the equations^ (IV) give,. 

i V*; Sutetitutidg . these va- 

- lues 



laes o{ b a>>d, c for them ia the precetdmg malr 

tiplymg the whole by it will become 

sin. 4 sin, b . cos. ,c + gin, c . cos.,B.’ 

But, in every plane triangle, the sum of the three angles, is 
equal to two vight angles 5 thererorc, a and c are equal to the 
supplement of a ; and, coascqucntly, since an angle and. its 
supplement have the same sine (cur, 1 , pa. 3, yol. ii), we have 
sin, (b + ^') ~ sin. B . cos. c + sin. c . cos. b. 

10 . If, in the last equation, c become subtractive, tlw&tt 
would sin. c m^anifestly become subtractive also, while the 
cosine of c would not change its sign, since it would stUlctnv 
tiiiue to be estimated on the same radius in the same direc- 
tion. Hence the preceding equation would become 

idn* (b — c) = sin. b . cos. c — sin. c . cos. b. 

11. Let c be tlie complement of c> and O be the quarter 
of the circumference : tlien will c' — * O ““ t:, sin. c':=: co^. c, 
and cos. c' = sin. c. But (art. 10), sin. (B — c') = sin. B . 
cos. c' *— sin. c’ cos. b. Therefore, substituting for sin. c', 
cos. c', their A-alucs, there will result sin. (b — c') — sin. b . 
sin. c — Cf>s: b . cos. r. But because c' = O — th we have 
sin. (b — c') — sin. (b -t- c — 4O) = run. [(u +c) ~ JO] == — 
sin. [ jO — (b + c)j = — cos. (B -|- c). Substituting this value 
of sin. (B—c') ill the equation above, it becomes cos. (B+c) 
= cos. B . cos, c — sill. B . sin. c. 

' 12 . In this latter equation, If c be made subtr.activc, sin. c 
will become — sin- c, while cos. c will not change : conse- 
quently the equation will be tran.sfonned to the following, 
vi7, cos. (b — c) = cos. E . cos. r d- shi. B . sin. c. 

Jf, inf.tcad of the angles u and r, the angles had been A and 
B ; or, if A and B represented the arex which measure those 
angles, the results would evidently be similar: they may 
therefore be expressed generally by the two following equa- 
tions, for the sines and cosines of the sums or differences of 
any two arcs or angles : 

.sin. (a ± b) = sin. a . cos, B ± sin. b . cos. A. ? .y v 

cos. (A ± b) =; cos. A . cos. b T sin, a . sin. li. J ^ ‘ 

13. We are now in a state to trace completely the muta- 
tions of the sines, cosines, &c, as they relate to arcs in the 
Various parts of a circle; aud thence to perceive that tables 
whicii apparently are included within a quladrant, are, in fact, 
applicable the w^hole circle, 

Imagiiit; tiiat the radius Mc of the circle, in the marginal 
figure, coinciding at first with Ao, turns about the point c 
(in the same mamier as a rod wmuld turn on a pivot) and thus 

forming 







fernias^ suctessiitne^ly with ac aJl 
possible angles ; l;be point M at 
its extremity passing over all 
the points of the circumference 
aba%'A» or describmg the whole 
circle. Tracing this motion at- 
tentively, it will appear, that;, at 
the point a, where the arc is 
nothing, the sine is nothing also, 
while the cosine cloes not differ 
from tlie radius. As the radius mc recedes from ac, the sine 
vm keeps increasing^ and the cosine op decreasing, till the 
describing point M has passed over a quadrant, and arrived 
at B : in that case, PM becomes equal to cb the radius, and 
the cosine tip vanishes. The point m continuing its motion 
beyond u, the sine pTi' will diminish, while the cosine cpV 
which now” falls on t!ie awfi^ary side of the centre € will in- 
crease. In the figure, p'm and rp' uie respectively the sine 
and cosine of the arc a'm', or the sine and cosine of asm', 
which is the supplement to ^O, half the circumfe- 

rence: whence it follows that an obtuse angle {measured by 
an arc greater tlian a quadrant) has the same sine a ml cosine 
as ifs supplnneiU : the cosine, however, being reckoned sub- 
tractive or negative, because it is situated contrariwise with 
regard to the centre c, , 

When the Jesfcribing point m has passed oPer JO? or half 
the circumference, and has arrived at a% the sine p'm' va- 
nishes, or becomes nothing, as at the point a, and the cosine 
is again equal to the radius of the circle. Here the angle 
A( M has attained its maximum limit; but the radius cm may 
still be supi'/OKcd to continue its motion, and pass below the 
diameter aa'. The sine, which will then be p'Ti''', will con 
seqncndy fall below the diameter, and wdll augment as M, 
moTfes along the third quadrant, wKiie on the contrary 
the cosine, will diminish. In this quadrant too, both sine 
and cosine must be considered as negative ; the former being 
on a contrary side of the diameter, the latter a contrary side 
of the centre, to what each was respectively in the first qua- 
drant. At the point b', v^hcre the arc is three-fourths of the 
circumference, or -|0, the sine p"m" becomes equ:d to the 
radius cB, and thgfosine op'" vanishes. Finally, in the fourth 
quadrant, from bJ*' to A, the sine always Mow aa', di- 

minishes in its progress, while the cosine cp^ which is tb^ 
found on the same side of the centre as it was in the first 
quadrant, augments till it becomes equal to the radius ca. 
Hence, the sine in tins quadrant is to be coiibidered as ne^- 

tive 





'*P 


tins Of iS-tfiife Wig^ B^ 

.ytrfc'shsjjp 

li^ilr -$^1 bo’ ^ tl£iii;lts1driii^Sitlidg^^ss^li^ 
iDfinky m ifim * ipsdfsmu '^gsttjii^^ 

crea?^^ firom ipjfinity tq nothing; in tl^e seCimd ; becomei po^ 
sftive a^aln/ ahcl ihcreai^s frd^rfi nothiiig Id ihfliSitJp th^c 
tki>d «]nadt^n%; a^d again^^i^ d^ 

from iofibity tq.not^gj, in tjb^ 

15 . These conclusions admit of a re^y 

«w^F % "dedwcdd^ hy means 9/ the analytical e;Kjji^s- 
<^911^ in and iq. Thus, if a be snppus^d equ^tb^jQ^ 

will beconw --i '■ ' 

_ cos, (i O ± b) = cos. lO . cos. B T sin. fO • sin, B, 

^ ' sin?(|ib dt dn. ^ O •' Cos. b i sin. B , cbs. jG). . , 

But sin. 10 = I'ad; ^ 1 } and COS. 4 O 2=^ 0: f - i 


the above equations wUl become t 

, ,, CQS.;(JO ± B) = :;: sin. b. > 

, sfin. ( JO ■— B) =?r cns. B. V , ■ 

From which it is obvious, that if the sine and cbsihe bf an 
arc, less t^a^. a quadrant, be regarded as positive, the cosine 
of an arc than JO and less than -JO yvill be ne^tive, 

but its SU& positive^ If b also be made JO ; then shall 


we cos- JO 1 5 sin. iO - Of 
Suppose next, that in the equa. v, a ==? JO > then shall 
we obtain, ^ 

#;. ,COS. (40 b) .= — cos. B . 
sin. JiO ± B) =:^shi; b; 

which indicates,^ iliat eviery arc comprised between 4 C) and 
-|0> or f^at terminates in the third quadranx, will have its 
sin^.^^djiu cosine botli negative. |[n this case ton, , when 
h lOt or the arc terminates artfiije of the third qua- 
drant, shall have cos. JO ^ O, s|n ,,40 ^ri'^ I - . 





AWAI.TTICAL f>I*AKE lTO<KI2*OAI®i:iir* 


arcs ; nnd in order that these expressions may hate ^ ttiofe 
generality, give ,to the radius any yajue R, instead of confining 
It to unity. This indeed may always'be done in an expres- 
sion, however complex, by merdy rendering ali the term*? 
homogeneofis ; that is, by muli^%big each teim by such a 
poT^er of v. as shall make if of ifie same dimension^ as the 
term in the eqitathm x£>hkh hus the highest dimaismn. Thus, 
the expreision for a triple arc 

sin. 3 a =2 3sin. a — 4sm^ a (radium = 1) 
becomes when radius is assumed 2 = u, 

R“ sin. 3a = Ssin. a — 4sin^ . a 

. ^ 3r^’ '• uj. A — 4 sill-’- \ 

or Sin. 3a cr . 

K* 

Hence then, if consistently with this precept, R be placed 
for a denominator of the second member of each equation v 
{art. and if A be supposed equal to B, we shall have 
, . sin. A . \ -f ‘'in. a . f^os* a 

Sin. (a + A) • 


Tliat is, sin. 2 a 


2 sin. A . ros. A 

ft 


And, in like manner, by supposing b to become successively 
cqurd to 2a, 4 A, See, there will arise 


sin. 3 a 

sin. 4 a 

% 

sin. 5 a 


sin. A . cw. 2K^f cos, a . sin, 2 a "A 


u 


Pin. A . 3a h- co'^ a , 

. .sin. 3 \ 

11 


sin. A . co^. 4 a '«♦ CO'., a , 

, sin, 4 a 




(VIII.) 


And; by similar processes, tlie second of the equations 
pjst referred to, namely, that for cos. (A -|- B), will give sue- 
cessi'X'ly, 


n 


A . cos. 'iA— s n. A , sin. 2 a 

cos. 3 A r: — 

[ 

^ cos, A . co^. 3 A — sin. A .pin Ha f 

cos. 4A = I 


(IX.) 


li 

„ cos. A . cm. 4a — sin. A . sin. 4 A 

COS. OA 

R 


1.9. If, in the expre^ions for the successive multiples of 
the sines, the values of the several cosines in j,terms of the 
sines were substituted for them ; and jike process were 
adopted with regard to the multiples of\he cosines, other 
exjn*essions would be obtained, in which the multiple sines 
would be expressed in terms of the radius and sine, and the 
nmltiple cosines in terms of the radius and^osine. 


As 



Pf^ANE TJMaOJSPOBOETRT. 


$S 


A 3BC fT / ; .' 1. ’ • 7 

srn. 2A = Ssv'R^— s* 

<^in. 3 a 5= 3s - 4s^ 

sin.^4A := (4S — Ss^)v^R^-~S” , * ^ 

sin. 5 a = 5s-20s"+lC>s^ ^ 

sin. 6 a s= C6s-32s‘’+^2s^) VbF^h^ 
.&c. &c. ^ 


■ t'V' 


(X.) 


Cos* A =5 C 

cos. 2a = 2c® — 1 

cos. 3 a =' — 3(: 

cos. ^A = Bc^ -f- 1 


r (XI.). 


cos. ,0 a = l(j< ^ — 20c' + .5(; 


cos.Ca = S2c'’-48c‘»+ 1 

&c. &c*. 

* 


Other very convenient expressions for multiple arcs may 
be obtained thus : * 

Add together the expanded expressions for sin. (b -f a), 
sin. (b — a), that is, 

add - - sin. (b f a) ;= sin. b . cos. A 4 cos. b . sin. a, 

to - - sin. (b — a) = sill, b . cos. A — cos. b . sin. A; 

there results sin. (b -J* a) + sin. (b — a) = 2 cos. a . sin. b; 

^vhencc, • sin. (b+a) ra 2 cos* a . sin. d — sin. (b — a). 

Thus again, by adding together the expressions for cos(b a) 
and cos, (b— a), \vc have 

cos. (b + a) + cos. (b - a) = 2 co,f. A . tos. b; 
whence, cos. (b + a) = 2 cos. a . cos. r cos. (b - a). 
Snbstituliog in these expressions for the si'^e and, cosine of 
B + A, the successive values A, 2a, 3a, 3cc, instead of n j the 
following series will be produced. ^ 

sin. 2 a = 2 cos. a . sin. A 

sin. 3 a = 2 cos. A . sin. 2 a — sin. a. 

sin. 4 a = 2 cos. a , sin. 3 a — sin. 2 a* 

sin. WA = 2 cos. A . sin.(w— 1 )a — sin. (71 — 2 )a. 

cos. 2 a = 2 cos. A . cos. A — cos. 0 (r= 1). 

cos'. 3 a = 2 cos, A . cos. 2 a — cos. A. 

cos. 4 a = 2 cos. A . cos. ,3 a— cos. 2 a. 
cos. 71 A = 2 cos. a . cos. (71 — Da — cos . (71 — 2) A. 

Several other expressions for tj;ie .sines and cosines of mul- 
tiple arcs, might readily be found ; but the above are the 
most useful and^mmodious. 




♦ Heipie we tMlvt; omitted the powers r that were necessary to render all 
the terms hoiiioloerous, merely that tbe'^>pre£i^»of)!!i might he ih Ajpon 

the page; bht tbiey may eawily be stipplied* when-ne^dad^ by the mle la 
art. 18 , 

20. From 




€4 


AHAtVVlCAl^ nUKS TSIOQKdMSrair. 


20. FTom the eqtn^oa sin 2 a =p k Wilf be 

easy, when Ae sine of an arc is known, to Sod that of its 
half. For, sobftitotuig for cos a its v'(R’'~sin* ,A)» 

there will irise sin 2 a = ^ Tlfis sqnared 

gives an* 2 a z: sin* A 4 sin* A. 

Here taking sin A for the unknown quantity^ we have a qua* 
dratic equation, which solved after the usual manner, gives 

sin A = ±^iR* - sin^2A. 

If we make 2 a = a', then will A p: iA\ and consequently 
the last equation become s 

slh |a' = ± ^ — s m^ a'1 ^ 

orsin^A" rr J -v^2r^ ± 2r cos J 

by putting cos a' for its value \/r^ — sin* a' multiplying the 
quaittities tinder the radical by 4, and dividing the whole se- 
cond ntnnber by 2. Both these expressions for the sine of 
half an arc or angle will be of use to us as we , proceed. 

2 U If the values of sin (a 4- b) and sine (a — b), given by 
equa. v, be added together, there will result . 

sin (a + b) + Sin ( a — b) 3= ; whence, 

«in A . cos B =: -JR , sin (A + ^^) + 4Rsin(A — b) . . (XIIL) 
Also, taking sin (a — b) front,^in (a -f b), gives 

Sin ( A + fi) — sm ( A — b) = ; whence, 

sin B , cos Asr^-R . sin (a + b) — l-R . sin (a -b) . . (XIV.) 
When A = B, both equa. xm and xtv, become 
cos A . sin A = 4K sin 2a . . (XV.) 

22- In like manner, by adding together the primitive ex- 
pressions for cos (a + b), cos (a — b), there will arise 

cos (a b) + COS (a *- b) = — ^ j whence, 

cos A . COS B r: 4-R . cos (A + b) + 4*^ * (A— b) (XVI.) 

And here, when a = b, recollecting that when the arc is 
nothing the cosine is equal to radius, we shall have 
cos* A =: 4 R . cos 2A + |R® . • . (XVII.) 

2S. Deiiucting cos (a tIt b) fiom cos (a — b), there will 
remain 

cos (A - b)— cos(A + B)=r whence, 

sin A. sin B = 4R . cos <A — ») — 4R . cos (a + b) ^VIIL) 
When A == B, this formula becomes 

sin* A = iR* jR • C0S 2 a « • « (XIX.) 

£4. MuU 



AlfAflfVTtCAI.- 




,M: W^tHer 

alid sin (A — ^^b), equation v, and reduqng, ther^ results 
' siri'( A<4. i^y . {A'^ ‘fil?' ^ 

And, in lik^ manner, mnltiplyi^ valties ^oF ' 

co$ (a + Bil^apd co^,(.A r- nj, fhfi^is produced . , * , ; 

cos (a + b) . cos (a — ps® A — ^cos® ^ 

Here, since siri*A^— sin*'B, ^k*e^ial j:o^/^in a p),X* 
(sin A sin c), tltat'is,. to rje'ctjjngle ql; tlie 's;u^ aiid dif- 
ference of the sines ; it Follows, thaV the^lGrst of tlies^^ equa- 
tions converted iatp an analogy, becorhes - ^ ^ , 

sin ( a ~ b) : sjn a — ,sin £ ; : j^iu A I 'sin b : sin (,A,4- b) (XX.) 
That is *to say, ike shw of the diffrrpice ^ any dwo. ar(;^.or 
angles^ is to p^ differemi of their &ines^ as the sum of those 
sines is to the sine of their sum. 

If A and n‘ be to each other as ^ dien the pre- 
ceding proportion will be converted hito sin A ; sin (n + i)A 
sin nx : : sin (>? + 1)A + sin nx : sin {^n -i- l)Af. - . . (XXI-) 
These two prnportious are highly ineful in coarputing . 
table of sines *, as will be sh'Swn in the practical examples at 
the end of this chapter. 


25, Let us suppose A + b = a', and b = then tire 
half sum and the half diiFereiice of these equations wiligive 
respectively a = J-(a' -h B% arid b = y( ® ) Putting these 
valuesof a and B, in the expressions of sin a. cos t, sin B/Cbs a, , 
cos A . cos B, sin A . sin B, obtaiiied in arts. 21,i22, ^5, there” 
would arise the following formulse ; - i ‘ 

$iu Ka' + b') . cos r{A — b') = A^-^ sin > 

sin Ha' — h') . cos {if 4- b') -^Ki^sin A^ — mn f)% 

cos i 4- b ) . cos -^( a' — b ) = ~b(cos P +> cos 

sin i(A' f B'j , sin Ha' b j zrUjucos b --- cos a). 

Dividing ihc second of these fomgiulae by the first, there, wi^^ 
be had 

ftin — B*) ctm ^(k* j-W) s .. a'— '^ in »' 

wiB i«(V -I* ^ o » :j-( a' <'0»J ) * s'w f a') sit) A^-h sirt p,'* 


But since ~ ^ and — it follows, that fibe tW 

factors of the first meinb|»> of tjiifi equation, are 
* .: ■: , and ^ ^/, »,i;pspeaiyely ; so 

manifestly becomes, — , — — : (aaIT.) 

fiA^ ; sm A' -V M I B , , . ^ 

This eqliaHbn is readily converted Into a very useful pro- 
portion, ^ 2 ;,- Tfhe sum of the ^^ces^t^f Wo arcs or 
their .pjerence. as the tan^ef^t'tf heiij fh^ sum of thos^ 
or angles, is 0‘iiii tangent. (f^itaif ihhr diftr^cL' 

HI. F ' ' 26 . Operat- 
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^6. Operating with the third ^ind fourth formulae of tlte 
preceding article, as we hate already done with the, first m4 
second, we shall obtain 

tfln ^ a' 4^ bQ . ton i(A' ^ »') ^ C09 b' ■* cos a' 

R« cos a' -k cos 


In like manner, we hate by division, 

Sin a" - f- in a' sini(\'+B') iz » . a s'»n a' + *»tn Bf 

— gs ... , x: tani( A" b ) ~,-cati(A -B7i 

COSA^4*<'OsB' t;oH(A+B ) ^ cosa' 


sm A — A'n a 


C^A + coa w 


‘ = tan y( ~ b') . . • 


sin a' — ^in B’ 


y=:COt + B'js 


CCS »'«— CHS 
CO< a' + cos a' ^ + b') 

Cos a' — co^ A* tan -jKa' — a')’ 

Making B = 6, in one or other of these expressions^ there 
results, 


1 + COB A 
Sill A 


7 = tan ^A = 


coi Ja'* 

1 

tan I a'* 

1 + CO*; a' C'»t - . 

— -J“-7 = cot* JA' = 

1 - cos a' Ian \ fJ * 


1 — CO*; A 


= cot -u' = 


(xxii.J 


tau* Ja' 


These theorems will find their application in some of the 
investigations of spherical trigonometry. 


<27. Once more, dividing the expression for sin (a ± ir) 
by that for cos (a ± b), tliere results 

sin (a ± b) sin A . cos Udb sin B . cos. a 

CO^ (a ± U) Cui. A . C08 JB TS«U A . MO B * 

then dividing both numerator and denominator of the second 
fraction, by cos A . cos B, and recollecting that ~ s= — , we 
shall thus obtain 


ta»i/'A*B) R(^anA±tanB) 

U a® ^ lull A . lali B * 

, , / ^ \ R*( t»in’ A i ^ai) b) 

or, lastly, tan (a ± b) = ; — . 

’ 11* T tau A . Ian » 


Also, since cot = — we shall have 

tan 


. . (xxni.) 


- cot (A ± B) = 


** R* y tun A . tn n 

tun (AdbB) Util A A; laii B * 


which, after a little reduction, becomes , 


cot (a ± B)5s: 


CHt A . »'r>t B T R* 
cot B i cot A 


(XXIV-) 


2H, We might now proceed to deduce expressions for the 
tangents, cotangents, secants, &c, of multiple arcs, as well as 

some 




«ome of the listmlformiite of inerijSoatbii in the c0n»trtKrtion 
of taWe% suph as 

din ( 54 ° + A)'^sin ( 54 ®— a)— pin ( 1 + a ) ( 1 S® - a)<»« sin (W— 
din A t ain — a) -{- mu (7^ * 1 ^ a) tin ^ 36 *^ + A) 4 sin (rs*=> - aJ. 

' 3cc, &1S, \ 

But, as these enquiries would extend this chapter to too 
great a length, we shall pass them byj and merely investi- 
gate a few properties where more than two arcs or angles are 
concerned, and which may be of use in some, subsequent 
parts of this volume. 


29 . Let A, B, c, be any three arcs or angles, and suppose 
radius to be unity j then 

. , . . sin A.S’n c + ninlt. sin (A + B + cl i. 

Sin (B + C) = ; 

* SJII (A + a) y 


For, by equa. v, sin (a-I-b -f-c) = sin A . cos (b +c) + cos a ; 
sin (b 4- c^), which, (putting cos B . cos c — sin b . sin c for 
cos (b 4- c )), is =: sin a , cos b . cos c — sin a . sin b . sin c + 
cos A . sill { c + c) ; and, multiplying by sin b, and adding 
bin A . sill c, there results sin A . sin c+sin B . sin (a d s-f c) 
=sin A . cos B • cos c . sin ;b + siu A . sin c . cos* b + cos A . 
sin B . sin (b -f c) = sin a . cos b . (sin B . cos c + cos u . sin c) 
4“ cos A . sin B . sin (b [~ c) = sin A . cos B . sin (c -f* c) + 
cos A . sin A . sin (b 4* c) = (sin A . cos b + cos 4 . sin b) X 
sin (b 4" c) =: sin (a 4* b) • sin (b 4“ c). Consequently,. by 
dividing by sin (a + B), we obtain the expression above 
given. * 


In a similar manner it may be shown, that 

&in A . sin c — J»in B . sin (a - B + c)' 


sin (B — C) == ' 


sm (a — b) 


30. If A, B, c, D, represent four arcs or angles, then writ- 
ing c 4" D for c in the preceding investigation, there will 
result, 


sin (b +■ c 4“ d) 


^in A • sin (c+ d) + sin B « sia (a + B + c + a; 


bin (A -f B) " 

A4ike process for five arcs or angles will give 

, . . . sin A . siu (c -h D+ E) + s»n B sin (A'+ B+C+ »+ b) 

Sin (04-0-404-^)= yTrTs — — — 

\ ^ ^ sm (a f 4) 

And for any number, a, b, c, &c, to jl, 

sin A . sin(c+ T> + . . l) + si n Il« si n (a+ s-t- cHh ...l) 


•in (b4-c4-....l)= 


SlU (At 40 


31. Taking again the three a, b, c, we have 
sin (b — C) = sin b , cos c sin c . cos b, 

sin {c ^ a) zz sin c . cos A — sin A t cos 

sin (a sin a . cos u — sin n . cos a» 

Multiplying the first of these equations by sin a, the second 

r 2 by 
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by sin b, the third by sin c; then adding together the equsp^ 
tions thus transformed, and reducing ; there will result, 
sin A , sin (b — c)+sin b . sin (c — A) + sin c . sin (a — b)=: 0, 
cos A . sin (b — c)+cos b . sin (c~a)+cosc . sin (a — B)=0. 

These two equations obtaining for any three angles what- 
ever, apply evidently to the three angles of any triangle. 

52 . Let the series of arcs or angles a, b, c, d . . ♦ . L, be 
contemplated, then we have (art. 24 ), 

sin (a + b) . sin (a — b) = sin^ A — sin^ B, 

sin (b + c) . sin (b — c) =: sin* B — sin* c, 

sin (c + nj . sin (c — d) rr sin* c sin* D. 

4 &c. &c. See. 

sin (l + a) . sin (l — a) = sin* L — sin* A. 

If all these equations be added together, the second mem- 
ber of the equation will vanish, and of consequence we shall 
have 

sin (a+b) • siri (A — B) + sin (b+c) . sin (b — c)4'&c .. , 

-b sin (L+A) + sin (l— a)=:0. 

Proceeding in a similar manner with sin (A — b), cos (A-f b), 
sin (b — c), cos (b + c), ScCf there will at length be obtained 
cos (a+b) .sin (a — B)'fcos (B+c) . sin (b--c) + &c . . . 
+cos(l f a) . sin (l — a) = 0. 


53. If the arcs a, B, c, &c ^ L form an arithmetical 
progression, of which the first term is 0, the conunon differ- 
ence d', and the la'st term L any number ?i of circumferences; 


then will B — a = d', c — B z= d', &c, a -r b ^ 2d', b + c == 3d', 
&c : and dividing the whole by sin d', the preceding equa- 
tions will become 

sin o' + sin 3 d' + sin So' + &c = 0, 7 / vy v ) 
cos D + cos 3 d' •+• coa 5d + &c = 0. j 


If e' were equal 20 ', these equations would become 

sin D'+sin (D'+E')+sin (d'+2f/) + sin (d'+ 3it')+&c — O, 

cos D'-i“COS (D +fi') +COS (d' + Se') + COS (d' + j + &c = 0. 


34. The last equation, however, only shows the sums of 
sines and cosines of arcs or angles in arithmetical progres- 
sion, when the common difference is to the first term in the 
ratio of 2 to 1. To investigate a general expression for an 
infinite series of this kind, let 

s sin A + sin ( A -f b) + sin ( a + 2b) + sin ( a + 3b) + &c. 
Then, since this series is a recurring series, whose scale of 
relation is 2 cos B — 1, it will arise from the developement of 
a fraction whose denominator is 1 — 2« . cos B + «*, making 

Zsss l. 


Now 
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€9 


Nowtliis fraction wiU be * -f”.*!. 

1 — & . Cut 

Therefore, when ;s i= 1 , we have 

s = 2~27o; i » because 2 sm a . 

cos B ^ sin (a + b) + sin (a — B) (art. 21), Is equal to 
But, since sm a - sin B' = 2 cosj (a + b') . 

sin 4(a'— ^), by art. 25, it follows, that sin A— sin (a— B)= 
2 cos (a — -Ib) sin } besides ■which, we hare 1 — Cos b = 
2 sin' tB. Consequently the preceding expression becomes 
j = sin A + sin (a + b) + sin (a + 2b) +sin (a + 3b) + &c, 

ad infinitum = (XXVI.) ’ 


35. To find the sum of n + 1 terms of this series, we have 
simply to consider that the sum of the terms past the(» + 1 )th, 
that is, the sum of sin [a + (n -f 1 )n] + sin [a (w 4- 2)b] + 
sin [A -f (/z + 3 )b] + Scc^ad ivfinitum^ is, by the preceding 

theorem, Deducting this, therefore, from 

the former expression, there will remain, sin A + sin (a + b) 
-f sin (a + 2b) + sin (a + Sb) + .... sin (a + = 

ro's(A [a f (;i + (A>f fna) . sin|(y?+ l)o ^/vyvH ^ 

2 a-iu sill 

By like means it will be found, tliat the sums of the 
cosines of arcs or angles in arithmetical progression, will be 
cos A + cos (a + b) + cos (a -f 2 b) + cos (a + 3b) -i- &c> 

sin (a— ill) 


tid infinitum = 


2siu 


• (XXVIIB) 


Also, 


€03 A q- COS (a + B) + cos (a -f 2 b) -f COS (A + 3 b) + . . . < 
..... (cos A + Hi.) = . . . (XXIX.) 


36- With regard to the tangents of more than two arcs, 
the following property (the only one we shall here deduce) is 
a very curiou.s one, which has not yet been inserted in works 
of Trigonometry, though it has been long known to mathe- 
maticians. Let the three arcs a, b, c, together make up 
the whole circumference, O • then, since tan (a + b) = 

equa. xxiii), we have R* x (tan a + tan b + 
tan c) = X [tan A+tan b — tan (a + b)] = R‘ X (tan A + 
tan B — - ^ by actual multiplication and re- 

duction, to tan A . tan B . tan c, since tan c = tan [O — 
(A + a)] = - tan (a + b) = - by what has 

preceded 
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preceded in this ^u^ijcle* The result tlierefore fat, that Me 
sum qf the if^ngsnk of am/ time ar^i which iogethef^e&Hsti^ 
tutc a circle^ multiplkd hy the square of tkt r^us, is ^usi 
io the prodmt of those tangents. . . . (XXX.) 

Since boicii arcs in the second and fourth quadrants have 
their tangents considered negative, the aboVe property will 
apply to arcs any way trisecting a semicircle; and It will 
therefore apply to the angles of a plat^ triapgle* which are» 
logethet, measured;* by arcs ^jponstituting a' semicircle. So 
that, if radius be considered as unity, we shall find that, the 
sum of the tangents of the three angles of any plane triangle ^ 
is equal to the continued product of those tas^genis. (XXXI.) 


37. Having thus given the chief properties of tlie sines, 
tangents, Sec, of arcs, their sines, products, and powers, we 
shall mei^ly subjoin investigations of theorems for the 2d and 
3d cases in die solutions of plane triangles. Thus, with re- 
spect to the second case, where two sicTcs and their included 
angle are given : 

By cq»ra IV, u : A : : sin A : sin B. 

By co.npoc.. ? a \-b : sin A + sin fe : sin A - sin B* 

and division i ^ 

But, eq. xiu, tan {{A + r) : tan *j(a — B) : : sin a *r sin n : 
sin A — • sin h ; wheiK e, ex equal. (/ -f A : c/ — A ; ; tan 5 (a + q) ; 
tan -- b). . . . (XXXn.) 

Agreeing with the result of the geometrical investigation, 
at pa. 10, vol. ii. 

38. If, instead of having the two sides a, A, given, we know 
their logarithms^ as frequently happens in geodesic opera- 
tions, tan ,;(a — b) may be leadily detcrmir.ed wirJ.out first 
finding the number corrooponding to the logs, of a and b. 
For if a and b were considered as the sides of a r ight'Ungled 
triangle, in which <p denotes the angle opposite the side Uy 

then wo'Uld tan ^ ~ • Now, since a is supposed greater 

than A, this angle , will be greater than half a right angle, \>r 
it will be measured by an arc greater than of tiie circumfer- 
ence, or than { O- Then, because tan (0 
and because tan — V. — 1, we have 


t«n (0 --JO) 




And, from the preceding article, 

a—b taa/nA—B) tan -J( a — e) 

' tan A 2) cot ic . tan 


: consequently, 

^ . * {XXXIII, ) 


From 
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Troixi t^is ^uatipa we ha^e the following practical rule : 
Subtraurt the less frota the greater of the given logs, the re* 
maiia^fet will he the log tan of an angle : from this angle 
take 4:5 degrees, and to the log tan of the remainder add the 
log cotan of half the given angle ; the sUin will be the log 
tan of half the d^eretwc of the other two angles df the plane 
triangle* 


39. The remaining case is that in which the three sides of 
the triangle are known, and f«r which ii^deed we have al- 
ready obtained expressions for the angles in arts. and 8. 
But, as neither of thescf is best suited for logarithmic compu- 
tation, (however well fitted they are fdr instruments of in- 
vestigation), another may be deduced thus r In the equation 

- ^ ^ + r*- «« .- 

for cos A, (given equation n;, viz, cos a =;= ^ if wc 

substitute, instead of cos a, its value 1 — 2 sin^ chapgq 
the signs of all the terms, transpose the i, and divide by 2, 

we shall have sim ; — — — . t- • 

•tbc 

Here, the numerator of the second meniber being the pro- 
duct of the two fiictors (a ; c) imd (« the equa- 

ls o -f -(U Ir >— /'4-c) 


Tion will become sin*" f a = 


But, since 


\(a + b - c) 

— t / 

a -f i J' c) ■ 

if we put s 

a 

+ ^ + t’l 

will result, 




sin 

> 

11 

In like ? 

sin 

{n = v/ 

manner ] 




sin 

Jn = “Z' 


- c,and|(f/ f c ) — J-( a +c) ~ /); 
and exira.t the quare root, there 


. (is-r) 


be 

(js-g) . (^s- 
ac 

. (fs 




ab 


U. 


(XXXIV.) 


'Fhese expressions, besides their convenience for logarith- 
mic computation, have the further advantage of being per- 
fectly free from ambiguity, because the half of any angle of 
a plane triangle will always be less than a right angle. 


40. The studgnt will find it advantageous to collect into 
one place all tltbse formulx which relate to the computation 
of sines, tangents, ; 4 irid, in another place, those which 
are of use in the solutions of plane triangles : the former of 


^ What is iH r*- given being o»»ly a brief tikfttch of an iin xhanfct ble »ttb- 
the who wifc^'es u> punae it furtbe* is T-'-d to the c fMOUi 

Fnlrodui’tou t<. our MaUiematioai Tables, «nd the e ii»i)n* nsi^c tieatiiei 
on riigoHoowtrv, hy M.. eisou and many other modern wiiOkS uu the same 
subject, where he wiJi bb ciiriosity tiohly gratified* 

thesti 
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these are equations V, Vinv ix, x, xi, xi^ xn# 

XV. xvF, xvtr, xviii, xix> XX, XXII, xxii^ xxrii, xxxv» 
XXVII j the tatter equa. n, iii, iv, vii, xxxii, XXXI 14 
XXXIV. 

To exemplify the use of some of these formulae, the foh 
lowing eiercises are subjoined.' 

EXERCISES. 

Ex, 1. Find the sines and tangents of 15®, 30°, 45% 60% 
and 75°: and show how from therce to find the sines and 
tangents of several of their submultiples. 

First, with regard to the arc of 4 the sine and cosine are 
manifestly equal \ or they form the perpendicular and base 
of a right-angled triangle whose hypothenuse is equal to the 
assumed radius. Thus, if radius be r, the sine and cosine of 
45", will each be — R Jr\/2. If R be equal to 

1, as is the case with the tables in use, tlien 
sin 45* cos 45° = * = *7071068. 

tan 45° I • ^ cotangent 45°. 

Secondly, for the sines of 60* and of 30* ; since each angle 
in an equilateral triangle contain* 60°, if a perpendicular be 
demit ted from any one angle of such a triangle on the oppo- 
site side, considered as a base, that perpendicular will be the 
sine of 60% and the Jialf base the sine of 30% the side of the 
triangle being t)ie assumed radius. Thus, if it be R, we shall 

have ill for the sine of 3<>% and v'R* 4 r‘ = 4Rv/ 3, for the 

sine of 60°. When r = I, these become 

sin 30 = ’5 sin 60° ~ cos 30° = *8660254. 

Hence, tan 30° = ~ ^ = ‘5773503, 

tan 60" = = V'S = 1-7320508. 

Consequently, tan 60° rr 3 tan 30°. 

Thirdly, for the sines of 15° and 75% the fotmer arc is the 
half of 30°, and the latter is the complement of that half arc. 
Hence, substituting 1 for R and i^x/ 3, for cos a, in the ex- 
pressipn sin {a — ± l\/ 2R" ± 2r cos a . . (equa. xn), 
it becomes sin 15* = g — v'3 = -2588190. 

Hence, sin 75° — cos 15*= \/ 1— ^(2— Vs) = =i 

= -9659258. 

^ ^ - -.r, ^’*n *2588100 . 

Consequently, tan 15 - — = = ‘2619i^2, 

And, tan 75* = == 3''J320508. ^ 

• i; Now, 
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therinu o£3€f, tho$e of 6®, 2% and 1% tmj 
easily be found. Forr if 6a 5=30% we sh^l have> from 
equatbn x, sin 5 ay?» 5 sin a — 20 sin^ a 4" 1<> sin^ A : or, if 
sin A =: a:, this will become 16-t * — 20 j:’ + 5-^^ = *3. 'Ilns 
eqnation solved by any of the approximating rules for such 
equations, will give x = '1045285, which is the sine of 6\ 

Next, to find the sine of 2®, we have again, from equa- 
tion X, sin 3 a = S sin a — 4 sin^ A ; that is, if x be put for 
sin 2®, 3ir — = *1045285. This cubic solved, gives 

X - '0348995 =: sin 2*. 

Then, if s = sin 1®^, we s hall, fr om the second of the equa- 
tions marked x, have 2s v/ 1 — s* = *0348995 j whence s is 
found = '0174524 = sin 1*. 

Had the expression for the sines of bisected arcs been ap-^- 
plied successively from sin 15®, to sin 7®S0', sin 3®45', sin 
sin 561", &c, a different series of values might have 
been obtained : or, if wc had proceeded from the quinqiii- 
section of 45®, to the trisection of 9^ the bisection of 3'*, and 
so on, a different series still would have been found. But 
what has been done above,* is sufficient to illustrate this me- 
thod. The next example will exhibit a very simple and 
compendious way of ascending from the sines of smaller to 
those of larger arcs. 

Er, 2. Given the sine of 1®, to find the sine of 2% and 
tlien the sines of d®, 4‘, 5®, 6°, 7°, 8®, 9'*, and^iO*^, each by a 
single proportion. 

Here, taking first tlie expre^'^ion fer th e sine of a double 
arc, equa. x, wc have sin 2°=2 sin 1® V" 1 — surl® = '0348995. 

Then it follows from the rule in cqua. xx, that 
sin I'’: sin 2® -sin T : : sin 2'^-f.sin l“ ; sin 3® = '0523360 
sin 'i'’ : sin 3^~sin 1® : : sin 3® + sin : sin 4® = *0697565 
sin 3^^ : sin 4® — sin 1® : ; sin 4® 4- sin 1’^ : sin 5“ = *0871557 

sin 4® : sin 5^ — sin 1® : : sin o'" + sin T : sin 6® =: '1045285 

sin 5® : sin 6°— sin 1° : : sin 6® + sin I ’ : sin 7^ = *] 2l8fc>93 
sin 6® : sin 7 —sin i® : : sin 7® + sin 1® : sin S® s= •i!.“9l731 

sin 7® : sin 8® — sin 1® : : sin 8* + sin 1® : sin 9® =; *1564375 

sin S® : sin 9 ®-^- 5 in 1® : : sin 9® + sin 1® : sin 10® = *1736482 

To check and verify operations like these, the proportions 
should be changed at certain stages. Thus, 

sin T : sin 3® — sin 2® : ; sin 3® + sin 2^ : sin 5®, 
sin 1® : sin 4® — sin 3" : : sin 4® + sin 3® : sin 7°, 
sin 4^^ : sin 7° — sin 3® : : sin 7*^ + sin 3° : sin 10\ 

The coinddence of the results of these operations with the 
analogous results in the preceding, will manifestly establish 
the correctness of botli. 

Cor. 
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■. Cor, Bf the «iqle''Mkethod» ;tl)te-«iaes»(>f A 

and 15 « the saWfe iof ,20% &$% .95°rS5?, 65% 
fhund, each,h]r sihf^le jirnpoition. Aa^^^e siae»of. ii% i)r% 
and JO*,'W’iU leM to those of $9% dec. Bprtluttht: 

sines may be computed to any arc : add the tangents and 
other triganoniemcal liaesy by ^means of the expressions jn 
art. 4, &c. » ■ 

JSx. 3. Find the sum’ of all the naj^urat sines to eVery mi- 


nute in the quadrant, radius = 1 , • 

In this problem the actual addition of ail the terms yrtmld 
be a most tiresome labour : but the solution by means of 
equation xiSVir, is tendered very easy. Applying that theo- 
rem to the present case, we have sin (a 4- ^mb) = sin 45“, 
sin i(n+ i)B=sin 45°0'30", and sin ^B=sin SO '. Therefore 


hui ^ sin 4.!)® (/ SO" 
, mil 


3438*24'G7465 the sum required. 


From iinother method, the mve.stigation of which is omitted 
here, it appears that the same sum is equal to ^(cot S0'^4*l)* 
jK-^ . 4. Explain the method of finding the logarithmic 
sines, cosines, tangents, secants, &c, the natural sines, cosines, 
&c, being known. ' 

The natural sines and cosines being computed to the ra- 
dius unity, are all proper fractions, or quantities less than 
unity, so that their logarithms would be negative. To avoid 
this, the tables of logarithmic sines, cosines, &c, are com- 
puted to a radius of lOOOOOOOOOJ, or 10^®; in which case 
the logarithm of the radius is 10 times the log of 10, that is, 
it is iO. 

Jlence, if 5 represent any sine to radius 1, then 
sine of the «aaie arc or angle to rad 10 And this, in logs 
is, log r: 10 log 10 -p log s ^ 10 + log s, 

1 he log cosines are found by tiie same process, since the 
cosines are the sines ot the complements. 

The logarithmic expressions for the tangents, &c, are de- 
duced thus ; , . 


Tan . = . Theref. log tan =z log rad + log sin — log 

cos 10 + log sin — log cos. v f 
Cot Therf, log cot =:2log rad — log tan =20— logtan. 

Sec ■ Therf.logsec = 21ograd— 'logcos=20— logcos. 


Co sec : 


rad* 


Therf. 1 , cosec rr2 log rad — log sin = 20 — log sim 

'r . ■ 

I • 0 ’ ord* ( 2 »iij^arr)* 2xi5Ui*4ar<: ’ ‘ ‘ 

Versed sme =: — 


2 rad rad 

Therefore, log vers sin = log £ + 2 log £ti f arc — 10» 


Ex. 5. 







‘ ^ GiV€«ia die irf the itattiriiVtsuig£^ of the 

gk^ A %tid e of a phiie tdiiiigle« of the 

tswigents of the ai3^|^ a znd c s: 3*S155^'7, aad the coatU 
noed prodocti tan a , tan tan fe 535 5'S04'7tMJT ; to fiud^the. 
angles A, B, aqd <3. . * 

It has been demonsmted in art. $6 r that when radius it 
unity, the product of the natural tail gents of the three angles 
of a plane triangle is%'<jual to their continued product. Hence 
the process is this : 

J?’rom tan a 4; tan b + tan c = 5'3;Di705? 
fafcc tan a + tah B . . . . = S^iGOm ^ ' 

Remains tan 

"^From tan a -h tan B + tan c ^ 

Take tan B + tan c • . . . 

Remains tan a 

Consequently, the three angles are ^6°, 00°, and 65®. 
JGi . e. There is a plane triangle, whose sides are three 
consecutive terms in the i.atnral series of integer numbers, 
and' whose large, t angle is jpst double tl^e simdiesu Required 
the sides and angles of tlrat triangle ? 

if A, B, c> be three atiglcs of u plane triangle, 5, c, the 
skies respcciively opposiie to a, Us v j and s zz a + b + c. 
Then froin etjua. ni an ' xxxiy, we Itave 

Sin A = — -i«uS' a), (IS - b) 


• i 44 ''009 » tan 65 ^* 
^■;^047057 
3 876 5577 

i -4^814:^0 =tan 550 . 


and sin -I-c 


_ , ( ffs-M 


ub 


Let the three sides of the triangle be represented 

by Xf .r b L ^md ; the :»ngle a being supposed oppo- 

site to the side .r, and o opposit^e to the side x -j- then the 
preceding,cxpressions “vrill become 

, 2 3a + :i ^ 4.3 a + 1 *-1 

Sin A , _ , N / _ . OA - ' 't’l • • IT" * 


sm ic 


/a- 

= V 


(r + 1) . (.» + •>) 


Assuming these two expressions equal to each other, as they 
ought to be, by the.qucstion \ there results, after a little re*- 

duction, or3,r(*r— l)n(.r + ^^)%anequa'ion 

whose root is 4 or — Ilencb 4, 5, and (i, are the sides of 
th^ triangle. • 

A — Za/i5 7 5.» — * , /T 5 Tl ^ — a. I ? /'7. 

SinA — V V .-gr.i T — V * 4 ' * “" .T* o ' * H * ** 

sin B,at sin c = Av"? } sin J;C = y'i? = 

tlw armies are, a = il® ♦OybOS = 34" ,34'", 

B = 55®'77J)9( = j3 46 U> '8, 

C = 82«-819206 =s .82 4a 9 8 

. ,■ * ■ .v**'-' .A iix. ir. 
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jBji'. 7. Dmnonstrate that sJn 18^ 3=^ cos 72® is » 

(— 1 + s/ b\ and sin 54** =» cos S6® i$ as ^ii(l + v^3). 

JS^r. 8. Demonstrate that the sum of the sines of two arcs 
which together make 60% is equal to the sine of an arc 
which is greater than C0° by either of the two arcs ; Ex, gr. 
sin 3^+sin 59®57' = sin 60®3'; and thus that the tabl^ may 
be continued by addition only. 

Ex, 9. Show the truth of the following proportion v As 
the sine of half the difference of two arcs, which together 
make 60®, or 90®, respectively, is to the ^difference oftheir 
sines; so is I to or ^/2, respectively, 

jEjt, loi' Demonstrate that the sum of the squares of the 
sine and versed sine of an arc, is equal to the square of double 
the sine of half the arc. 

Ex. \ 1 . Demonstrate that the sine of an arc is a mean 
proportional between half the radius and the versed sine of 
double the arc. 

Ex. 1 2. Show that the secant of an arc is equal to the 
sum of its tangent and the tangent of half its complement. 

Ex. 13. Prove that, in any plane triangle, the base is to 
the difference of the other two sides, as the sine of half the 
sum of the angles at the base, to the sine of half their 
difference : also, that the base is to the sum of the other two 
sides, as the cOsine of half the sum of the angles at the base, 
to the cosine ^)®f half their difference. 

Ex. 14. How must three trees, A, B, c, be planted, .so 
that the angle at A may be double tl^ «ngle at B, the angle 
at B double that at c ; and so that a line of 400 yards may 
just go round them ? 77 / 1 

Ex. 15. In a certain triable, the sines of the three an- 
gles are as the numbers i7, 1%, and 8, and the perimeter is 
IGO. What are the sides and angles? ^ 

Ex. ;16. The logarithms of two sides of a%riangle are 
2*2407293 and 2*5378191, and the incliifled angle, is 37°20'. 
It is required to determine the other angISfe, wiftiout^ fiiat 
finding any of the .sides ? . - 

Er. 17.' The sides of a triangle are to each otjljjey AS 
fractions S I : what arc the angles ? ^ ,, 

^ ^ f 

Ex. 18. Show that the secant of 6tf', is doub|^ the>|tnr 
gent of 45% and that the secant of 45"* is a mean prWportionai 
between the tangent of 45* and the secanjt of 60% ^ ^ 
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19, Demwistrate that 4 times the rectangle of the 
^nes of two arcs, is equal to the difference of the squares of 
the chords of the sum and difference of those arcs* ^ 

JEr. go. Convert the equations marked xxxiv into ^heir 
equivalent logarithmic expressions ; and by means of them 
and equa* IV, find the angles of a triangle whose sides are 5, 
6, and 7. 

Ex. 21. Find the arc whose tangent and fcotangent shall 
together be equal to 4 times the radius. 

J&r. 22. Find the arc whose sine added to its cosine shall 
be equal to a ; and show the limits of possibility. 

Ex* 23. Find the arc whose secant ahd cotla^ent shall 
be equal. 


CHAPTER IV, 

SPHERICAL TRIGONOJMETRT. 


SECTION I. 

General Properties qf Sphericcti Trufngles. 

‘kt 

Art. 1 . Def, l . Any portion of a spherical surface bounded 
by three arcs of great circles, is called a Spherical Triangle^ 

Def, 2,. Spherical Ifrigonometry is the art of computing 
the measures of the sides and angles of spherical trian^es. 

Def, 3. A righl*anglt(l spherical triangle has one right 
angle: the sides about the ri^t angle arc called legs; the 
side opposite to the right angle is called the hypoihcniise. 

Dcf, 4. 4 ^noidranlal spherical triangle has one side equal 
to 90° or a quarter^f a great circle. 

^Pef, 5.^ arcs or angles, when compared together, arc 

^ said* to be a.likL% or of the same aj'ecfion^ when both are less 
tha'hvOO*^ or botii are greater than 90'". But when one is 
gre^tdr and the other less than they are said to heunli/cc, 
or iSf^dijferpit affections, 

Aut, ^ The small circles of the sphere do uot fall under 
coujridenmon in Spherical Trigonometry ; but such only as 
have the same centre with the sphere itself ^ And hence it is 

, ^ ,v, that 





tJffet ^herlcal trigmomHrf k of so «iticli in 
Astronomy^ af^waSreiit heaven* assuniing the fihapfe ^ n 
concsiTt sphere^ mmse centre k iho same as thecaatre olthe 
earth. ■ 

3* Every spherical triangle ha? three side? and 
gles : and if any three of these six part?* be given* the re- 
maining three may be found, by same of riiles whi^ 
will be investigated in this chapter, 

4. In plane trigonometry, the knowledge of the thl^ an- 
gles is not sufficient for ascertaining th^ sides: for ^ i^t 
case the relaiions only of the three sides can be obtained, 
not their absolute values : whereas, in spherical ttigonbrne"^ 
try, where the sides are circular arcs, whose value? depend 
on their proportion to the whole circle, that is, on tSe ttiim- 
ber of degrees they contain, the sides may always be d^er- 
mined when the three angles arc known. Other remarkable 
differences between plane and spherical triangles are, Isl. 
That in the former, two angles always determine the thirds 
wdiile in4he latter they never do. 8dly. The surface of a 
plane triangle cannot be determined from a knowledge of the 
angles alone i while that of a spherical triangle always can*. 

5. The sides of a spherical triangle are all arcs of great 
circles, whicli, by their intersection on the surface or the 
sphere, constitute that triangle. 

6. The angle which is contained between the arcs? of two 
great circles, intersecting each otlier on the surface of the 
sphere, is called a spherical angle; and its measure is die same 
as the measure of the plane angle which is formed by two 
lines issuing from the same point of, and perpendicular to, 
the common section of the planes which determine the con- 
taining sides : that is to say, it is tlie same as the angle made 
by those planes. Or, it is equal to the plane angle formed 
by the tangents to those arcs at their point of intersection* 

7* Hence it follows, that the surface 
of a spherical triangle bag, and the 
tliree planes which determine it, form 
a kind of triangular pyramid, bcoA, 
of which the vertex g is at the centre 
of the sphere, the base abc a portion 
of the spherical surface, and the faces 
AGC, A OB, EGO, sectofs of the great 
circles whose intersections determine 
the sides of the triangle. ^ 

Dc/. G. A line perpendicular to the plaice of a great circlte,^ 
passing through the centre of the sphere, and temiimted by 

two 




# 

opfKiskei nt its siirjk:c^» %$ called ^ 
of mcH circle ^ axHl tjbe eaoi^nodtiea of tlie axis> ov th& 
f^ms w%cre*:ir weetf tKe jHtrf^, called the p^;g of tk^t 
circle^ Thus, PGP* is the axis, and p, pV are the p<des, afthe 
great ci^Ie , 

If We c^uceiye any numb^ of less circlesj^ each parallel tp 
the said gteat circle, this axis wUl be perpendicular to theih 
liirewise j and the points P, p', will be their poles also. 

8^ Ren^e, fcach pole of a great circle is 1)0^* distant from 
every point in its circumference ; and all the arcs drawn from 
either pole of a little circle to its circumference, are eq^ual to 
each other. 

9. It likewise follows, that all the arcs of great elides drawn 
through the poles of another great circle, are perpendicular 
to it: for, since they are great circles by the duppbsiiion, 
they all pass through the centre of the sphere, and conse- 
quently through the axis of the said circle. The same thing 
may be affirmed with regard to small circles. 

10. Hence, in order to find the poles of any circle, it is 
merely necessary to describe, upon the surface of the sphere, 
two great circles perpendicular to the plane of the former j 
the points where these circles intersect each other wdll be the 
pol^ required. 

1 1 . It may be inferred also, from the preceding, that if it 
were proposed to draw, from any point assumed on the sur- 
face of the sphere, an arc of a circle which may measure the 
shortest distance from that point, to the circumference of 
any given circle ; this arc must be so described, that its pro^ 
longation may pass through the poles of the given circle. 
And conversely, if an arc pass through the poles of a given 
circle, it will measure the shortest distance from any assumed 
point to the circumference of that circle. 

IS. Hence again, if upon the sides, ac and Bc, (produced 
if necessary) of a spherical triangle bc a, we take the arcs cn, 
CM, each equal 90°, and through the radii gn, gm (figure to 
art. 7) draw the plane NGM, it is manifest that the point c 
will be the pole of the circle coinciding with the plane ngm : 
80 that, as the lines gm, GN, are both perpendicular to the 
common section GC, of the planes ago, bGc, they mea‘?ure, 
by their inclination, the angle of these planes j or the arc nm 
measures that angle, and consequently the spherical angle 
BCA. 

13* Ifvi also evident that every arc of a little circle, de- 
smbed from the pole c a$ centre, and containing the same 
number of degrees as the arc mn, is equally proper for mea- 
suring 



60 , &mE9^€At 

curing the angle bca ; though it is^ customary to use Only 
arcs of great circles for this purpose. 

1 4. Lastly, we infer, that if a spherical ang^e be a ri^M 
angle, the arcs of the great circles whfch form it, will pasS 
mutually through the poles of each other : and that, if the 
planes of two great circles contain each the axis of the other, 
or pass throiigli the poles of each other, the angle wdtich they 
include is a right angle. ' t: > 

These obvious truths being premised and comjrdbended, 
the student may pass to the consideration of the following 
theorems. 

• THEOREM 1. 

A.ny Two Sides of a Spherical Triangle are together Gr^sater 
than the Third. 

This proposition is a necessary consequence of the truth, 
that the shortest distance between any two points, measured 
on the surface of the sphere, is the arc of a great circle pass- 
ing through these points. 

THEOREM II. 

The Sum of the Three Sides of any ‘Spherical Triangle i$ 
Less than t)60 degrees. 

For, let the^sldes ac, RC, (fig. to art. 7) containing any 
angle a, be produced till they meet again in D: then will the 
arcs DAC, DB( , be each 1 80®, because all great circles cut each 
other into two equal parts : consequently OAc + nne = 

But (theorem 1) da and db are together greater than the 
third side ab of the triangle dab ; and therefore, since 
CA + CB -f da 4 DB =: the sum ca + t;B -h ab is less 

than 360 a. e. d. 


THEOREM III. 

The Sum of the Three Angles of any Spherical Triangle Is 
always Greater than Two Right Angles, but Less than Six- ^ 
For, let ABC be a spherical triangle, G 
the centre of the sphere, and let. the 
chords of the arcs ab, bc> ac, be drawn : 

these chords constitute a rectilinear tri- • 1 

angle, the sum of whose three angles is 

equal to two right angles. But the angle 

at B made by the chords ab, kc, is lc\ji than the angle anCf 

formed by the two tangents m, Bc?, or les^ than the angle of 

incUnatiofi 



' ' if' 

41^4:^ wlUch :S) h^l. 
^ieric«4«aglf at B } cott^t^lly 'tlue igberitsa ii^ at a 1 ^ 
g^itkiUieK'ihiiD^mii^'-adn taaiiSi^t^'khords' W b'^ cb. .jto 
lifce zaasner* tlw' ^iswicai' angles at A ’aiiS ^ greait^' 
t!>an 'tibte reflective angle? ^sUie % the thor^ meeting at 
tkoae Mm$, Ccmseqapd^i the ‘Hnm the t^ee angles oif 
tfae , 8 | 3 ietktil trjsmgie abOj ia greater than the stun of t% 
three anglei of the reaiSIine£r triangle hiadti {>7 the chords 
aBj Ms dt% that it} than tttKi ri^ angles. a. B^ 1 *b. 

2. Theahgle of^mcltnation^no two oi^ tbe plane? can he 
so great as two right angles } because, in that case, the two 
{dimes would become but tme coutinned plane, and the arcs, 
instead of being arcs of distinct circles, would, be joint aics ox 
one and the same circle. Therefore, each of the t%ee t{dte« 
rical angles must be less than two right angles j and coi»e- 
quenrif their sum less than six right angles, a. x, 2 *a. . 

Cor, J. Hence it Ibilows, that a s{dierical triangle may 
have aU its smgles either right or obtuse and ^refore the 
knowledge of any two angles is not sufficient for the deter* 
mination of the third. 

Car, 2 . If the three angles of a spherical triangle be right 
or obtuse, the three sides are likewise each equal to, or greater 
than 90'* ; and, if each, of the angles be acute, each of the side?i 
is also less than 9b° i and conversely. . 

Sch^km, From the preceding theorem the student may 
clearly {wrceive what is theessential difference betwmt plane 
and s^erical triangles, and how absurd it sVouId be to sqiply > 
the niles of plane trigonometry to the solution of cases in 
i^iericsd trigonometry. Yet, dhou^ thediffierence between 
the two kinds of triangles be really 80 great, srill there are 
various j^perties which are common to both, and which may 
be demonstrated exactly in the same manner. Thus, for ex- 
Knple, it mtglu be demonstntted here, (as well as with regard 
to plane trumpet in the dements of Geomenry, voL 1 ) that 
two spherical triangles equal to each other, 1 st. When 
the three sides of the one are respectively equal to the three 
rides of the other. Sffiy, When each of theiu has an equal 
wtgle coss^ained between equal sides : and, Sffiy. When t^y 
kaS* each two equal angles at the extremities iff equal bases. 

It laSf^ dao he shown, that a spherical triangle is equilaterds 
hoicdif or scdeae, according as it hsxh tbtee equal, two 
equBl, or three uBeamd : and again, that the greatest 

ride isatwaya (fipostteto'^ greatest angle, and the least side 
to the feast Sut rite brevity that oer jiiais requhes, 

Votn Hit G compels 








^yie, in3iR,lie'iil^',^^^ 


‘t^SeikEiriV*'/ 

i^|rofri',t^ An||esof ii"S^iW|^t'T|^ m 
5t« de^,l!ted,;o^"th«-Swrfe#' t^f 

Gr^ 'wclfes, ii^hick % thetr' Intei^^Wtf form’ juio^her 
tSj^eficilt'fjangle; E^clxfeiae 6f tfik^cr Tmt^ 
ie the Su^ffleinent to iWeai^bre'of tliie Angte HfJiicl^ ^ 

lit its Pole, asnd the M^twe pfi|^b qlf itt AojfflW'^S^- 
j^lmept to thsirSide oiF fbe fVimItiVe tP ifld^'k 

' 1$ 'O|>posite. ■ ' ' , , ■ ' ', '•, ' " ' ^ 

..prom B, A, and c| if poles, Jet the, 
arcs BF,. n®, FE/be descrii^d, and by 
intersections fotm snotber ^hpri* 
eitber<side, as BE, of 
tms hitatigjc, Is the supplement of the 
measure of the angle A it its pole j and 
eith^ angle, asT, has for its measure 
thesiupplement the side ab. 

Let the sides ab, ac, Bip, of the primitiye triangle, be pro* 
duced till they meet those of ^e triangle dBp, in the points 
I, t, M„H. 0, K : then, since the point A is the pede of the 
arc DII.S, the distance of the points a afiid n (meastued on an. 
arc of a great circle) uriJI be 90*} also, s%ce c is the pole 01 
the arc KFj’ the' points c and.K tri^l be distant : coBset 
quptly (art. 8) the ptfpt p is the pcb,e of tbe.arc AC. In like 
ro&IbwU may be,fha^, that f is the pole afsc, and Dtb;|{ 
of 

This being premiseit, tye shall ^lave nt = 90 % and isa? 90* } 
■whence + ie,,=? j?!, -f- el + ,il =; de + ih..^ 180“., 
'I^er^re de = 180®' — th : ' |h^t i»»'rinice, it, is;.fh« .meai^e 
fit the angle bac, the arc ^s, is aic the suppleipent ,of -^at 
measure. Thus also may it.be.desmhstratedfhat ef 
the supjdemeiit W WTn, the mptnnre (rf lb* »Wt * 0 ^ 
that DF is equal the supplement to gk, the measure wf the 
angle abc ; whkh constitng^ the hrst part of the rawpotutiom 

. .ffer- ¥ l¥ 

OEF ^ mppl«»mental to Ihe.oppo^te the bf«W0e» 

■ABC. 

» At, + Vfii 3k' Ap n? I'btw i,,wh^waj4a,.);^^^ 

* that is, t% ofi^re 'qf the 

h> AB.'' Skiilfkeiii^frBiiiytfWshohm'tlaM ath-ei^ 

’ ' , ' to 




ia iSbi »tipf6ent9atM'0 tki/'mlSltiiim 
skttpig^ts M aM k QaatikMiimift rbemimam ottkn 
of^e triangle ti/ig!^ i^^aalptflhemeotal IM 4ihe sevefaf cppdibftt' 
ades of tfae triangle Aac. rt. JB. 0 w , ' 

Cor. 1 . Heecia these tw 0 «rtangle« are caQ^4wj»pjr}HeAi!af 
«r triangles. 4 t . r r ^ 

CSd^. 0. thf three *Mf|f njtfi ety pe, ere st^teceaWiii. 
to 'the thea&urei of ^gtes a, 'm, cfi It resnlts that 

i»E+®f 1 -tff + A> 4 «+- 1 fcssaxi# 0'!«-^40*. 

DK + ! cojiseauently a 4 - 1^4 c jsy 180». 

Tlius tW firsrt part of theorem p very cempWdiousiy de- 
iho^rateo.4 4 . . , , 

Cor. $. 'IhW theorem suggests tnitt^)ens that are atahe* 
times of use fn computation.-*— 'I'hos, if three angles 'Of*. a 
spherical triangle are giveni to find sides : the student 

may subtidlct each of the angles from f and the ’three 
maindefsvnlt he the three sides of a new tria*hgle ; the a^lgl^’ 
of this new triangle being fotmtl, if* their measortes be eaclf 
talien from ISO*, the three remainders will he t^e respllcthi 
Sides of the primitive triangle^ whose angles were given. 


SehoHum. The invOn^iem of the Preceding theorem is due 
to PhUip Langsberg. Vide, Simon Sterin, nv. 3, de la Ces- 
mographie, prop. 3 1 and Alb. Girard in loc. It is often how-f 
ever treated very loosely by authors on trigonometry ; some 
of them speaking of tides as^ the supple.ments angles, and 
scarcely any of them remarking which of the several tr^nglee 
formed by the intersection of the arcs 0 E, EFy dF, is the ond 
in question. Besides the triangle nBPj three others may be 
formed by the intOTseetion or the semi- , 

circles, and if the whde circles be <Ms|» 
dered, there will be jcttn other trianglel J 

formed. But the proposition ohiy obtains 
with regal'd to the cemrjll tfian||Ie (of 
each hemisphere), which is distingullhed ^'nKT*^ r 
from (he three others in tiiis, that the two 
wgtes A and t are situated on the same 
9m of EC, the two H and * on the same side of ac, and &• 
two c and t> on the same side of A&, 


fHfiORGMyV. 


In Every Sp^und Triangle the following pvemmionafaitatinqr 
vie, As Four Eight Angles (or 360°*)' to the Sw&ae of « 
Heatis^er«i or, as Twb Right Angles (or ISdT) to a Otfot 
eSrde dSfflte Bpitttfe $ so Is^he Excess of the tlu-ee angles 
of li&d tfiaxigle atfoyo Two iUgbt Ani^esi to the Area of 
tl* ttian^e»* * 

G 2 


Let 



M 




i- iiet JdSf Iw tlw.flpbeckalicriiiif^ •'* . 

|lete oQe-«f^4teig|tm n^^no. ktWi.‘tbe '((ietle ^ ' 

BOXVrvMi^ nsjr>iie''Wp{»a8ad ^:bi^iiiid'; 
die opjMr iunH^bereu ffteksf^ »l80( «t 
both endsi> tfae^tw^o sides vadl . 

t|h^ forw sfflxuckcles estin^e 4 n^#ach 
^jle, tlW is, until U&B A»^,mpkf 
ACB»18i0r. ThfensrnljMF * 18(y’«kj^ , , , 

and ci>ns^! 9 ^ntljrth#tnaii 0 }eABF,<k.thetHp«Qrka‘ibnn^|ihi^ 
will be equal to the triangle BCQ on the op&shie heau$pbere. 
Puttinjg Ai, m^to represent the aurfaite of ,the^ triani^liei, |> 
for that of tlie trjangle baf, g forilfat of CAS^ a for th^ 
of ^propmed triangle abc. Then a and m'tdgelher^orthetr 
eqhd a and ni tdg^her) make up the surface ta a spheric htnh 
ooin|s^«nded'between the two semicircles nCDjf AB 0 ,iBe!in- 
ed in the angle a : d and p together make up thelune. in* 
eluded between the senucir^s c'Asr, enr, making theaaagle a 
0 and f together make' up the spheric lune ineiuded between 
the 0 midrdes bce, baB) making the angle a, And thesiww 
foce ofeath of these lunes, h to that of the hemi^bersi as th» 
an^e made by the comprehending semicirclcsi to two r^fat; 
angles. Therefore) putting 4B for the smface of the faraii* 
sphere, we have 

180* : A ; : : a + Ws 

180® : B : 4 -Is :'0 + y, 

• 180* : c :: is i d -i- p. 

Whence, 180* : a+b+c : : ^s : Stf + W+p+y—Stf+fS} 
and consequently, by tdisdsion of proportion, 

, as 180® ; A+ B 4 - c — 180* : : |s : 2a + ~ = 2a.;, 

Or, 180» ; A + ^+c-lk)* ;;4ss as:‘s.4t~^^ 

Cor. 1. Hence the encess of tbe three angles of any sphe* 
tical triangle above twb right angles, termed technically the 
^p^iddidafces^ foniuhesn correct tneanuseof the sisrfiue of 

' 2.' IF d « '3'141592, d' the thanietfer' of fhl 

qpbtret is — — 5 * the area cd theiphetical 

triaa^e. ' 

i i # dis l <»l>t<iwii » «winiewai | i. ii i i i ii l 8i T^i <i<ti<i W i|li h |i h m iiA, , » 



€Im*. 3.1 Ss|io« ^ ‘'w 

e<|ual 

drcutn^snmm of 

d^'«d '57‘>S9^s77»S^i^‘ippoiieet wM 

dtthetrm^ia»^tid&4t§^e^ ■•■-■>• 

[4^ , inlien ^ ififeli' A +’ a+* satllSa*';' «id infitt 

0 9 !«, ti»rai A + a ki' ! s»;3^, ,]^ 

the tl^e angles of tfl|SMflcal triwj^^ is ahw^s ^tween iSl 
and 6 tight ahgl^V Which' is another ciWirn^ioh^^ 3;''- 

Cor. S. /Saji ^ the ^ngiei^ of a sphWii^ ti^gk 

aire a^le^ the.saj^ce of the tri^k^’ vwiW .'k^^s 
third angle.) And wheit kt sjdierlcal ti^^ has i%i4 
angles ins.^ihce is one>ei|;Kth of thesunace.of the sphere. 

liefft0rW.<i\Scane of the uses of .ihe.^phwica) eaeeas^iittihe 
more extensive geodesic operations, will be shown in the 
lowing chapter. The mode-of hoding it* and thenoe theferie 
whmr the three angles of a spherical tfi«igle«re given* it oh* 
vioas oiough ; but it is often retpiisite to ascert^n it hy meaitt 

01 other data, as, when two sides and the htchuied angkait 
giwai) or when alt the three sides are given. In the fortner 
case*, let a and i be the two sides, c the inclnded atigle* and 

E the si^erlcal excess : then is cot E = 

. sin • 

When the three sides a, i, c, are given, the spherical excess 
may be found by the foSidwing very elegant theorem, dis- 
covered by Simon IJmillia' : . 

X 1- a + fc+c _ o + iSf— c ^ 

taniE=sW(tan-T-j — .tan — j— .tan*— ^ tan r—-*— 

The investigation of these theorems would ocettpy more ajmee 
diaa>qm be allotted to them hi the pitst^ tvolume. ' 

TBWMIEI* Vtl'* ■• . 

fat every SftiMhical IPtdygon* w nirfaod 
btf oi intersecting great circle^ the subjoined mnpornnii 
t C>ln»>as*yu, Aafour & Svnr^ice 

of a.H«nisjrfiCTe } or, as Two Rpiht^.^jries, or ISO®, tO a 
Griiat Circle of the Sfdiere ; s^ w ti» Isftesfr df theSnia 
of the Angles above the Product of 180® and Two 
than the Itohcat of J«gles. «f ths.. .sgteSfil} 

JtsAret, ,, 

htdyiii^fae stij^jps^'fo 

angks'thnntiifa dny^aiht wkyn."% forming at't^ .pefan tfap 
veailcai 3nglMifWll'i%fA««iai«gli^ Then, % th . -it 'wiH he 


is :!-|'’'4-' 

.Ihat «• aia«i^itl^ e<3|u^l'!!to' asa^-.^** '^jS»fSj 

|:]h« poison* 

Qtr, i; 

theor. is iiior, 


-ft -is, g!^ 
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Cof* % If Si® — i^'2951'^95, fbfti wiH' tUxe of 4fie 

p4yi^^ te degrees be = r* ' 

> ,'Q^r^ Ss Wb^en the surface of the po^y^on jl§ Qj|l:ie^ 
.^.wrT:2y iS0®-f ai^ ‘k a maian>u;h,\th'at ' wheh ^ is 

to the<fbr|afe of the hemi$i'here, then p d:hi - a^l?tO^ 
JK JSO°: Cptjsequently the Vni^^i of ajl the ^ 
p£]any sidieric polygon, is always le^s than g/t fight anfpfSj 
fcut gret^r thin — 4) right angles, 7i denoting the 
|jic)-pi' 4 ngles of the polygon. 1 


jOENERAL scholium. 

On the Nature and Meamre dfSdU Angks. 

4 Salid angle is defined by Euclid, that which is made by 
the meeting of more than two plane angles, which are not’iq 
^he same plane, in one point. 

Othew dfffine. it the angular space comprized between 

several planes meeting In one point. 

It may be defined still more generally, the angular space 
i^dtttd^d between several plane surfaced of one 01 * hiox^eytirved 
mifacesi meeting in the point which foi:nis^ the fummit of |he 
tngle. ‘ ^ . t,/-, ' 

, According to this definite, solid angles bear jnst the ssame 
, itlatlon to the suifaces which.^mpH isplane angles 

do^Wthe lines by which fthey are inchKied ; so that| .a$.iiii the 
it, is not the magnitude of the lines, but their mntual 






Vito lutye con^a weir j^teQOQO 
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^mmm of sofid 

e<?)(^; ji*|,the»imple«t' 

[mt ap tliis di]SK|il^ V|iriish.^, and the..4pc^^^^^ 

o£ sdyd angles W:oi3|aea>implei ^tiifactdi^; and Aniveml in 
its aj^licatSon, by assnmmg sp/teriml mwafiss fbr ^Mr 
sui^e ; jiist as^i^inifl^ ajscs are assnmfd ifer Mthe measures of 
plane angles** Iniagin*^ that fitom the mmtjm irfa solid an* 
gle (formed by the meeting of three plah^) fs a c^tre, any 
sfdiere be des^fibedt and that those #e ptbdttced till 

they cut the surface of the sphere ; then w3l the surface of 
the, spherical triangle* included between those planes* be a 
pepper measure of the solid angle made by the pknes at their 
common point of meeting : for no chihge can be cohce5%ted 
in, the relative position of those pianos* .that is, in the itiagni- 
tude of the solid angle* without a corresponding and pro]^- 
tiqnal mutation in the surface of the spherical triangle. If* 
in like manner* the three of more surfaces, which by their 
meeting constitute another solid angle, be produced tSl they 
cut the mrfaceof the same or an equal sphere, whose centre 
coincides with the summit of the angle } the surface of th^ 
spheric triangle or polygon# included between the planes which 
determine the angle* will be a correct measureof that angle* 
And the ratio which subsists between the areas of the spheric 
triangles, polygons* or other surfaces .thus formed, will be ac-* 
curately the ratio which subsists between the solid angles, 
constituted by the meeting of the several planes or surfaces, 
at the centre of the sphere. 


* U may bfe proper to here theealy ot>jection wliicb tm be made 

to this, usiumptioii ; which is %u(ided on the priaciplfu that sh&uid 
ntw0ys.,l6 measured by yuoniitiei ike sami Mm, Bot this, ofwi* nud ,j>cs}* 
tiv<^y ^ It is ttiirh^cd, is tiy itio iiwona okcek'mrf; oorMh is it 

possible. To measure is to empare mathematicaU.v : and if by comp^ein^' 
two ^uaoiit(icft» wbo^ ratio we know or f^n^^ertam^ wlU^. two other qoan- 
titles whose ratio we wish to know, the poliit in question becoiftes^etern^ined: 
i'f ^rgnifiets not at hit tvhether the magiittudes which constitute one ratid^ara 
likror Untike the tnafthftudes whkh constitute kl>e other ratio, ft is i has that 
nil^mnticiiane, with ji^rfect salety and ».*« of space a» a 

in^asure of velocity, ipass a meagre pf inertia^ iho^s and velocity con- 
a inensum Of forced spac^ as a thensuire of thne, weiirht as a 
nkfinnsicin m a^tnensure offeal^ nneitniti hnictioit of piatielfiry 
, diatiuwa.frow?4ho^'^ hody^* a^ of't^,;^me 

^ - Hence# 





^ iE>f s0lidt4^gW 

gW^i ^ rimpiteity ; tM w 

triuagtes eji(:iiest<)fili04«i»t^ 

gies ^ac]|, j^ve two riglit angles (ihu 5 anii Ae area® d 

spheric4#o3lygons of sides, fay tbe excess Ae sum of 

their anjj^es above 2n^ 4? right apgles 4 Af it that 

Ac magnitude of a trilateral solfd su^le, wiU be m^ea^^ 

Ae excess of the sum of the three afigless, n^sde respectively 
by its bounding planes, above 2 right angles j and the mag* 
nitudes of solid an^es formed by n^boundmg plafie% by Ae 
excess of the suiii of the angles of inclinatioeijof Ae several 
planes aWye. 2 n-^ 4 right angles, ^ 

As to. solid angles limited by curve stufae^ such as thtf 
angles at the vertices of cones ; they will manifestly be mea- 
sured by the spheric surfaces cut off by the prolongation of 
their bounding surfaces, in the same manner as angles delir* 
mh^^d by planes are measured by the triangles or pol 3 ^m«, 
Aey mark out upon the same, or an equal sphei^. In ail 
cases, the maximum limit of solid angles, will be the pkme 
towards which the various planes determining such anglee 
approach, as they diverge further from eaA other about the 
same summit : just as a right line is the maximum limit of 
plane angles, being formed by the two bounding lines when 
they .make an angle of 180'', The maximum limit of solid 
angles is measured by the surface of a hemisphere, in like 
manner as the •maximum limit of phme angles is measured by 
Ae arc of a semicircle. The solid right angle (either iangle^ 
for example, of a cube) is ^(: 3 = of the maximum solid an-» 
gle : w'hile the plane right angle is half the maximum piano 
atiglc. , ‘ 

'file analogy between plane and solid angles being thut 
traced, we may proceed to exemplify this theory by a few in- 
stances; assutriiiig 1CX>0 as the numeral measure of the maxi- 
mum solid ^glc =; 4 times 90® solid = 360® solid, 

1 . The solid angles of right prJans are comp^ed with great 
facility. For, of the three angles made by the three jdanei ^ 
whkJi, b^ their meeting, constitute every such solid anglei 
two are rl^it angles ; and the third is Ae same as the corre- 
sponding plane angle of the polygonal bas^; on wh^h,,A^e- 
fore, the. measure of the solid angle de]^d$* Thus, wiA 
resppi^'ib the right prism with an equilateral triangular basc^ 
each solid angle is formed by planes yhiqhreepi?qtiv4y : 

angles pf 90^, and ^0®. ^^onsequemly Bff 
isp"' p=6p% is Ae measure erf such Cpmpi|ki^,wiA3^^ 
Ae maximum.|»gie. ft % 

mdto A right prism with a square has, in 

manner. 



ts^SOtt^ackk^oMm aHtt4mutta Andtlmftit^yliiii^ 

foim4i^b»t«)ch«oHa^le ifiif«¥tglit: prism, urith an 

'.trbtiirgular tr^e is’ |. MaHt. an^ t* .j.' . tooo. , k 
square base • ■ i*.)|.'‘'. . '■ . ; ■ a |.'.JOOO. ' ''' 

|>en«i§bnat base is : ... iir ^.iOOQ, 
iiexagienal .'' ia -f. . . ; =9^.1000. 

heptagotnl is . . . . « -j^ .lOOd, 

octagenal is 4 . . '. . a^^.IOOO; 

oonagoual . is .... '*^.1C>E>0; 

decagonal « | . ... s= Vff.lWO. 

undecagonal is ... , rs^raOGOt. 

dnodetsagofial is^^. . . . = 4J.i0OO. 

m gonai is ... s-jE"* *1000. 

Hence it may be deduced, that each solid ai^le of a regok 
lae jwism, with triangular base, is each solid angle of a 
prism with a regular hexagonal base. Each with' regular 
square base =* j-of each, with regular octagonal base, 
p^agonal = | ....... . decagonal, 

hexagonal =4 duodecagonal, 

4m gonal = ..... m gonal base. . 

Hence again we may infer, that the sum of all the ^olid 
angles of atny prism of triangular baser whether that base be 
regular or irregulai?, is the sum of the soIiU angles of a 
prism of quadrangular base, regular or irregular* And, the 
sum of the solid angles of any prism of 
tetragonal base is rs ^ sum of angles in prism of pentag. basen 

pentagonal . • . z= f hexagonal, 

hexagonal . . . s: ^ . . . , , 1 . heptagona^ 

wigonal * • . • 5=:^^ . w • . . . (w*+l)gonal. 

S>. Let Us compare the soBd angles of the five rcOTlar 
bodies. In these bodies, if m be the number of sid^s ofeach 
face 5 n the number of planes which meet at each solid angle; 

the drcumfereiirce or 180’ ; and A the plane angle 

made by ttiro adjacjsnt; feces : then we have sin iA ^ 

■■ 

'rhis theorem ^tes, for the pfette tingle formed hv every tw6 
cOBt^dom fillies of the tetraedoh, TO^Sl'tS"; of the heita^- 
drOti^ 19^ jj^pf the octaedron, J 09*28^1 8" j of the dodecaedron, 

1 lens's#'’; of the’ foosaSdroni 18**11'23*’. in ihese 

pQ^yefch^i the aurt^wr of face* meetftijg about eiiSi solid angle, 

" H 



;S» ?* 5 ,r«^if>Ej^S[«iy^ 5 , Cfowsqwsrtk tile several apsUaf^HT 

will be-4«tei!isiQ^ by tbe^bjwitiiedp^ ujo 

,J ' ^ V / '-*•• ^ -- 

36Cf>s5af Sii'42^"^ •^' ISO’^ : ;l'OtK), ; i,. T4U^n: 

>6(r;3;#,’ 'V — 180" ::;WC^;:250-\^ 

¥.i0iSf^^8;i8^-36O" : :. 1000 21 0*3^5 J^ / 0k^Uron, 
l^<y':'3.fi 6^3*54"-- 180 *^' ; :''lobO : A71'-?P §ol^cdyton. 
"3^^ 5J38"i|;23 '^ 546 " : : lOOO : ii0‘3016^ , lScQsi|droii. 

3. solid anij|les at th?e vmkes;of cow> iiii^Ul b« deter- 
mined .by tT3ea^5 splierk . 3 ^^ cutr'O^at the bases 

of tliose cones ; that is, if right cones, instead.^baving pafie 
bases, had bf^es fanned of the se^ients %uaJ sphefes, 
whose centres were the vertices of the c^es,^e surfaces of 
those segoiehts would be measures of the solicfangles at the 
respective vertices^ Now, the surfaces of spheric segments, 
sn:e to t}^ . surface of the benusphere, as their altitudes, to thp 
radius of the sphere ; and therefore the solid angks^at tli 
vertkes of , right cones, will be to. the . maximum solid angle, 
as the excess of the slant side above the axis of tfee ton^ to 
the slant side of the cone. Thus, if w^e ^^kh to ascertain the 
solid angles at the vertices of the equilatjeral and the right- 
angled cones i the axi^* of the former is 4-v/3, of the latter, 

the slant side of each being unity. Hence, 

^ , Angl<? tU voi tex, 

1 : 1'— ^a/ 3 : : lOOC) : 133‘9T464, equilateral cone, 

' 1 : I — 4 V«!2 : : lOdO : €92*85)3?^, right*angl^ cone. 

4. From what has been said, tndmode of determining the 
solid angles at the vertices of pyramids will be sufficiently ob- 
vious. If the pyran^ds regular ones, if n be the number 
of faces meeting about the vertical a%le in one, and A the 
angle of inclination of each two pf its plane faces 5 if??, be the 
number of planes meeting about-the vertex of the other, and 
a the angle of indinatior of each tWo of its faces : then will 
the vertical a^gle of tb^ fprm^, b^.t© the vertical angle of the 
latter .pyramid, as na — (iii— 2) ISO", to we— (??’-• 2) 180"# 

if a cube be cut by diagomd phines, into 6 eqi:tol pyramids 
with square bases, their vertices meeting at the centre of 
, th^ circumscribing sphere ; then each of the solid angles, 
xnade by the four planes meeting at ^ach^yertex, will be 4 of 
the maximum solid angle 5 and anglfes 

at the bases of the pyramids^ will be the u^imum solid 
angle. Therefore, pach ^hd single at the bise of such py^- 

, ?“^4> solid a»4ilJj|»e 

angle at tne vertex bisected, as described ei||le| of 

i . . V ' subdivlsioi^ 



of this a firissh^widL 

«qaila!tml t^ciaaguWr haise^V htsJSf^ each trerticat ahg^ehf 

.ti]M^$e^|»{rramids,'«^ soli^.^gte at the[ii|:}^j||;.;. , 

’ Tli'fe";aiigl^:iha3e ; By ,pl^e''’With anther, 

c^ntamedi acctii;|* 

tp cjbeumst^pea. ;Bht> the- gent^f, theory. heiiipg-..!^ai 
txpimp^ appliiC^tio?? ^6^ it; is left 

to tlje skili ahd ihgentiity of geoihete^ j tne folJopijgaicopie 
exampiej merely,:hei3ig add^ here. - ■ - r*;, ;•' 

jB;F, Let fidid sngle at the vertex of a $<jiiare pyrn^ 
mtd be^isecHj^*:” ^ * ■ ' . ^ - 

1 $t. Let z phnipe dratvn through th^ vertex afed any two 
opposite anpeif'df the base, that plane will bisect: the -solid 
angle at the vertex^ forining two trilatei^i eqttal 

to half the original quadrilateral angle. » 

;#'2dly* Bisect either diagonal of the base> tod draw itm^ pWe 
it> through the point of bisection ahd thiO vertex of*the 
pyramid ; such plane, if it do not coinfcide #ith th# former, 
will divide the quadrila^eriil solid angle into two equal' qua- 
drilateral Solid angles. Fo| this plane, produced, will bisect 
the great circle diagonal of the spherical parallelogram cut off 
by the base of the pyramid ; and any great circle bisecting 
such diagonal is known to bisect the spherical paralMogrima, 
or square j the plane, therefore, bisects the solid angle. 

Cor, lienee an ind^fmhe numbertif planes may be drawn, 
each to bisect a given ^padrilateral solid angle. 



section il 


Ri^olutiop ff Spfieriml Triangle$* 

The different cases of spherical trigonometry, like those in 
plane trigonometry, may % solved either geometrically Or al- 
gebraically. We shall here adojA the analytical method, as 
well on account its Jiieing more compatible with hrevity, 
9b because of iix^Wih^spondtoce and eonhexioti withvthe sub- 
^smee of thq^ pec^lfe <^haptef The whole doctrine rhay 
,be compreh^ukd m the aubsequeiqi problems and theorems. 

e fer j^ reader Ihay ooaiuli Stm^n^s or 

^ Treatie« on ^ri^etfeal 
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PROBLEM I* 

, 

To Find I^atioiu, from which may be dediaeeii tjielSColattba, 
of all the Cases of SpherKRi Triangles* 

Let ABC be a spherical triangle ; ad the taiigent, and dii 
the secanty of the arc AB$ as the t^genty and 0 £ the se*^ 
cant, of the arc ac ; let 
the capital letters A, fi, c, 
denote die angles the 
triangle, and the small 
letters e, c, thejtp^ 
posite sides, bc, ac, ab. 

Then the first equa- 
tions in art. 6'Pl. Trig, 
applied to the two triangles adb, ode, give, for the former^ 
» tan* d + ta# c — tmi tan c . cos a ; for tlie latter, 
D«» S3t $et^ 4 + sec^ c — sec 4 . sec c . cos a, Subtracting 
the first of these equations £mn the second, and ob!iiervtng 
that sec* i — tan* 4 = r* = 1, we shall kitve, after a little 

reduction, 1 + cos a 7^- = 0. Whence 

the three foUpwmg symmetrical equations are obtained : 

cos a s=i cos 0 0 cos e sin 4 . sin c . cos a1 

cos b = cos a • cos c + sin a . sin c . cos B V (I.) 

cos c ir cos u . cos b + sin a . sin b • cos g J 


A. 



theorem VII- 


In Every Spherical Triangle, the Sines of the Angles are Pro- 
portional to the Sune$ of their Opposite Sides* 

If, from the first of the equations marked i, the value 
of cos A be drawn, and substituted for it in the equation 
sin* A = 1 — cos* A, we shall have 

cws* I . cofi* f CO# a . eos b , co# c 


sin* A® 1 


sitt^ b , sin^ c 


fteduckg the terms of the second ri4e of this equatkm to a 
common denominator, multiplying both n^utneratpr apd denpr 
minatpr fay Ain* «, and e:^tractihg the sq^ root^there Wfll result 

a/( Kr f r c C 09 b , coh c) 


sm A & sin a. 


sin a . sill ’b , sin c 

I^c, if tlK IPhich multiplicpAn be d«go^ , 

by K (see art. ftchajfcfHi), we may write ^ Ji, sa it . *ia <«. 
And, since the fractionii ir the abSiPt con- 

tains tenns in which the sides a, h, c, are alike afrectwi ww 


snsfiBiiesAb 


Ii^ve similar equations, fur sin », and sin c. 

we have.* ^ •> ,, i 

sin A s K . sin a . . . sin B = K . sin & f . . 

a^liel^cal expression of the theory. 


That is to sa^t 

sin c a: ■ sin c. 
i.) 'h^cH is 'the 


i ■ ' ^ '1 •* *■ * ' t’ 

THEOREM Vm* ^ . 

In Every Right-Atigted Spherical Triangle^ the Cerine of 
the Hypothenusej is equate the Piquet of theiCosines 
' of the Sides Including the right angle* 

Por, if A be measured by its cosihfe b^ohles nothings 
and the first of the equations i becomes cos a » co^ . cost r. 

Q, £. O. 


theorem «. 

In Every Right-Angled Spherical Triangle^ the Cosine of 
either Oblique Angle, is equal to the Quotient of the 
Tangent of the Adjacent i^de divided by the Tangent of 
‘ the Hypdthenuse. ^ 

If, jn the second of the equations 1, the ptt*eceding value of 
cos a^be substituted for it, and for sin u its Vidue tan a. tQf& a ^ 
cos a . cos 6 . cos c\ then, recollecting that I cos* c si sin* c, 
there will result, tan u . cos c . cos B = sin c: wfa^ce it 
follows that, 

tan t 

tan a , cos B == tan c, or cos b = -r — . 

' tan a 

Thus also it is foqnd that cos c 5= 


THEOREM X. 

In Any Right-Angled Spherical Triangle, the Cosine of one 
of the Sides about the right angle, is equal to the Quotient 
of the Cosine of , the Opposite angle (^vided by the Sine of 
the Adjacent angle. 

From th. 7, we have ; which, whei A is a 

i4gl«: angle, l»coines 8jij^«mB=s ^^ Again, from th. 9, 
we hdws raw c is ^ divfeiwi, 

< tan^ sill g cos a 
sin u sm^ * coi t>* 

TStoWf 1^. 8 giTCs s£ CIOS c. TTi«ri?^^^^=aceH(f;Bnd 
in ^ '■ 


THjBOKBV 





m 


TOBtmSM XI.. •■ ’, ' '■ 

In Evti^ S^^lii^ical TtWig^^ tije TFang«to^ ot 

dtker^of tike OWique An^ts, k to th# Qoot^eI5i^^^ 
the Tangent of tiie Opposite Sicte, hy ^ 

the other Side about the right angle. , , " j 


Eor^ since &tn n s= and coi b = P ^3 

' 'sis' a.’**" 'sih.A ' tana '’ 

we have sa -r-- . . 

. <?os B , > a tan c . . , ' , , . ^ 

Whence, because, ^th. cos a =s c|)s cor r, .ao4 

sm a = cos u . tan*a, we liaye ' 

^ »m b ftiii ii ' «tn ' r tmi 

tan B — =s t= , sr — , 

CU& a , Un if coa^ 6 . cos e , tan fi cos b oo8« 4 Un ic sta c>' 


{n like manner^ tan c 


, tan c 
sin b* 


a* S. 0 . 


TttE0BE3Mf XII. 

' , .s, , ' . >» 

In Every Right-Angled Spherical Triangle>.the Cosine of the 
Hypothennse^ is equal to the Quotient of the Cotangent 
’j;dF:0.ne of the Oblique Angles, divided by the Tangent of 
the Other Angle. 


For, multiplying together the resulting equations of the 
preceding theorem, we have 

tan b tai) c I 

tan B . tan — r . — =s — ; . 

»in b sm c cos/i.cosc 

But, by th. 8 , cos b , cps c cos a. 

'Therefore tan b . tan c = — i— or cos a = a. E. 0. 

CO8 « ' tan B 


, . . , TI^EOIIEM 3 Cin. 

In Every Right-Angled Spherical Triangle, the Sine of the 
Difference between the HypOthenuse and Base, is equal t© 
the Continued Piquet of the Sine of the Perpendicular^ 
Cosine of the Basei and Tangent of Half the Angle Oppo*^ 
site* to the Perpendicular ; or equal to the Continued Pro«* 
duct of the Tangent bf the Perpendievdar, Cwne of the 
Hypbthemose, and Tangent of Half the 
the Perpendicular i 


* This thKOrero ia due to il. E^anf, who published H witliout d^Uioneirm- 
tbn in the Vtrnnmssimee du Tpmfs fur tlie IdOBV atri mada Uso a| it ia 
the coiistroctiott of a chart of the colirae of the JPo* 

Hwe, 



tiie we : 

»m ^ cos a /if tangents there he 

«^J>stiMI%d;theif''^^la)6s'^ sines '9h<l%i±'o4)^e^, thfs:e 

,-«ftc,'rCQS4^ cos'.Ji,.^CO»,c,.iii»'4 ss-^oi^A .•’CtH-tf . S4,'' 

’ ' ‘ ' ' ' ' ' '■■/' ' , '^ ■***^ 

'Him sm/flfj m3 sm ^ . cos their values in 

the known fortnnla viz * ' ■/ r.’"' 

in sin (u c) <5# sin a ? co^s c — „<os 4 . sin c, 

and recollecting Jb, 

, it will becoinev sin ^4 — c) rr sin i . cos c I tan |b ; 
which is the fiM pan of the theorem : anj^> af invthis 

we introduce, instead of cos c, its value (tk* 8), it will 

be transformed into sin (a— c)=t3n cos 4 ; tmfB; ivhicH 

is the second part of the theorenv. a< E. i»w 

‘Cer* This theorem leads n^nifestly analagous one 
with regard to rectilinear triangles* which, if A, and jp de- 
note the hypothenuse, base, and perpendicular,, andBtE,the 
angles respectively opposite ^to i, pi may be expressed thus : 

A — 6 =5: y; • tan -I:** A p cs b . tan -JB; ‘ 

These theorems may be found useful in' reducing inclined 
lines to the plane of the horiidoh. \ 



. PROBLEM II. 


Given the I’hree Sides of a Spherical Triangle ; it is re- 
quired to find Expressions for the JDetermmation of the 
Angles* * 


Retaining the notation of prob. I , in alhits generality, we 
soon deduce from the equations marked i in that proWem^ 
the following ; viz, . . ? 

cos — ens ft . cos ' 

, ,COS A = r 

SIO O V Vine 

COS i — cos a . CM c: * 

COS B = — I- 

" Stnni^sin'C ^ 

cos c — oci<5 a . CQS A 

COS C » -i-r- — ^ 7-^: . / 

a sio o J , 

^tiAa thes^quatioiis, howeyer, are/not weH suited for loga- 
rithmic computation j they must be$o transformed, that their 
second members will resolye into factors. In order to this, 
substitute in Uid known equation 1 -- cos a =;: 2 sin^ 
the jproo^iimg value of tea? a, and thert^will result "" 

•■r'’ 

»“*. 



m 




But, because cos b' — cob a' = a sin i(A' + s') • s® ^4^, •*“ »*) 
fart. 23* ch. iii), and consequently* . M > 

. a + it-t . m.^c^W 

.COS (? ~,f) — COS a =; 2 am — gi-—- i .sjp r-T^TTfiS ■; ■ 
we baire, obvioBslf* 

- sin* u == 

• **“ sini.sinc ’ , V 

Whence* making s = « + 4 + c* there t^lts 

_:_ t . j w“ (t® - *) > ♦*" (i* - 1 

sm -wA ^ ^ I. ..■i■■ ■ l■.^^ ■ . ., ^ ,....1, ^ 

* 6 . ftiQ c 

rt 1 • . * tin (Js - a) . sin (4* ~ f) r-ni i 

So, also, sm 4B * Af — ^ ,«na".,tot" i T '* ^ 

' . ' *s?h a) . sin (In — /*) 

And, sm ic =i v' riTaT^s"'"^ _ 

The expressions for the»tangents of the half angles, might 
have been deduced eqUsil fecility ; and we should have 
obtained, for exa^nple, 

tan la = V — ™ (ui.) 

Thus again, the expressions for the cosine and cotangent 
of half one of the angles, are ' 

, ' /sin is . sin Jfs — n) 

COS iA = - - 


cot i A —\/-T 


sin b . sm c 
sin , sin j-(s -- a) 


sin (^s — h) . sift ( Js — c) * 

The three latter flowi^ naturally from the former, by means 
of the values etan rr cot = -r^. (art 4 ch. iii.) 

cos' sin ' 

Cor. 1 . When tiyo of the sides, as b and c, become, equal, 
then the expression for sin becomes 


sin yA 


<lin <P — b) sia 


sin b 


sin b 


Cor. 2. 
then sin f A 


When all the three sides are equ21, or a s=bssc, 

T'-TiaT* 


Cor. 3. In this case, if d cr 6 = c = 90*’; then sin |A == 
~ = sin 4,5* ; and A s b = c = 90*. 

Cor .4* If 0 “ b c “ 60* * then sm 4 a ^ ^ 

sin S5*lS'5r' ; and a r: b c i: 70*S1'42*, the same as the 
angle hi^eea two contiguous planes of a tetrae<lH>n. * < 

Car. S. If a=aiasc wwejissuitied a 120* : then sin yAsa 

= * i A = »^ c as which show# 

that no so^ ttian^ can be coi|#tracted fconformiddy ® 
th. 2); but that the thr^ .side^ woul^ in swdi case, fottn three 
continued arcs completing a great circle ef the sphere. 

esoUEit 





■j, tlwir «i|m. 


rtmhim tth ' ^ 

isivtQ ilw Ati|)<is 6^ ft S|^irilcftl Trauagls} to &kI 
Ei^peuions &(; thtf^des* 

V from thft &wiF tod ’tMH of tUe e^uatiotw'l^kcd i 
(j^K^. i), cot t; lie iSKiertiinatoa, Aero wfli ttottft* *'* 
cOs A . cai e\ » , ws b » cos a . Ai 

Btit, it fbUotn Swm A. *J, tliat At c =: Substltnt- 

jng for An f fill; v;2b»0 of H, and tor tlwir ftoui- 

valaaits tot A» <m a, we iilkell have^ 

cQt A • si^L )D 4* «os c « 009 6 r: cot a s «iii 1^0 
NbWj»cottf =« costf^^^^r: cos u ,52IL?> 

«in a v)u Am * 

ttb. 7). JSp that the preceding equation at length becomo^i 
cos A « sin c ^ cos a sin K ^ sin a » cos c « cos b* 

In like manner^ we haves 

cos B . «m c n cos J , sin A sin B , cos o • cos 0 ; 
Exterminating cos b from thqse, there results 

cos A *» cos a * sin B . sinc^ cosB .cosc.T 

So like- ? cos B s= cos 6 . sin A . sin c coj. A . r os c. > (IV ) 

wise j cos c =s: cos c , Mn A . sin B oos a . cos b. J 

This <iy8tom irf equations is mantles^y analogous to equa- 

tion 1 J and if they be reduced in the manner adopted m the 
iast problem, they will give 

. , , cas {(A-f »rf-C) • COS|(||fC“A) ^ 

sin in ass — j 

* ’ kill B 9\tk t * 

sm^i =; a/ 2^- ► (V.) 

* bin A MU t V ^ / 

• 1, ^ . ro»^(« + » + t).CM>|(A+»-c ) 

^ bill A » urn B ^ J 

The expression for the tangent of half a side 

tan 

* ^ COR |(a + <.--IJ) .COb 4 Ca+»-*C} 

TAe values of the couaes and cotangents are omitted, to 
save room } but are easily deduced by dutotudent* 

Cer. I, When two ofthe angles, as a ^dc, become equal, 
then the Vahie of cos {4 btoomes col ^ 

Cor. 2, When A w; a « c$ thcjJkCOs ^ a 
Cor. 3 . When* A =»= f * C#=t 90% than fl « b = f *» St?*. 
Cer. A. If A =? a *ss C s? |0*} tjwm cob|« ss s* 1. 
So that a Vh eft c to 0. Otoseqntotl^ no such triangle can 
be constmetadt toatoratably to A. 3. 

Vofc, jn. H Cor. 



,€or. S* U 

iV'isscos 54*44'9". ’Hvncii ■» * # '^’'c ^ 

SchtX. If, hi tiie p'^ding Vidtrtsof ‘an’ !3tt“fi?,''8K:ithe ‘ 
quantities under Ae radical were negative in reaMt;jr, as th^ 
are in appearance', it tt'oald obtdeuslf l>6 inaposiuble -to dlpVi^- 
mine the v^ueef ain.^ftSob Buttiti»i#qe,4s snt&ctalwayU' 
real. For, in gcner^ ^ (jf — ^ -|■,c<|» .U!: tlwnefore, 

sin -i5) s - cos 4(4 + S Wwat^tltwliicji 

is always positket b^auuse^ aa A + » + q is necessarily . 
prised betwwBw fO AUd 40t bAve KA + « cj 
greater than notMng, and less thaiiv Further; anyone 
side of a spherical triangle being smslkr than the sum of the 
other twOf we have,*^’ the property of thjR polar triangle 
(theorem 4*), ~ O — a less than f O + whence 

Ke 4* 6 a) is less than 4 O > and of course its torioe is 
positw* ■ ^ ' ... . , • j ^ 


PJROBJLEM IV. 


G|ven Two Sides of a Spherical Triangle, and the Included 
Angle; to obtain Expressions for the Other Angles. 

1/ In the investigation of the last problem, we had 
cos A . sin c cos a . sin 0 -* cos c . sin a . cos b : 
and by a simple permutation of letters, we have 

cos D . sin c ^ cos Ir . sin a — cos C • siu S . cos a t 
adding together these two equations, and reducing, we have 
sin c (cos A + b) == (1 cos c) sin (a + 6). 

Now, we have froth theor, 7, 


sin a 
sin A 


sin e , 4in h 
■ / ' ' f and T'” • 

sin c sin B 


sin c 
siu C*^ 


Freeing these eqctations from their denominators, and respect- 
ively adding and subtracting them, there results 

sin e (siii\A + rin b) r: sin c (sin a + sin fi), 
and sin c (sin a ria B) = sin c (sin a — sin £)• 
Dividing each of these two equations by the preceding, there 
will be obtained ^ 


sin A -f stfl B SHI c ' sitk a -f sin h 

cos A + COBB l^Weosc * sin (o^ft) * 

^ A^irin n sin c feiu a*-* sin 6 


cosA•^cos& 1 — cose " 8in(a + i^) 

Comparing thes« with the equations in vts. 25, 26, 2?, ch> iii, 
there will at length result % 

tSn 4Ci^+ B) = cot 4c ; ’ 


tan ' 


. -' rK:lS' l • • w. 


,0»r. 



^4^ rad ; cm A:or,«pi p 7 j b:tmW 

^iWwZ^iXTfc H^S^najc compatat&jtt; it vm, not* 
vnmsc^ii^^ I»t^,t9 » tiuwireiti will 

at once lead to one of die 



cr--- WV WIF 

second etitution ia Ae.id»efetigatioij ^Fpsib. Ji 
,cot,A 7 ' ,^^ ;•, cot g . cos , , 

Tten, chat^g the subsidiary angle fNo that 

, tan zzi tiAti (t * c(3rs Cj 

tajCSTJai b«S "gk-ngled dU P«ced. 

^*=..eotc(co.,,an4-cM»)=gf(,„^.,i„j_^,;,^)^ 
nd this, since sm (6 - p)=cos P. sin ^ - sin f , cos i, becomes 

Cot C . . . 

Which is a wry simple and con-venieiit expression.' 

PROBLEM V. ! • 

r 

GiTen Two Angles of a Spherical Triangle,, and .tiie Sl^ 
toi^ebe^ed between themi to find Expressions fidf 
the^Other Two Sid^$. 

I . Her^a simUar analysis lo that employed in the 
cedmg problem, being pursued with respect to ri»e eteisaipi^ 
IV, in prob. 3, will produce, the foUowitisr fonmdie t 

sin « + stub sin c * 104 . + *®, ‘ 

COS a + co^i 2 ^ cdMfi c * J^n ^ 

sin g ^ 8u, b _ sia;c ' sk ‘ 

eos Q + cos (f 2 .f. f ^ * 

W'hence, as in prob. 4, tw obtain 

m K« + ^) = tta i« . > 


* COB |(A + ny 


tan 4 (a * tan k . I 




«M VI, afid ei*, cmt eited into anatoi^ ty fflaking 

second s^fcer tb* Ant term, the ,!,*« ttro fiietorS 

H2 S. If 



■n t 

. $, If « be irij^i»»4M4#uiB aji^ie ait,o«e*#l<y«»i«ww * 

feubsidi »7 ao^i flKfei, £t>d fm A«t aatan (»i illlMi Will 
cot a =5 ^ bos'ls — <i). - ' ‘ 

^ #EC^XiW VI. 

(iiven^TwQ Si4f^ of 

ppposHe^to Qii^e of themi to £na the Other 
Angle. ' ^ ^ 

Suppose the‘.$i4es given ate the |iveii angle 

then from theor. 7, we have-ain 4 ^ tlmT^ * sin a 
fourth proportional^ to sin sin ]i» ^4 sin ^e 

VII. 

Given Two Angies of a Spherical Tftang!e» and a Side 
Of^poshe to one of them ^ to find the Side O|qpoiite to 
the other* 

Suppose the given angles are a, and B, and b the given 
side : then th. 7, gives sin a sss ^ fourth 

proportional to $m m, sin bp and sin a. 

Scholium. 

In problems 2 and 3, if the circumstances bf the question 
leave any doubt, whether the arcs or the angles sought, are 
peater pr less than a quadrant, or than a right angle, the 
difficulty will be entirely removed by means of the table df 
mutations of signs of trigonometrical quantities, in different 
quadrants, marked vij in chap 3. In the 6th and 7<|^ pro- 
memS| the question proposed wiU often be susceptible of twt> 
solutions : by means of t|ie subjoined table the student may 
always tell when this will or will not be the c<ise. 

i, ’W'ith thedata and B, there can be only pne solution 

when » =r ^ O (a right; angle), 
or, when ^ b> ^0 

B ^ ^ “ir O • f • * b Bj 

B ^ ^ Iff ♦ • • 0 ^ ^ • • • . b tUg^ Oim 

-H tf>) : }(« -^ A) * : rot je ! tat# j< t + »), 

are catleA mi jtmtogm qf Napier^ b«ing luvi^nted celebrated geome- 
ter, , tnvej»trd other mtef for spherical tu^oa koow u by 

the name of Kapm*s jRiules J01 tha ctnulai pttrtti our these, uotwr^hsiaiwlmg 
tbtir ingenuity, are OAxt inserted hert ; because they are too amfimal to be 
applied a yooog otd»putitft, to evt>y caa^ that taay occur, Widkotit coa* 
aidcmble dahger of mbapprehenaloit and ettor. 

The 



Ti^ tf{fnt|||e &'Mi«egpti}di(» of twoibnaEtf 

i<fl. 

J9> jO — «>io — *>^ 

»<«> to •••'•. #«iO‘ / 

'd Aet datt At 9, tod i, tli/fc |»kMtc cm «dst hut 
h om fortti, > 1 

trWn bss i-O (one quadrant), 

^> 50 .. '..*> 30 *-,, ^*< 4 , 

^ ^ O • ■ * • ^ K t O , 4 * • B 4 ^ 

B > A. 

It is susceptible of two forms, 

* > 3 O. * ^ ^ iO 

V < or 4 > y iQ) • • • •» A ^ J • 

It may here be observed, that all the analogies and formulae, 
spherical trigonometry, in which cr are 

not concerned, may be applied to plane trigonometry v takmg 
care to use only a <itcle instead of the sxne or tht ta’^evU of a, 
^ide; or the sum or difference of the sides instead of the hm 
or tangent of such sum or dl^R^rence^ The reason of this is 
obvious : for analogies or theorems raised) not only from the 
consideration of a triangular figure, but tiie curvature of tlm 
sides of consequence more general •$ and therefore, 
thot^ the curvature should tie deemed evanescent) by reaspn 
of a diminution of the surface, yet what depends on the tri^ 
angle alone will remain) notwithstanding. 

We have now deduced all the rules that are eiientiai in 
the operations of spherical trigonometiy; and explained un- 
der what limitations ambigufeies may exist. That the student, 
however, may want nothing further to direct his practice in 
this branch of science, wp shall add thrive taW^, lu whidi the 
several formula:, already given, are inesa^ively applied to the 
solution of all ti^ cases of right and owique-angled spherical 
tnangleli that can jpossibly occur; 


TABLi: 



TABLE 1. 

For the Solution ^ oil the eases of Right-Angled Spherical Trianglef. 


m 


I- 

£ «l 

g . 

iiUi 

is is 3 


J!' i).A. 


II 


■lii r.- 

iflil's 

, w V 

is is !S» 


•B ~ & s' o A 

>■ I n 1 1 s I 

® 'Z ‘Sip 5 _5| *5} ^ 


•' 11 


tS ** 


•111 111 
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& I 


d w- tfe 
vc §■• 3 
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Svesfiom ^ijterdse ^ SpherieU ^rfgoimietiy^ 


Er. 1. In the right-angled spherical triangle 
angled att A, the hypothennse « =a one ^g p F 

76'’52', aie given ; to find' the angles 'B» j|nd Cj and tiie dth#r 
leg b. « A 


Here, bg table r%ase 1, sin c s 

tc^n c 

COS B— . COS 6 ^ 

lain a 


SSLi* 

biU 4^ 

rqs g 
cos c* 






Or, log sin c log ^in c — log sin « + 10* 

log cos B Si log tan c log tan + 10. 

log cos b = log CPS a — log cos c ::t 10. 

Hence, 10 log sin c =?= 10 1 log^^l 7o®52' » 19"9884*894* 

log sin a zz log sm 78®20' =« 9'99093 jS8 

Remains, log sin c ^ Ipg sio ^ 9 m97 5556 


Here c }« acute, because the given leg is Icsa than 90^ 
Again, 10 + log tan c =s; H) 1 log tan 76^52' ass 20"b33Q4»#iS 
I(>g tan ri cr li g ttin 78'’20' :pi 10*685 1149 
Remains, log cos b = logc ♦ 27*45^ 2= 9 9 1*^9^19 
B is here acute, because a and c ai w like affection. 


Lastly^ 10 + Jog cos a === 10 + log cos 78^20' « 19-3058189 
logcosrrr log cos 76^52 tz 9*^564426 
Remains, log co$4 — log cos 27^ 8 ' » *mV4937<»8 

where b is less than 90°, because a and c both are so 

JEo:- 2* In a right*aiigled srherical tiiruigle, denoted as 
above, are given <r ;k: lh^2(} , b 27"45'; to find the other 
sides and angle. 

Ans. b tz ^7® 8', c =« c a= 

Ex. 3. In a spherical triangle, with a a right angle, given 
b z: 117 94', o 71° 51' ; to find the othet pans 

Ans, a = 1 J3'’55', c =i 28°Sr, b ?s 104* 

Er. 4. Given b = 27°6', r = 7f)”52' 5 to find the other 
parts. Ans. a zl 78°20', b c= 27®45', c » 83^56^ 

Ex. 5. Given ^ 42*12', b « 48^tofind theotherpaits* 

Ans. a zz C4®4O'|,0r its siijp{3emcnt, 
c zz 54®44', or Its supplement, 
c B= 64*35'* or itf supplement. 

Ejx. 6. Given » =: 48% c r= 64®8s' j, reguired the 
parts ^ Ans* 0 = c sr 54°44'^ a ?=: 64*'40'4* 

^ ^ ^ Ex. 





Ex, 7, In tb 0 q^ddrai^^ mangle abc, given ^ qua- 
drantal aide a x 90 adjacent angle f =z 4^*12'| jutd the 
opppsite a ** ; re'ijmired the other pftm ef the 

triai^le^ , ^ 

Ex, $. 'Saillin oJiGqne-angled spherled triangle are giveh 
the thitle »<ies|jviz« « ss i srS^^tSy c =: il4'>$0'i 

to find thi angles. 


Herej iff tW fifth cak of talide arejbave ^ 


Or, log sin }a == log sin (4 log sin (^s -^4)+ an comp, 
log sin 64 cbmpe log sin c ; where* r a= 0 + 6 + c. 

log sin (is -♦ i) :r: log sin 43^58'i- «: 9*8415749 
log sin (is — c) s? log sin 12®4l'4- » 9’34jl838d 
A * c - log sin ^ xs A . C . log sin 83^ IS' «= O^OOSOjOS 
A.c . log sin c « A . c . log sin 1 14^30' = 0*CH0977 1 
Sum of the four logs . . . * . 1 0-22 744 iS 

Half sum sa log sin tA » log sin 24® 1 5'| p; 9-(>13720<> 
Cohswjuentiy the angle A is 48^3 1'*^ 

Theni by the common analogy, 


As, sin « . . . sin 56®40' ... log ss 9*9219401 

To, sin A . . . sin 48*^31' . . . Ic^ =p 9'8745679 

So is, sin ^ . sin 83® 1 3' . . . log « 9*9969492 

To, sin B a . . sin 62®56' , . $’9495770 

And so is, sin r . . . sin 1 1 4® JO' ... log ^ 9 9 j90239 
To, sin c . . . sin 12 >M9 ... log 9*9116507. 

So that the remaining angles are, b - and 135® 19 . 

Sdly. By way of comparison of methods, let us find the 
angle a, by the analogies of Napier, according to case 5 
table 3. In order to which, suppose a perpendicular demit- 
ted from the angle c on the opposite side f. Then shall we 

lave tto I diff. $eg. of c = t !"} . 

® tun ^ 

Tim in logarithm., is 

log tan + a) =» l<)g tan 69 * 56 'i *=; 10 - 437560 JI 
log, tan i(i — a) sas 1 ^ tan = 9 * 57 g 7819 


! ' V Their sum =: 120 

Suimnat log tan |a « log tan 57®i5' ss iQ 94 

at <^'6ii».''0ae 



7»"4»' and 84^41 

^herefbrc» 



Il» 


' alKje’coft'ii i 

?' “ » liL.u:'.) . ' 'w _1* . ' ^ ^ . 


' ’I'o 2^^.:$^.^ SSI 1^ tsia.*T: 

"" AdiJ log faii side & ' ' r=! Iqg ta® '0^' 


The suai, rejecting 1 0 from the index) 

^ log cos A,s; log co?; 4*0^8^' 

The Other sWo 'angle® may "be ' loan'd' '[ TfilT ^ 

ference is, in this case, ihanilffesdy due to the JWm^ method* 


JBr. 9, In an oblique-angled apherical tria®^, 
two sides, equal to 114®30* and 5€^40* respectively, and the 
angle opposite the former equal to 125®<i^O j to ifind the other 
pans. Ans, Angles and 6^5^ 9 aide, 83^1 fs 

Kv. 1 0. Given, in a spherical triangle, t^eoL angles, equal 
to ^S'^SO' and ia5'’20/, arid the side opp^te the latter 9 to 
find the other parts. 

Ans. Side opposite first angle, ^6^40*,; other aide, 83®l2'j 
third angle, 62 ^ 54 '. 

JS.t\ 11. Given two sides, equal 114^S(K^d 56*^40^9 and 
their included angle 62*54^ : to findihe rest. 


JBjf., 12^ Given two angles, 1^5*20' and 48*^30'^ and&e side 
comprehended between them t- to find tbt other parts. 

Uir, 1^, In a spherical triangle, the angles are4g^3 r,fi2‘^56^, 
and *, required the ? 

JEa\ 14. Given tiro angles, 50^12', and and a side 

opposite the former, 62^'42' j< to£nd the other parts, 

Ans» The thc^ angle is eitlrer 130‘'66' or 1,,56®14'. 

Side beW» giv. angles, eithei* 1 19V or IA2®J4'. 

Side opp, either 79® 12' or 100°46'. 


jExw 1 5. The excess of the three angles of a triangle, 
measured on the earth’s surface, above two right angles, is 
I second; what is its area, taking the earth’s diameter at 
7957^ miles? 

Ans. 76’75299, or nearly 76| square mil^* 

£x, 16. Determine the solid angles of a' regular pyramid 
with hexagonal base, the altitude of the pyramid being to 
each side of the base, as 2 to 1 . 

Ans. Plane angle betweeri each two lateral faces 126^52^1 

between the bas^jlgd each face 66®35'll''|. 

Solid angle at the vertex i&T7 11 1 1 The max. angle 
^ Each ditto at the base 2 18* 1 905 / being 1000^ 

jU y ^ ir^ ' 


•CHAPTER . 







Off ^KODSSMI OVEf^TIONS, ilK^ VStM moVVM Of TSS 

BAibm. 


SECTION h 

» 

Generi$l Acemnt of this kind of Surveying^ 

Art. 1. In the treatise on Land Surveying in the secqnd 
volume of this Course of Mathematics, the diiections Vere 
restricted to tiMfe necessary operationl^ for surveying fields^, 
farms, lordidiips, or at tnost counties ; these being the only 
ojperations in which the generality of persons# who practise 
this kind of measurement, are Ukciy to be engaged : but there 
are especial occasions when it is requisite to apply the prin- 
ciples of plane and spherical geometry, and the practices of 
surveying, to much more extensive portions of the earth’s 
surface ; and when of course much care and judgment are 
called into exercise, both with regard to the direction of tlie 
practical operations, and the maiiagem^of the computations. 
The extensive processes which we are now about to consider, 
and which are characterised by the terms Geodesic Qperatioiis 
and Trigonojnetncal Surveying ^ arc usually uudertakten«for 
the accomplishment of one of these three objects. 1. Tlie 
finding the difference of longitude, between two moderately 
distant and noted meridians; as the meridians of the observa- 
tories at Greenwich and Oxford, or of those at Greenwich and 
Paris. 2. The accurate determination of the geographical 
positions -of the principal places, whether on the coast or in- 
land, in an island or kingdom ; with a view to give greater 
accuracy to maps, and to accommodate the navigator with the 
actual position, as to l^<^de and longitude, of the principal 
promontories, havens, am ports. These have, till lately, been 
desiderata, even in this country: the position of some import- 
ant points, as the Lizard, not being known within seven mi- 
nutes of a degree ; and, until the publication of the Board of 
Wrdnance maps, the best county maps being so erroneous, as 
in some casesto exhibit Mmders of three miie^ in distances 
of Im than twentj^* 


3. The 



• ; - Mi^ 1% 

tm ^^i^agloitiKift of the 

Whbn 0bjeicts $0 imjk^rtant^i k k 

umi£&at ^usitp in order to ensure the wimtilw m cor« 
reidiaeas in tfce rmU&f the kmmmcnu e|?ptejra4 
tioiis Mtibrmedy end thb compntetions n^iredi 
heve ike greatest possible degree of jfeceuracy^ Of these^ the 
first depend on the ar^ji^t $ sec<^ i»n the snrveport 
engineer* who conducts themi and the latter, on the theorist 
and calodator : they are thi^se last which wiQ ehiefiy 
our attention in the present chapter# 

a. In the determination of distances of many miles* whether 
for me survey of a kingdom* or for the measurement of a de- 
gree* the whole line intervening between two extreme points 
is not absolutely measured; for this* on account of the in* 
cijualhies of the earth’s surface* wotddbe always very difficult* 
mid often impossible. Jput* a line of a few nmes in length ijS 
very carefiilly measured on someplairuheath*or mardi* which 
is $0 nearly level as to facilitate the measurement of an actually 
hori^tai line ; and this line being assumed as the base of the 
operations, a variety of hills and elevated spots are selected* 
at which signals can be placedj^ suitabl) distant and visible one 
from another : the straight Ikes joining these points consti- 
tute a double series of triangles, of which the assumed base 
forms the first side \ the angles of these^ that is, the angles 
made at each station otj signal staff, by tWo other signal st&s* 
ate carefully measured by a theodolite* which is carried suc- 
cessively^from one station to anothei^. In such a series of tri- 
angles, care being always taken that one side is common to two 
of mem* all the angles are kno\vn from the observations at the 
several stations; and a sideo^one of them being given, nau^ely* 
that of the ba^e measured* the sides of all tJie )‘est, as well as 
the distance frpm the first angle of the fir^t triangle* to any 
part of the last triangle, may be found by tue rule, of trigo- 
nometry. And ^o again, the bearing of any one of the sidej* 
with respect to the meridian* being determined by observa* 
tion, the bearings of any of the rest, with respect <o the same 
meridian, will be known by computation. In these opera- 
tioihs, it is always advisable^ when^rcumstances will admit 
of it, to measure another base (called a base of verification) 
at or near the ulterior extremity of the series : for the leagtli 
of this base, (omputed as one of the sidejs of the ehain of 
angles, compared with its length determined W iKtudl admm*i 
surcvimty will be a t^st of the accuracy of sfi t3be operattpna 
made in the series between the two 
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Sibte ift^SHtim mmlikts i»' sacK* «j*iii^lJiat^ , X. ^ ' 

«adf «ni^ m i^«el| eki.'' ' Jp 

tHe Sw ti^ofe iPMks^s li» tHe ; 

pliadkt»Miite'liiigt%bf'|feissWi«refel^<5riaft- X. 

life, mtttR it It! t&ife Milked ^ 

tk tot^ i|kiii|it«« jJ}ll tbtert alfo, not mVf dyp 
tides «lfth0tl»fe<»‘lad<l|»',<site«jpfedfe^tKisse- X. 

ries of triangles, Would bo pes^lsctly ^gsfOTl^, b&t '' ^ 

the dligofal eteps, marking the pecs^ii ,1^0 , 

one extrfemltjr to the other, WoaldX ah^rtewi|l tjE 
parallel throughout the whcjfe length. Hfere tod,' 
the first tide might be fohiMl by a base ei‘o$sing It pfegeitdi* 
cularly of about Jialf its length, at bt tt ; antttfaeU^ sidd 
liod by another bw>e, it, at the op|liMite extrete^, Ifthe 
lespective sides of thesKgnes oftrfengleSWere 12 dr lgmilB% 
these bases might advantageously be bettveen 6 aqd % sHr be- 
tween 9 and iOtnilesrespcctivelyjaoitOtdingtotircumstahces, 
It may also be remarked, tand rae reason of it will be seen ill 
the next section) that whenevoifjOnly two atogios of a triangle 
tan be actually observed, each bf them should be as n^uf 
as possible 45", or the sum of them about 90" j for the le&» 
the dtird or computefl angle diflRfrs from 90", the less proba- 
bility there will be of any consuldral^error* See prob. I 
sect. 2, of this chapter. 

4, The student may obtain a general notion of thb method, 
“mployed in measuring aft arc of the meridian, from the 
lowing brief sketch and introductory illustrations. 

The «rth, it is well known, is neari;^ spherical. It may be 
either ati ellipsoid of revolution, that is, a body formed by 
the rotatidn of an ellipse, the ratio of whose bxes is nearly 
that of equality., on one of those axes; dr i^ may approach 
nearly to the &rch of such an ellipsoid or spheroids while its 
deviations firom that form, though small malwe^j ihay still 
be sufficiently great in themselves, tb prevent Its wing ^ed 
a spheroid with much nafdfeypropriety than it is called a sphere. 
One of the methods malPuse of to deternnoe this point, is 
by means &t extensive Geodesic operations^ , 

Tlut earth, hdwfsfe-, be its ttsact toaa what it may, is h 
pfenet, wffit^ net only revolves ip an orbit, but toms i^ion 
an aaife, bfew, if we noitwnive a j^aae to pass through the 
akht of nbifeaifeii dfffin and through the zepith of any 

place on us ssefiMes fiane, if prolonged to the limits of 

V«f.lu. \ 1 the 




bfe a turve of d<mblc ctimturo ; bat if tli© 4^tth bi^ a i 
rtvoldtio^o, the (^ermtrial inairidian^'#ill a pl^ wveV 

Ss If the were a i^ere^ tkttK ^veiy jpoim apoia | 
terrejstml maridian would at an equal i&tMt freim tb<!^ 
cantrOf abd of consequence every degree upon lltat tui^klian 
Woald be of equal Icngtlu But if the earth be an ellipsoid 
oftevolution slightly flattened at its pole% and protni^rant 
at u^e equator ^ then, as will be shown soon, the degrees of 
the terrestrial meridian, in receding from the equator towards 
the pokS| will be increased in the duplicate ratio of the right 
aine of the latitude 5 and the ratio of the earth*! axe$^ as well 
as their actual magnitude, may be ascertained by comparing 
the lengths of a degree on tfcc cnerii^lpn in difFcreut latitudes* 
Hence appears the great importance of measuring a degree. 

6> Now, instead of actuuik tracing a meridian on the $ur«^ 
face of the earth, ~a measujre Which is presented by the in-» 
terposltiou; of mountain^, wwbds, livers, and seas,— a con^ 
smiction is employed wincPfuruishes the same result, it 
consists in this. 

Let A8CDK)? &c, be a series of triangles, carried on, as 
nearly as may he, in ^e direction of the mendian, accdnSbg 

TCt 



to the observations in art. 3 . These triangles are really fliAerrml 
or spheroidal triangles i but as tWir curvature is extremely 
small, are treated the same as rectilinear triangles, either 

by reducing them to the ^j^therrci^Ctive terrestrial 

arcs AC, ab, bo, &c, or by dpdaSng a iki^4 of the excess, 
of the pf the three angles pf each ttiengk above 
tight angles, from each angle of that and working 

with tjhe remainders, and the thi^e >ide^ dimensi<;m$ 

of a plane triangle ; tbfi proppr re^i^csna mi ih^ ccnlv® df 
the station, to the horizon, and to the level pf Ibe having 
be^ previously made. Theie oompatatbns being made 

^ tteoughout 







iutia l|$t» «Ojp^t«tiiioIxSi‘ 

-,- ^ip w« A^toim rntt^rtthfi MHm tto^awasiwKl 
nJi|««W» '«»<! H»^ JSnd, by ^ powt k 

tte ea^Ve^ will udp ifpt Tb« pcfSits^A, »» c, 

bs^ ift tib« saoMli iotiSowtul biime, ^e,llte ^Jt ^11 also 
bft ^ that |ilwhet butS^ b^cjitliil of & ^Oj^atore pi live 
ear»ii, file pdoloti^oa' ?«M'> of that line. be fbta^ 
ab&0e tbe pimp tbe" lecpt^ norinpata)'' a-linjpO s it 


win ^^sscrfee an arc of a cuck* which wai be so very smal^ 
that it may be regarded as a Tight line |i»|)ien<ficubir to 
plane bctt; whe^e it follows, that the ojuttlatiwiii ieitdoced 



point sit'. By bending down,thus fo imaginatton. Ope after 
another, the parts of the ineiidiE|)[ri^ oP the corresponding ho- , 
ri/ontal triangles. We nj^y obtato, ly the aid of W cotnj^ta- 
tion,the direction and the len{^|b|af such meridian, ft^m ohe 
extremity of the series of triangles, to the other, 

A line tiaccd in the manner we have now been descrSfoig, 
of ^dncOd from tflgottemftrkal measnffs^ by the means we 
havrindicated, ft’Csmed a geodetic or gP^Hc /fod: it has the 
property of being the shortest which cap be drawn between 
i-s two extremities on the surface of the eardii j and it is th<W- 
fore the proper itinerary measure of the distance becweelt 
those two points. Spcai^g rigorously, this curve differs a 
httle from the terr^trial mericpan, when the eajxh is not a 
iolid of revolution : yet, in the real state of things, the dif- 
ference between the two craves is so extremely minute, that 
It may safely be disregarded. ' 

7. If now we conceive a circle perpendicular to the celes- 
tial meridian, and passing through the Vertical of die place 
of t]^ observer, it Will represent the prime vertic.d of that 
plate. The series of alt the|y!ntsof the earth’s surfecs which 
have their xenith in tfaecsrc&fwtence of tMs cPcle, will form 
the pe7f(a^keuUi^ to tiiste w^idian, which taay be traced in 
like mannei' hs ithe tneridlan itself. 

In the a^mm^the peStpendknlars to the meridian axe great 
I irclesiidx^ kli imSwkct xadtuajiy, on the equator, in two 
points ^fiametritfSdly 'OJbOsife i but in the ellipsoid of xevolu- 
* 1 8 tion, 





..- 

on {peiMilBtiont tIbMin iMWNt##»pp|^ 

ji^-«ii«iil«r> » if ' • vf» » 

1 $. Tlte A jpaoB J> 4 ^ 4 r)i»Mnn^ jw^ | l WI»il» 

dkjiar 

|)|dividitat' ipAra^k^F *< ip> nfWwAj'itt- ■, 

^Hoti (m meh mi^i0milii*-' 

«^k«a all iifska(;k»^<!W')^ <a!miltet»ijl^ 
leriAi m ma iww«|M^s«n o^ ais^lwiM^ 

to%h« prmdjdel ^ sJcAtidaed, ^ nkfgittumtt. # 

tb«ir knjg^la# p^M9* AkiiiAF iff oMsmi th||r lfakp^mkk0)i^: . 

i^uftanfes '£i«ea tke :fi*st i}i«<nidi|n* 

1 ^ (iw p^iwailictilw tq it* The jfotiof ing kilK! 
nftan^qting^unte dc 8 i»nceji« t ^ . '>^ 

^WfbjW uat the idalng^ tkio, H/fi, {am 
agt. ^ mkA^vn «£ q dbi 4 ln lof «riKil||^, of ■vrbi/dt. thff MfH 
ate jpreat dniies of a sphetm wkoae ni 4 ins is the>i^ 

stonee jN<n«i]iel 0 «el m of the m to the c«nttoio| tkh! 

earth} andtiaae we laiostliy observation the angle CAX>irl^ 
Pleasures the (tfttqit/^^of Ar,cir its meUimina to the 

mmUian ex. Tben^lmviitg toimcl the excess x, ef the thee* 
angles ef the tihnight ao* for bekg fierfieiitichaiilar to ^ ntw* 
rMtah) above two rk^ angles, by eeastw of a thetnepo vhwh 
win he detoOnxtoMeto in prota. S pf thk ehwpter, s«t|ihi%bhn 
third of*this exo^ fiettn each asgle pi the triangle, aiHi'#Hj|» 
by ateam of the n^Hmwipg prepomons had no, and cc. 

^ sia (thF«-’+X>'} cos (EAt«-‘|«i ; ; A*? : ACt 

* sia (dO* -r. I*) j sin (oAtfi* Is) 1 1 AO tcCn 
The axhanth of «s Is known imnwditttdyv Iteaeuto nex^pis 
OAh "*> «|tx } and if thei^Dlinrkal excess 
AAst' be Coto]auited,«w'e ^11 have , , wt 

Aira sA 180 * ■*- m'iji - Awe'^xlrlti' » * 

To dettoihhie the eides am', xuV U tfaMi<ef itmtot he‘4«‘- 
doeted fivna each d' the aiMlss'of theeriaiigle AKii't 
Idem these peopoations wiftobiaino vin,i » v \ 

rinf JS0^ M'AiJ - ABM' + fa) 1iiih4e^ea(i!^ t *b t *iif, 

In toiltaf Hjthwiagled tiwaaifaf li^e wi eiM ^ 
tm s 9 j^ and the hypothep^in^ i#i«^ k#4toii<teit|^ 
auf topeltotahtothe sides i4 . 

the dittasces d the pcdeto n, 

theperpeh4Mtor»»thi^^ ^ 

^ , ► ' A<4Mf ♦ r»' 




Silch* 19 tbe method tt^ be fid}dwc4*!Wb^ 1f% 

hive pniiei|M% la vtew tfae the {Ntifispo 

ef tbe wetbUair o^praed hetn^n at^.tiiro pobtt^es a M«i 
*.. it w tbe ifCtote o|^ <;(«i|i|)t>t«tioeii^ tbe 

xaioMit <#a g(*«tet ttcenbe^ of ee&egks |n. tbe 

seiife js detet^udittetlt k wib be e*$f dt«cb tmd 

veijfy^tAie «9ttt-k in fir(M;e9s« by tnanuiwieg tlie a i t antw rite 
funod by widi tb^ae fesnibs^ tbe 

latiom. 7he amplumde oS tbe ebsde ere m ibe tnetr|(Sm 
aieauined* is brand by ascartahKing (he etkeh ed its 

exnmfii^l eteraranniy fby boding the of 

the (liibiiiM^eliramdbras^ 

it 

iCt. fitora«iiaifed*ftidtcfan% entployediniMs Idbtd of 
dotu$lraytdtid(MMddiS»rattrn^ Thet 

draty ibeoBi^ twr)radii«d^«d4Hi)betriaDglea>pii^^ 
flteijMlao end to ita f>W{>«i»llii!&^^ by tbese raekMi^-tbiesidw 
of tdUEi^tjft bbH^tili>%ir$iot^^ tif* 





the' nAti^itvei si^I«$ to augiN^'tli^^i^hiai^ 

^ ^ctiivti arches } and Mt^Iate hjr jdahe *#0110 

mch redhenid and their c^jhtilt. £lari»'*'ovt4iii)«%«iH( 
tne<hod$ i$ e^am^^tuTect as that bjr laaMiSta 
i»ki^fso that^t^ {irinc'ijflaff' rensoh fbr ‘hi 

tlte£b i3& other, must he d^i'ed fissntt ■ita mlativvd»wtt7 
' Jk$ td' the tnethods in 'trhich the ehmml trtoatlm #e tt {iaiita B » 
lihtted as spherOid^h'tiief are ^bsoawe md d^ltuits and hsafi 
happily, be safely disregarded ; for M. I4|enclre im dedMN» 
strateo, in <& Ia CMkf^ SniiAwes 

Shtd^ituUisUes de I'lnstilnt, lm,'pfc. !£Kr, daatthftdttSej’ 
ence between spherical and sphemidat anjrieS) is leak than <^t 
'Mxiieth of a second, in the greatest of uie triaagiea which 
occurred in the lai^ fneasutmnent of 'An sate of * moidBan, 
between the piramls of Doilfcirk and Barcelona. 

1 1 . 1 rigonoihC^cal surveys fbr the purpose of mmsurii^ 
• a degree of a meridian in diderem Uikodes, and tisMice in* 

leVring the fl'gtne of the earth, have been undertaken hy 
different philosophers, under theijltoronage of diferant go. 
vernmetits. AsbyM. Manperlius^isSburaut, &c, in Lapland, 
llse*, by hX,BotiguerandCftjtdamine, at tlie equator, llSfi— 
3’743} byCasshu, in lat. 45*, 1139—540*, byBuScovichand 
Lemaire, lat. 1752; by^occaria, laf. 4+°44', 1768 j by 
Mason and Dixon in America,, 11(>4-— 8 ; by Major lambton, 
in the East Indies, i B09 ; by Mcchain, Oebunbre, &c, Fiaunoe, 
&c, 1T90 — 1805 ; by Swanberg, Ofyerbom, &c, in l^fahd, 
1802 } and by Genml K.oy, Colonel ’Williams, Mr. ualby, 
and Colonel Mudge, in England, from 1784 to the present 
time. 'Xhe three last mentioned c^Ehese surveys are doubtless 
the most accurate and important. ’ * 

The trigonometrical survey ia England was first com- 
m^ced, in conjunction with similar tmfet'eitcms'in France, in 
order to determine the difiference of loiqgitQde between the 
meridians of the Greeiiwich and Paris O^et|ratovies : fee this 
purpose, three of the French Academicians, M3M. Cstsrini, 
' Mewain, and Legendre, met General Roy andDr. (ttbw iSir 
Charles) Rlagden^ at Dover, to adjust their plm of opera- 
tkm. in rite course of the stnwey, however, the £»q|^islt 
philosophers, selected fwn the Ro^ Atrillety -officers, ex- 
panded their views, and pursued their opemiomb snider the 
piaronagib and at the expence of the tionouralde Roiml of 
Ordnancej tn order to perfect the geosrafihy of Englaad, «pd 
to determine the lengths of as mahy mgtm <Mt the mbridbn 
ps fell within the compask't^ their iabouTs.* * > < 

12. It is not our province to enter into tiie history, ofahese 
l|trteys : bur it may be interesting and instroeting toapMab a 





%u 

^f0Bi»iaf #4 , 

•'Iimp) iAanrankaiMi* 
sor^B#««|koei)Muitl»ap& 

ph0MO|$l(|f»«M^ i^ Jamtr mu|it)si»,‘ in tibeir 
ojeat Ml dMiiMawfi lo^gtlb ^ ^ rolm of 

Ith^JSww&sh. 

i»atbl(MB|;Sk»MMi Sw«i»l>iM| 4^ C^viMlliOin* mplojed jron 
bam, «(^mre4 tonrairds eaim incmsmUf wit& glates of silirar. 
G«Q«fs)i ^py cobaoeiu^ liiSii tB»a»ireBxent of the hsu^ 'at 
HoRosknssBeath frith d»l tods, eadt of 30 leet ia lei^[^. 
Though theyi however,' were of tbe^beetMsasaned nm» 
bery wefe pvrhcAy straight, and were beo^iag 

inthwmott effectual maiuaeri yet the ch^es hfttheir 
ocf asioned by the variable mojiscore and wyoew of the kir, 
were eenfteat, aa to take away dl confidence in reanlta 
deduceii^tim them. Afterwiirda, in conse(],ueBce of having 
fbtmd by experhnente, that a solid bar of glaen is zbore 
able ritan a tube of theiine matter, glass tubes wore |nh$ti* 
tuted for the deal rods.‘They were each 20feet long,jnclo#ed 
in wooden frames, so as to aHow^nly of expansion or^ con- 
traction in length, from heat or cold, according to a IgW 
ascertained by experiments. The base moabured with these 
was found to be'37404'OS feet, or about 5* 19 miles. §everJ 
yants afterwards the same baije was remeasured by Colonel 
.MsiKig<^ with a steel-chain of 100 fcfE long, constrteted by* 
Rioiilden, and jointed somewhat Uk^ watch-chain. This 
dhainwas always stretched jto the same tension, supported on 
troagfas laid hakbontaUg^ and allo^nces were made fbr 
chan^ in its length by feasOn of variation^of tem|>eratMrd^ at 
the rate of *0076 of an ihih for each degree of heat from 62* 
of Fahawobrik? thiwesult of the measurement by this chain was 
found not to difiTerepore thihi 2| inches, from G^eisu Roy s 
detwmimtion ijjy i^any of the glass tpbes ; a nunute^ differ- 
enoe jin a dntaoceof mme than $ aules j which, considering 


the eecuracy of both operations.' And futth^ylM steel chains ^ 
c4n be i*«d with more fiicUity and convenience than glass 
rods, drisawmessMtemerft determinestw qtiestksin dfthe <;om- 
pawfrri? filpiess of these two hinds t?f instn^nt^ 
tM '^or thed^jssMOgtion of «(ffileS| tbP Frenra and Swe- 
dkh pl^afiphersAmpile^ r<^H»iibg ttrekf of I^a s rim- 
stti«itielie« i»atru»(mMWlidsh?t*JS?rtre^lypwtwe,,amlwfth 
triaUsluehengh they are not above 14 in^s^indiaosstwjtw 
©b«6e®«t» ’eanwkjdM anises to witida I' or of ^e 



dottier flie ac<«i!>li«jr 

f>f ths »nse« w i»o4e of JiMiigj(!i4 

usiniS this |}K»odo^. |ti tj).e tiMtli^ IpDxated l»jr iho v^oof 
|ine»t it} na^beoMtioiaos* a r^diittio^ fs no<^M<;ary to too PbiO**' 
of tbe ltortKo»» and ao#ij^ to btiog the obtomd ait|w» t« 
tbo tr|>e atiglissat tb« ceatres of tljO ji^gpalst tbese red«ctio*Bo 
c£ coofso, ro^diro fbmultB of coi^pitotton, tbc actual (no« 
oloyoient of which Ma^ lead to error* Buti m the tngono- 
&«ak4 survey of EngUnd, great care has 4 w 4 ys been tahea 
to place the ceotte of the tJbeodolTte exaaly in the vertic4 
fine, previously or sub'ie< 5 [uentlv occupied by the centre of the 
signal : the theodc lite is 4^o plictil in a perfectly horbootal 
po sition. Indeed, as has been oh er ved fay a competent jedi^ej 
h In no Other sui vey has the workin the field beep coadboted 
so mucli with a view to save that in the closet, and at the 
same time to avoid all those causes^yT erttn*;^ however xtuoute> 
that are not essentUilly involved id ^ nature of the problem. 
The French mathematicians tmst to the crom/w>n of thoso 
errors} the Bnghsh endeavour to tul and it 

can hto'dl^be doubted that the latter, perhaps the 

alover and more expettiavei is by far the safi4t proceeding*" 
l4i* In proof of the freat correctneet hi thd Eoglidh 5ur> 
fey* we «h41 nim » very few partkidahii hetidea yrhitt || 
airily meg^ed ip art. 12. ^ s . 

Qenee^ nby, who firsC measmed the base on |i(onnthnb<> 
hteasared another on tbO*fiat ground of Ronufity^ 

, M|n!h^j&Metth‘neae4iinwatha«e)ro'emhyoft^ ’ 

of tttwg^ea, and at the distance of more than GO ifilell from ■• 
thd The length of thi«. hose of »«rroe«fcitMh y 

actually jneateitedi ctwnparod with i^t neaitfltbil the 
fcoa^emiiro thkop^'flni t^e hf troNai^||P||l^ 

**^**^1(^1 Mndlfelt y%«riih i> y iqp . < 

* • ", Saliabuiy:*,, 






lit' 



^ rnmiimu .■ 

'i«Mt>t^M ^ili«^ 0(ie»e 

«(Wv»i4Ma^ ^ «^<* 

Ib^ik i%iinilx^ . 



•I' 

1!|ifli ii#«it^ BQaM!ilb.^«Ilei!(! iU iSojlfia^ saii ',, 
tiose i»i|jiii»t;4e aK' Educed Brnt of tbor ' 

sei)i«« af ijnaiii^^iK Wt 6r oitsire «]i«b 64| djltti, ^ 

thm 7 $mf whick is tm» ihiux I| indht4s ia » ipileL. tmfcnid* 

of idiis Iciii^ fsequttotly ciKSiim* ta i%t Sogliiit sq^« 7*. 0ttt . 
we Idre ikot t<im/t to i^tKiify morct Wo thaOt mat ptecM 
to dHMdss iftfliM ioti^idt pi^edf tewadted (bis 
itiiibect s stod re% thote' wlio desWou^ ito iptids4t9^ It doad 

7) «.. .■'«Ljt.s,.ik^dir* . m .!*■ . rtn * ., 



llodidbU” “ Ex|!odti($i^dk» CH)mtiM)s 

f^ow en LapfKsniei" a a^ mss8nt*s woiltis e^tlew •nCieo- 
and “ ili|>(Jgraphie, d’Aipeadge, &C.’’ 


g i gg ly 


sEdw6N n. 

ProhUiDlua>nnecte4 vDiih the defait of Operations in Esttemooe 
^rigoM^tricd Survt^s. <■ 

« 

phobubm; i. 

it is* Teqwlrc^ tat deterndije the Mod Advsidtageons 
, fIJphditioBS of Triangles. 

U In 3OT rept|%ear triangle asc/It isj irom the prqpor- 
tn^afity of to ^ioes of titdr opponte angles^ an : 
BO iia c I sin a, and conseqaeiitly AB . S)l» 

«iac. lietABbdiSbeiM^ which *' 
is supposed tp be measuned without peritap^ 
tible error» and whHh therefore is assumra 
ai fr tb^n tim isactTcspa^ly 

’ J ■<«i.tL f Sll l ..ll*lllil l .l M l 1 , If4..,l.tll.,.l,< . I -,.. ^ 

* ixf^heni, si^jr«, 

^m\ «4it wfliw ^ 

MO ^ loh to the ^hwamre «£ the l^raic)i 

m M iCKipckOt f Ml^ mm liie pfishmds m iM^iMrartiott 

StDjStil 









aoaat^ivaiittiGta w Jeudo^iaf.^’ei 
■'It 4s A« _i cos A' . A ^''jttn'c » »t: -4^ " 
•iresir^'’ ' 

ieath deajpted by v. theb wiU 


■of tte 


St=S V. X 


AB COS A — * BC OOf C 




or,.^bst«!Utjng ~ for its egoal’';^ "w^,^ 

SjinO'Bcsfei' X (bc ^ — bc.^^.j '"■' 

^ ' Sin A • nn cr ^ - 

or, finally, bc . bC {cot A - 

Tkis equation (in tixe use o( trldch it tnuSt be recollected 
jtfcat 0 taken in seconds should be dmdod by that is, by 
4he length of the radius expressed seconds) givet^he error, 

BC in the estimation of nc occa^^J^’^d by the errors iri the 
^ngfes A and c^. Hehbe, that th^e ertbrs, sqpposmg them 
to be equal, ihay h^ve no influemiec|)n the determination of 
BC, w must have a as c, for in that dasfe the second member 
1 'bf the equation will vanish, 

* a 

But, as the two errors, denoted by a, and c, wliich we 
have supposed^ be of the same kind, or in the same direc- 
tion, may be committed In di®fent directions, when the 
equation will be bc = ± * bc (cot a + cot c) 5 we nnist 

enquire what magnitude the angles^-A stud c ought t6*!iave, 
, BO that the sum of their cotangents shall have the least value 

. * it 4# * . 

passible J for in this state it is rritoifest that bc will have its 
least v^ue. But, by the fommla: in chap. 3 , we have 

, ^ _ fiio (a 4 c) ^ sin (a + c)^ ' 

cot A -T ^ slnXr^ c J cos (a 05 c) --''^co.V (, i c) ^ 


3 Rin 0 


cos j[A vO C) + cos B 

ss ± t? . BC 


2 sitt B. 

cos (A aa c) 4' 0 <mp>’ 


Consequently, bc 

And hencoi whatever be the magnitude of the angle Bj^the 
error in the value of bc will be the least when cos (a C) is 
the greatest possible, wdiidi is, when a = c.' 

We may therefore infer, for ^a general rule, that iht wost 
tjiiwtiiastms state df a irikngk^ t^hm we wmdd 'detSrMim 
Me is tpken the be^Se h cqimlto the sUetiou^t^ 


3. Since, by this rule, the bas^-i^ould be equal to the side 
$ought> it k evideut’that'^to 

m&st '^dvmi^gm^s/mkiition-l^ d}^ is ^thafM tk 

epuUutemL' y'' '' ‘ " '*' '' ' r' 

It 



' ' , 'Its 

' ’ **•, '-:^ ' / ' . ' ' ' ' - 

,t ” #’. , ■I^9r«!^)lji^^|jieiii%'^ .t^sepiii '^tticswawa*- 

.|»06i^ tiMt'ief jg:% «£ ’ 

that its (%ectipil at k3st;i:^^ b$ ci^^eii jj^easiiit^ Tffgjwy f^ 
to cn<}<)ir^ifth3tthat 4ir^«^-£iuwld''’b^_(_’ih .thC'caise^^ 
'one only ^ &e other tW jsidea c^the tnaio^les is to be,i^ 

het it be imaghji^i as before, that AB, is the btt» .ofthe 
triangle abc, and bcS the side v^ulred* it k proposed to fiiKl 
the least Valoe tjf cot a iccn;c»t«di.ehwecaQ&dt]ia'^e * as ei 
Npw, in the case where the, negative sign obtains, we hai(» 

cot A cdt c = — , — , — ss — , 

»k: . ■ A»:i, sm A . A» * ins,*' sijet^ 

This equatiOT again njamfestly indicates the equality of and 

in circumstances trhere ip h piossible ^ hut if and sc 
Are consent* it h evidew^y from the form of the denpmittati^ 
,p{ the last fraction, that th|t fraction itself will j^e the least, t)r 
cot A — cot c the w^n sin n is a maximum, 'that ^ 
when'n = iKr‘ " 




6* When the positive ;%n4>btams, we have cot A + cot c ^ , 


cot A •+■ 


V^(BC°— All* sm^ A) 


=: cot A + v'^ 




-i). 




A» «in A ^ *“ * ^ 'ab^ sin® a 

Here, the least value of the expression under the radical sign, 
is ohviqusly when A = W""* ^nd in that cafe the fim temij 
cot A, would disappear, Tlicrefore the least value of cot a:^ 
cotifC, obtains when a=? 90^; conformably to tjie rule given 
by Bouguer {Ftg; de ia Terre^ pa^ S8). But we havfj 
already seen that in tlie case of cot a -- cot c, we must ^aye 
B s= fX). Whende we collide, since the conditions a p 90"’, 
B = 90”, cannot obtain simultaneously, that a^mediutjj. i*esuk 
would give A.r: u. ! 

If we apply ^ the side ac the same reasoning as t© bo, 
similar results willTjel obtained ; therefore; in g€neral| •Sften 
the base cannot be equal to one or to,^both the sides required^ 
the niosi advantageous condition of triangle is^ that the 
base be tfm longest fomhlCy and that the tu^o angles at the 
bme be equal. These equal angles, hotvever, $l|ould never, 
if po$$ib)c, be less than degrees* * \ ^ 


. ..rnWLEM II. ' . f 

To d^^ucc, from Angles measured Out of brie of the , 

^ but Near it, the True Angles at the kiHon, ' 

"^henihe centra of the mstrame^t cannot be placed in the 
vertical line aatis of a signal, diOvanglejs oh- 

^ervijdmust undergo a reduction, according to ciremnstanceA* 

1* Let 




V f , , 

I. let e be 

f the plate of the ci&htre‘of ttie lostttt* 
aiMsit» or tihe «»nuoit«f the oi»erv«4Wi>' 
gle APB : }t Is retired to find ,th^ 
roeasnreof acb, suppodng there to, be 

knoim ATB 3 = P, BPC *s jp, bB a« dt 
3 lC = fc, AC 3 ER. t ^ ’..t 

Kince the ettetior angle of a ttlangGs !$ etjiiKd 
of the two intnriior Oppi^tte axtglesi^tL 10 GeomuX '<^ liHore, 
with respect to the triangle lAPt AIR R *b ; and with 
regard to the triangle bic, aib = c <f cbb. Making these 
two values of AtB^equai, aftd iraaipostng lar, thene Results 
c'^3; B + lAr — 

But the triangles cap, cbp, give 

sin CAP =? sin zap = sin apc 1 — . 

AC It 

sm CBP ia» ^ S sm ^VC ^ 

And, as the angks cAt*, car, are, bjr the hypothesis of the 
problem, always very small, thoir i&ies^may be substitmcd 
/or their arcs or measures : therefore 


c - J» 


d M»l {v ^ p) 
f( It 


#/• «irt 


I 


f,to t^ave th«,Xt!ducltion in seconds, 
c - p as - 

VIU 1" * B 




The use of this formula cannot in any case be embarraMMig, 
j^vided the signs of sin p, and silt (p + p) be attended to. 
Thus, the first term of the cotret^lOn will be positive, if the 
angle (p + p) is comprised between 0 and 1 00° j and it will 
become negative, if that angle surpass 1 80"'. I'he contrary 
will obtain in the same circumstances with itgard to the se- 
cond term, which answers to the angle of direction p. The 
letter B denotes the distance of the object A to the right, L 
the distance^ of the object b situated to thu^,left, and p the 
angle at the place of observation, betwei^ the centre of the 
station and the otyea to the left. 

% An appmximate reduction to the centre may indeed be 
ebtalued by' a single term ; but it is not quite so correct as 
the form above. For, by reduebtg the two framions in the 
second meqsber of the 4ast equatiem but one to a cpxM^ 
.denominator, tl|e cturection becomes ^ 

But the triahgle abc gives i, s ^ 

> And 






Andb«»^ »ewiy #9 tW«in«ef 

A + ? (a ‘*|h^4j)if ijmd may 

tbarifWe be -sjsfbaltbted Awr it, «aa)kj6g j. ;#? < 

Hence wt!'’ttaiiife!scly ibaire' ' ‘ ‘ _ , 



VPbi^, by t«fciin]{ tKf eatoaded expip«d®f)» Ibr afa» (p 4- p), 
and m (A, .•n j* iM «dttOB|^ *t? secw*^ jjtw , 


4 ffin JP ^ *in 

T-^'^srp- - 


R . S»)R A 


(xipy: 


9. WImhji either of the disit^ces a»^it.,,bepijiaies inAnite, 
with respect to d, the corresponding term in the exfxressioa 
art. 1 of this problem, vanishes, and have accartUng^y 

rf.piap „_<< fip(M-p) 

C — W Ot C — P IS «■»■ ¥ 

The first of these will ®ply when the object a U a heavenly 
body, the second when n is one. ' AVhen Itoth a and b are 
such, then c — P = O. 

Rut without supposit^ either A or b infinite, we may have 
— i» = 0, or c = p in inntunerahle instances: that is, % 
all cases in which the centre v of the instrument is placed hf 
the circumference of the circle that passes tlynugh thft thpee . 
points A, B, cj or when the angle b?c is eu^al to the anglts- 
BAC, or to BAC + ISO®. Whence, though c should he mac» 
cessible, the angle acb may commonly be obtained by ohser> 
vatii^, without any comj^tation. It may further be oh* 
jCrv^, that when r f-ill» in thd circumference of the circle 
passing through the three joints a, b, c, the angles a, B, e, 
may be determined solely «y measuring the an^es APjtand 
Bpc. For, the opposite angles abc, Arc, of the quadi^glp 
inscribed in a ^de, ace (theor- M Geom*) ~ ISOP, €onse^ 
quently, ABC 1S0*--.APC, and bap =s 180*— (Abc + *cb) 
~ i»o® •». (aijp 4 - Apb). 


4. If one <»f th* objects, vietred from a further statiob, be 
a’varte or staff in the centre of a steeple, it will fiequently 
happeh that such object, when the observer comes near it, is 
both invisible and inaccessible. Still there are various me* 
thods of fiinding tjio exact angle at ^c. Suppose, lbs example, 
the signohstaff be-in the.nentre ^ a 
cituttkr tewm*, and thM flte angle Afa - 
was tnhen at f near its base. lAt the 
tangents FT, Ft"^, be marked* and on 
theim two equal atblh^ distances 
PUS, m', be measured. Bisect mm' at 
the pednt n } ahd, placing there a signal- 

scan, 




TiUGomm^MiaAt* 


«msa3^tire th^ wrie ww, whfeli, m prolmgitd ob-* 
Vtotisly parses tharou^ c the centtfe,) #iB be tlie aingle of 
the preceding iuvesUgattiwi^ Also, the distance addtd to 
ihc raJms os of the tower, will give PC as rf in^ the former 
investigation. 

If the circumference of the tower cannot: be 
the radius thence inferred, proceed thus : Measure Ae aogles 
BPT, B?r', then will arc =* Kbpt + Brf) as p \ attd « 

BPT — BPc : Measure p r, then «= PT , set c?T = d. WJA 
the values of p and d| Aus obtained, proceed as before. 


If the base of the tower be polygonal and regular, as 
most comthonly happens t asitttoie p in Ac point Of intersect 
tion of two of the siacs prolonged,' and l(nrT *f urxO ^ 

as befwe, pt ss the distance From P to 
the middle of one of the sides whose 31 

prolongation passes through P} and 
hence PC is found, as above. If the 
figure be a regular hexagon, then the 
triangle nmn* is equilateral, and Pc 


> PKOntCM III. 

To Redtrtd itiglcr measured In a Plane Inclined to the 
horizon, to Uie Corresponding Angles in the Horizontai 
Plane. 


Let JSC A be an angle measurfrfl »a a plane inclined to tlxe 
horkon, and let n ca' be the conesponding angle in the ho- 
rizontal pUiiG. Let d and d be the zenith distances, or the 
coinplemcius of the angle of elevation aca', bcb'. Then 
from ? the zenith of the ohseiver, 
or of tJie tini 3 [le t, draw the arcs za, 
zb, of vertical cirdo, measuring the 
zenith distance, d, d\ and draw the 
aic ab of another gicat curde to 
meifeure the angle c. It follows 
from this construction, that iht an- 
gle z, of the spherical iriiugle tab, 
is equal to the horizontal angle j ann^^Aat, to find it, 
the three sjdes ta zzt d, zb zz d\ ub zz c, are gi>eu. Call ijbp 
sum of these s ; Aen the limiting formulae of prob. 2 ctu iv^ 
applied to present instance, becomes ^ ^ 



sin JfZ sin I9 ' 


X«1 il 4“ 


If 



. v^i»jg^tq.,oi®»ATj»58W*-v ' 12 T 


If h and A' of aj^lwf* thei 

pte€^rdi^,6X|)iiesS»iD^ w ' ; , . ’ t r • v ■''. 

^ ct»s 'A i'J^g'’^'' * ' 

Or, in logarithins, 

log Hh :log sir^: ^c 4, -*-? h') + log sin , 

% V* 4),— log cos. A — log cos //* 

l.^ If A = A'',ttufcn t5 8iM''|.c==~ and ' '- 
log sia Ia'cb' = 10 + J^g s|n 4 acd — ;lcig cos hr. 

Cor. 2. If tl^e angles A .ab'd h' 'Sad aearlf 

equal; thesis since the <^sin^ of fnJ^l.sBgl^,. vary e*- 
tremely slo'rtrty'* W may, withont sens^e, eirori ^|B 
log sin ^A'cii' = 10 + log w ,-i-AC» 1®S cos {(h -f h'^, 

Cor. 3. In this case the correction jr zz A cb' •»• acb, may 
be iquncl ihy the exioression • , f 


:sin l"(tan4c(iO-^-)»' 


.cotic(^y). 


And in this formula, as well as the finst given^for sin d 
and d' may be either oneior both greater or less than a Qua- 
drant ; that is, the equations will obtain whether aca^ aiid. . 
bcb' be each an elevation or a depression. ® 

’•' ' "'\ 'f 

Scholium. By means of this problem, if the ^altitude 0f% . 
hill be found barometrically, according to ih^i de- . 

scribed in the 2d volume, or geomctricallyi according to some 
of those described in bfeights and distances, or that given in 
the following problen:i 5 then, finding ,the angles formed at 
the place of observation, by any objects in the country beknv, 
and their respective angles of deprei»rion, their horizontal 
gles, and thence their distances, may be found, and thfeir re- 
lative; places fixed in a map of the country *, takings care to 
have a sufficient number of angles between intersecting lines^ 
to verify the operarions* 


PKODLEM TV. 

Given the Angles of Elevation of any Distant' objejct, taken 
Stt Irhree places in a Horizontal Right Line, which does 
not pass through the point directlv b^elpw the object $ and 
the Respective Distances between the stations; to find 
tlfe {{eight of^ the Object, audits Distance from either 
'smibh; '' ‘ ^ ' 

Let AE» be the hcfri^ontal plane : EE the ^rpendicUlar 
height of the object E al^ve thsNr'plane; A, b, c, the three 
places of observation ; faE| fbe, fce, the respective angles 

, V ‘ , of 



im 




bf ekvatio^j znJL b% the^ 
given idistHTices'. 'T](i:eB,^%ti?:fe 
tlie triangles A%r^ csr, arB 
all right ajigkd at eJ ti|ie4U 
stances Ae> be» will 
festly be as thecatangents nf th-^ 
angles of elevatioin at " 

c : and we have to deteminc 
the point E, so th:^t those lirtes 
may have that natio^.' To effett ^ '*■- 'i ' \ ■ ; 

thi| geom6trj[calte> hse the following « ^ ■ 

' tJ'OTtstruction^^ Take bm* on ac produced. to BCjr 
BK equal to AB j’andtnake ' 

MG : BC) : : €0t i : cot ' 

and bn( =; ah) : ng ; : cot b : cot c. 

With the lines mn, mGi no, con^kute the triangle mng j 
and join EG. Draw ae so, that the angle eab may be eqtiiil td 
MOB ; this Gne will ine^ bg pnoduced in E, the point in the 
horixoj)tta\plane falling perpendicularly below f. 

Demonstration. By the similar triangles abb, gmb> wet 
have AE : be : : MG : mb : : cot A cot b, 

and BE : ba( = bJ?) : : bm : bg. 

Therefore the triangles bec, bgn, are similar ; consoqpently 
Bb : EC :i : NG : : cot b : cotT» Whence it is obvious 
that AE, BE, CE, are respectively as cot a, cat .B> cot c. 



Calculation. In the triangle MGN^^all the sides are given, 
to find the angle gmn = angle aeb. Then, in the triangle 
MpB, two sides and the included angle are giveU, to find the 
angle mgb = angle baj^ Hencer, in the triangle aBb, are 
known ,a b and all the angles, to find ae, and bk. And then 
BE » AE • tan A =s BB i. tin b. 


Dihemm^ independent of the cmistrmlbni ikuSi 

put Ap = l)> JBC = £?, EF = X ; and then express algebraic- 
ally the flowing theorem, given at p. i 28 Simpsemx Seleft 
Exerdswif- , , 

A#u:^c CR* . ABtS BE* AC 4* AC . AS . BC, 
th^ l^.'in wiiig drawn from the vertex £ of the triangle 
ace, lo any point *b in the base. The equation t^hce ori- 
ginating « %’ 

. cw* A 4 DA'* . cot*c« (fr 4 d)s‘ . tot* B 4 (d + d|Dd. 
And from this, by transporing atl thte tinJcnqiini terms tonan^ 
dde, and exriacting the foot, thefe r^its • ' > 

, ■ ■.,'■• 

* ^ V + BV«a»<! 4 *) «**»’" ■ 

Whence 
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Viniencc EF is ^nowii, and the distances ae, be, ce, are 
readily found. - 

Cor, When d == t/, or o + = 2d = 2d y the expression 

becomes better suited for logarithmic computation, being then 
=: (/ -r ^7(4 cot“ a \- I cot^ C --- cot^ B> 

In this case, therefore, the rule is as follows : Double the log* 
cotai^cnts of the auglcb of elevation (»f tli{5 extreme statiojis, 
Jiiid fte natural numbers answering thereto, and take half 
their sum j from 'w^hich subtract the natural number answer- 
ing to twice the log. cotangent of the middle angle of elev'a- 
rion : then half the log. of this remainder subtracted from the 
iog, of the measured distance between the 1 sr and 2d, or the 
2d and 3d stations* will be the log of the hi iglu of the object. 



FKOBLEM V, 

fn Any Spherical Triangle, knowing Two Sides and the 
Included Angle ; it is required to lliid the Angie Compre- 
hended by the Choids of those two sides. 

Let the angles of the spherical tn- 
angle be a, h* c, the coi responding 
angles included by the chords a', JB", 
f/; the .‘'piicrical siJciS opposite the 
former u, by c, the chords respect- 
ively opposite the latter ct, /3, y ; then, 
there are given c, and a, to find a'. 

Here, from prob. I equa. l chap, iv, we have 
cos a :=z sin b . sin c • cos A ^ cos b . cos c. 

But cos c = cos ( Jc + ic) COS" -Jc - sin"" 4^ tby equa, v 

cb. hi) == ( I — sin" k )— sin'* — 1 — 2 sin^ 4^'. And in like 

manner cos « — 1 — 2 sirr U\ and cos b rz I — 2 sin^ i 6. 
I'herefore the preceding equation becomes 
t 2 sin*’ zi 4- sin ) h . cos . sin Jt* . cos J C • cos A + 
(1-2 sin" 4*) . (I - 2 sin^ ic). 

But sin \a zz 4a, sin \h zz ^|3, sin 4^ 4*/ • which values 

substituted in the equation^' we obtain, 'after a little reduction, 

1 » X — - ^ — . 1 . = . COS 46 . cos -\C . cos A + iiSV*"' 

^ ^ ^ + y’ — ft'* 


Therefore^ by 


Now, (equa. ii ch. ui)i cos a' rz • 
substitution, 

/3y . cos a' zz j^Y . cos . cob . cos a + i 
whence, dividing by fiy^ there results 

cos a" zz cos ib . cos jc . cos A + 4|S * \y ; 
or, lastly, by restoring the values of ]/3, ]/, wc have 

cos a' zr cos yJ . cos jc . cos A + i'in A • sin , . (I.) 
VoB, iih K 
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Cor. ] . It follows evidently from this formula, that wheif 
the spherical angle is right or obtuse, it is always gr^a^er 
than the corresponding angle of the chords. 

Cor. 'J. The spherical angle, if acute, is /ess than the cor- 
responding angle of the chords, when we have cos A greater 

, Sin M' . fiin Ic 

than ; 

1 —cos -lb . C04» 

PROBLEM VI, # 

Knowing Two Sides and the Included Angle of a Rectilinear 
Triangle, It is reqiiirexl to Imd the Spherical Angle of the 
Two Arcs of Viiicli those two sides are the chords. 

Here j8, and the angle a' arc given, to find A. Now, 
since in all cases, cos = ,^/(l — siir), we have 
cos - cos \c = ^^"[(l--sin^ ih) . (1 —sin^ 
we have also, as above, sin and sin -jC = ly. 

Substituting thc'^c values in the equation i of the preceding 
problem, there will result, by reduction, 

+ / 

To compute by this formula, tlie values ol the sides |3, y, 
must be reduced to the corresponding values of the chords of 
t circle whose radius is unity. This is easily efrecterl by di- 
viding the values of the sides given in feet, or lolses, &c, by 
such a j>awer of lo, that neither o£ the sides shall exceed 1?, 
the v:dae of the greatest chord, when radius is equal to unity. 
From this investigation, and that of the preceding problem, 
the following corollaries may be drawn. 

Cor. l. If c = by and of consequence y = )3, then wuil 
cos a' = cos A . cos^ 4- J-c j and thence 
1 — 2 sin^ := ( 1 — 2 sin'^ J* A ) cos^ ic + ( J — cos”^ |c) : 
from which may be deduced 

sin I a" = sin -'-A . cos . . . (Til.) 

Cor. 2. Also, since cos ^6 ri:v^(l — siid Ic) rz y^(l —*4/*), 
equa. ii will, in this case, reduce to 

* t SMi i A /TTT' \ 

Sin Aa = “71 rr-=-77 — p-,. . - . (IV.) 

^ ^ -ra. yiyJ • (* + 'iy) ^ 

Lor. 3 . From the equation Jii, it appears that the vertical 

angle of an isosceles spherical triangle, is always greater than 
the corresponding angle of the chords. 

Cor* 4. If A — 9U'^, the formulae i> li, give 
cos A* = sin \b . sin ic zz i^y. : , , (V.) 

These five formulae are strict and rigorous, whatever be 
the magnitude of the triangle. But if tlie triangles be small, 
the arcs may be put instead of the sines in equa, V, then 
Cor. 5. 'As cos a' = sin (90 *"— a') =: in this case, 90 '" -a'; 
the small excess of the spherical right angle over the corre- 
sponding 
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Iponding rectilinear azigle» will, supposing the arcs c, taken 
in seconds, be given in seconds by the following expression, 

= ..(VI.) 

The error in this fonnuh will not amount to a second, 
when /; + c is less than iO®, or than 700 miles measured on 
the earth’s surface. 


6. If the hypothenuse docs not exceed J we may 
substitute a sin c instead of c, and a cos o instead of 1) j this 
will give he = \ sin c . cos c 

sin : whence 

(9(;= _ A') (Vli.) 

J o 


. sin - b) = 


If = 1 i and B = c := 45° nearly ; then will 90" -* a' ~ 1 7"'7 

Cor. 7. Retaining the same hypothesis of A = 90*’, and 
a -■= or < 1 we have 

, . cot a he /XTTrr \ * 

B-n (VIII.) 




Also c - c' = (IX.) 

Cor. 8, Ct»mparing formula viil, IX, v,ith vi, we have 
.B — b' = c — c' = a'). Whence it appease tlrat the 

Gum of the two excesses of the oblique spheri-M] angles, over 
the corresponding angles of the chords, in a small right-ai'- 
gled triangle, is equal to the excess of the right angle over 
the corresponding angle of the chords. So that cither of the 
formulae vi, vii, vin, jx, wnll suffice to determine the differ-^ 
dice of edch of the tlirce angles of a small right-angled sphe- 
rical triangle, from the corresponding angles of the chords. 
And hence /his metliod may be applied to tlie measuring an 
arc of the meridian by means of a series of triangles. See 
arts. S, 9, sect. 1 of this chapter. 


PROni^EM VIT. 

In a Spherical Triangle ajbc, Right Angled at A, knowing 
the Hypothenusc bc {less than 4") and the Angle a, it is 
reqyired to find the Error e committed through finding 
by Plane Trigonometry, the Opposite Side" A^c. 

Referring still to the diagram of })rob. 5, where we now 
suppose the spherical angle a to be right, we have (theon 10 
chap, iv) sin o = rin a . sin B. But it has been remarkc^d at 
pa. 5 vol. ii, that the sine of any arc A is equal to the sum of 
the following series ; 

A3 , A* A? I o ^ 

sm A — . A - 2.3 + ii,3.4.5 2.3. 4.5. 0.7 ^ * 

or, sin A = A - ^ + j-20 - 5555 + 

K2 And. 
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And, in the present enquiry, all the terms after the secondf 
may be neglected, because the .otli power of an arc of 4 ® di* 
vided by 120, gives a quotient not exceeding Con- 

sequently, we may assume s\n b b 4.6^, sin « = a ; 
. and thus the preceding equation will become, 
b — = sin B{a — 

or, 6 = tf . sin B — l{a^ . sin B — b^). 

Now, if the triangle were considered as rectilinear, wc should 
have h zz a , sin jb ; a theorem which manifestly gives the 
side b or ac too groat by ^(a? . sin B — h^). But, neglecting 
quantities of thc^^^lifth order, for the reason already assigned, 
the last equation ^ut one gives . siii^ B. Therefore, 

by substitution, e = — 4^^ . sin b(I ^sin* b): or, to have thij^ 
error in seconds, take r" nr the radius expressed in seconds, 

, „ . «* . ros^ h 

SO shall 6’ = — <2 * sin B . 

O »i R 

Cor, 1. If = 4% and b nr S^'^lb', in which case the 
value of sin B . cos’ B is a maximum, we shall find — 41"^ 


Cor, 2. If, with the same data, the correction be applied, 
to find the side c adjacent to the given angle, we should have 


e* ^ a . cos B . 


3ft' »" * 


So that this error exists in a contrary sense to the other ; the 
one being subtractive, the other additive. 


Cor, The data being the same, if we have to find the 
angle c, the error to be corrected will be 


As to the excess of the aix over its chord, it is easy to find it 
correctly from the expressions in prob. 5 : but for arcs that 
are very small, compared with the radius, a near approxima- 
tion to that excess will be found in the same measures as the 
radius of the earth, by taking of the quotient of the cube 
of the length of the arc divided by the square of the radius. 


PROBLEM vxir. 

It is required to Investigate a Theorem, by means of which, 
Spherical Triangles, whose Sides are Small compared with 
the radius, may be solved by the rules for Plane Trigono- 
metjw, without considering the Chords of the respective 
Area or Sides. 

Let (/, 6, c, be the sides, and a, b, c, the angles of a sphe- 
rical triangle, on the surface of a sphere whose radius is r j 

then 
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%lien a similar triangle an the surface of a sphere whose radius 
= 1, will have for its sides -7-3 which, for the sake 
of brevity, we represent by a> /3, y, respectively : then, by 
equa. i chap, iv, we have cos A n ; — 4 

^ * sm . sin y 

Now, r being very great with respect to the sides a, c, 
-we may, as in the investigation of the last problem, onut all 
the terms containing higher than 4 th powers, in the series 
for the sine and cosine of an arc, given at pa. .5 vol. ii : so 
shall we have, without perceptible error, ^ 

cos “ = 1 - T + ^ ^ 

And similar expressions may be adopted for cos cos y, 
sin y. Thus, the preceding Equation wiU become 
■+ - y^) - iP-'V 

Multiplying both terms of this fraction by 1 4' v(iS*^ + y^)> to 
simplify the denominator, and reducing, there will result, 


cos A = 


jS^-» ft* ^ + ^ 


. 24/Sy 

Here, restoring the values of a, |3, y, the second member of 
the equation will be entirely constituted of like combinations 
of the letters, and therefore the whole may be represented by 

cos A — — + • • * (!•) 

Let, now, a' represent the angle opposite to the side tf, in 
the rectilinear triangle whose sides are equal in length to 
the arcs a, 6, c ; and we shall have 

Squaring this, and substituting for cos‘ a' its value 1 — sin®’ h\ 
there will result 

sin" A' = N. 

So that, equa. l, reduces to the form 


Ic 

cos A = cos A' — 


Siin‘ A. 


Let A = a' + .r, then, as x is necessarily very gmall, its second 
power may be rejected, and w e may assume cos A rz cos a' — 
X . sin A ; whence, substituting for cos A ^this value of it, we 

shall have a’ = — sin A'. 


6r» 


It hence appears that x is of tlie second order, with respect 
to and — ; and of course that the result is exact to quan- 

r r 

cities within the fourth order. Therefore, because A = t’+s, 


be 

Gr* 


A = a' + ^ . sin A’. 
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But, by prob. 2 rule 2, Mensuration of Planes, {IfC sin a' in 
the area of the rectilinear triangle, whose sides are Uy by and 

Therefore a = V -b ' 

, area 

or A = A - — . 

In like 
manner 

And n: 1 = A 4- B I- c ' 

or, — = A + 15 t 180^ 

) ‘ 

Whence, since the spherical eSkess is n measure of the area 
(th. 5 di. iv), we have this theorem : viz. 

y/ spherical triangle beniL^ propost d^ o, n^nich the sides are 
very suioUl, compared Xihiii tir radium of liie riplinr ; ifjrom 
each of its angles one ikuy oj the eawss of the sum oj its 
three angles above two right angles be subtracted^ ihc angles 
so diminished, viay bf taken j or the angles of a rectilinear 
triangle^ ijclja^se 0re equal in Icr.gik to these of the prtu 
posed spherical ttiingle 

S' ^ Scholimn, 

We have already given, at th. 5 chap, iv, expressions for 
finding spherical cacc^s, m the two cases, where two sides 
and the included angle of a triangle are known, and where 
the three sides are known. A few additional rules may with 
propriety be presented here. 

i. The spherical excess h. may be found in seconds, by the 
expression i: =: py where s is tlie surface of the triangle = 

ibc , sha A = lab . sin iac . sin b = ^ 

* ^ Mn (b + c) ^ 

the radius of the earth, in the same measures as by and c, 

and 'Bi" = 206264 the seconds in an arc equal in length to 

the radius. 

If this formula be applied logarithmically j then log K*' = 

loKd-7s= 5-3M.4251. 
fc> an* 

‘0 5 t .» n unoul bv M, , >ii the 

' 1 'M ' ' »H7 l^cLPiMlrf’s v„ga uj|i ib nearly 

' I ’ "f TijfHOot. given by Swaabertf, at 40, 

’ ' ' t .*j\> *u.‘. Luppoule;'’ imt it is defective in 



2. From 
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S. From the logarithm of the area of the triangle, taken 
as a plane one, in feet, subtract the constant log 9*3267737, 
then the fjemainder is the logarithm of the excess above 180% 
in seconds nearly *. 

3, Since s =: -^dc • sin A, we shall manifestly have E 
— be . sin A. Hence, if from the vertical angle b we demit 

the perpendicular Bn upon the base Ac, dividing it into the 
two segments a, we shall have Z» = a + )3, 

and thence e = c(a -|- fi) sin a = ^ ac. 

sin A + ^ ^ sin A. But the two right- 

angled triangles abd, cbd, being nearly rec- A.C 
tilinear, give z = a , cos Cy ^ cos a j 

whence we have ^ 



* R.* 

E = fie ^ sin A . cos c + - 


Sira 


4r . sin A . cos A. , 


In like manner, the triangle ABC, which itself is so small as to 
difler but little from a plane triangle, gives t . sin a . sin c.. 
Also, sin A . co$ A r: ^sin 2 a, and sin c . cos c = Jsin £c 
(eqiia. xv, ch, iii). Therefore, finally^ 

E = . sin 2c + • 

47 * ' 


4r» 


sin. 2 a. 


From this theorem a table may be foriited, from which th© 
spherical excess may be found ; enteri|ig the table with eacli 
of the sides above the base and its adjacent angle, as argu- 
ments. 

4. If the base &, and height A, of the triangle are given, 
then we have evidently e = ^bh Hence results the fol- 


lowing simple logarithmic rule : Add the logarithm of the 
base of the triangle, taken in feet, to the logarithm of I he 
perpendicular, taken in tlie same measure 5 deduct from the 
sum the logarithm 9’fi27B037 5 the remainder, will be the 
common logarithm of the spherical excess in seconds and 
decimals. ^ 

5. Lastly, when the three sides of the triangle are given 
in feet *, add to the logarithm of half their sum, the logs, of 
the three differences of those sides and that Iralf sum, divide 
the total of these 4* logs, by 2, and from the quotient subtract 
the log, 9*3267737 ; the remainder will be the logiirithm of 
the spherical excess in seconds &c, as before. 

One or other of these rules will apply to all cases in which 
the spherical excess will be required. 


* This is General Roy’s rule given in the Philosophical Traiisacti(»ws, ihr 
1790 , 171 . 
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PROBLEM IX. 

Given the Measure of a Base on any Elevated Lcvfel ; to find 
its Measure when Reduced to the Level of the Sea, 


Let T represent the radius of tlie earth, or the distance 
from its centre to the surface of the sea, r h the radius re- 
ferred to the level of the base measured, the ahitude A being 
determined by the rulejt fur the measurement of such altitudes 
by the barometer and thermometer, (p. vol. ii, ^>th edi- 
tion)*, let n be the length of the base measured at the eleva- 
tion A, and b that of the base referred to the 
level of the sea. "I'hcn because the measured 
base is all along reduced to t^ horizoniul j)lanc, 
the two, R andy>, will be concentric and sjmilar 
arcs, to the respective radii T -h A and r. I’herc- 
fore, since similar arcs, whether of spheres or 
spheroids, arc as their radii of curvature, we have 

r 4 A : r : : B : A . 

r-fh 



Hence, also b 
viding bA by r 4* h, wo shall have 


A B — 

** r-i-4 


r\h 


A = B X (-: — 


h'^ 


4. ^ ^ 
~ 73 


or, by actually di- 
4 &c.) 


Which 1 $ an acenrafe expression for the excess of b above A. 

But the mean radius of the earth being more than 2 1 mil- 
lion feef; if h the ditfercncc of level were 50 feet, the second 
and all succeeding terms of the series could never exceed 
the fraction may therefore safely be ne- 

glected : so that for all practical purposes we may assume 

Or, in logarithms, add the logarithm of the 

measured base in feet, to the logarithm of its height above 
the level of the sea, subtract from the sum the logaritlim 
*7*5223947, the remainder will be the logarithm of a number, 
which taken from the measured base, will leave the reduced 
base required. 


PROBLEM X. 

To determine the Horizontal Refraction. 

1 . Pfirticles of light, in passing from any object through 
the atmosphere, or part of it, to the eye, do not proceed in a 
right line ; but the atmosphere being composed of an infini- 
tude of strata (if we may so call them) whose density increases 
as they are posited nearer the earth, the luminous rays which 

pass 
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jaass through it are acted on as if they passed successively 
through media -of increasing density, and are therefore in- 
flected more and more towards the earth as the density aug- 
ments. In consequence of thib it is, that rays from objects, 
whether celestial or terrestrial, proceed in curves which are 
concave towards the earth; and thus it happens, since the 
alvyays refers the place of objects to the direction in winch the 
rays reach the eye, that is, to the direction of the tangent to 
the curve at that point, that the appartint, or observed eleva- 
tions of objects, are always p eatei' than the true ones. The 
difference of these elevations, which is, in ^ct, the effect of 
refraction, is, for the sake of brevity, refract ion : and 

it is distinguished into two kinds, horizontal or terrestrial 
refraction, being rhnt whicltoflccts the altitudes of hills, 
towers, and other objects on tne earth’s surface ; and astro- 
'nomical refraction, or that which is observed with regard to 
the altitudes of heavenly bodies. Refraction is found to vary 
with the state of the atmosphere, in regard to heat or cold, 
humidity or dryness, ; so that, determinations obtained for 
one state of the atmos])here, \vill not answer correctly for an- 
other, without niodiiication. Tables commonly exhibit the 
refraction at difierent altitudes, for some assumed mean state. 

With regard to the horizontal xah^ciion^ the following 
method of determining it has been successfully practised in 
the English 'rrigonometrical Survey. 

Let A, a', be two elevated stations on 
the surface of the earth, bd the inter- 
cepted arc of the earth’s surface, c the 
earth’s centre, ah', a'h, the horizontal 
lines at a, a', produced to meet the oppo- 
site vertical lines ch', cu. Let a\ re- 
present the apparent places of the objects 
A, A ,then is a' Ah! the refraction observed 
at A, and a^A the refraction observed at a'; and’ half the 
sum of those angles will be the horizontal refraction, if we 
assume it equal at each station. 

Now, an instrument being placed at each of the stations 
A, a', the reciprocal observations are made at the same in- 
stant of time, which is determined by means of signals or 
watches previously regulated for that purpose : that is, the 
observer at a takes the apparent depression of a', at the 
same ino'^'nent that the other observer takes the apparent 
depression of a. 

In the quadrilateral AC A'l, the two angles a, a' are right 
angles, and therefore the angles i and c jre together equal to 
tivo right angles : but the three angles of the triangle iaa' 
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arc together equal to two right angles; and consequently the 
angles a ami a' are together e][ual to the angle c, which is 
measuicd by the arc bd. If therefore the sum of the two 
^le})rc5^'ioiis ha be taken from the sum of tlie angles 

ha'Aj which is equivalent, from the-angle c, (which 

is known, because its nieasdire bd is known); the remainder 
is the sum of both refractions, or angles uaa^ r/'AA'# Hence 
this rule, take f/te sum of the iw depressions from the vieeu 
sure of the inter^^epted terrestrial arCy half lire remainder is 
ike Tvjraciioiu 

3 . if, by reason of the nunuteness of the contained arc kd* 
one of the objects, instead of being depressed, apjx'ars ele- 
vated, as suppose A \oa": then the sum of the angles o'aa' and 
17 A' A will be greater than the^um iaa' + ia'a, or than C, by 
tlu? angle of elevation a ' a a ; but if from the former sum 
there be taken the depression ha'a, there wdll remain the 
sura of the two refractions. So that in this case the rule be- 
comes as follotvs : take the depression f'om the sum of the 
coniamed arc and elevation y half the remainder is the re* 
fraction. 

4. The quantity of this terrestrial refraction is estimated 
by Dr. Maskeljme at one-tenth of the distance of the object 
observed, expressed in degrees of a great circle, 80, if the 
distance be 10000 fathoms, its 10th part, 1000 fathoms, is 
the 6()th part of a degree of a great circle on the earth, or T, 
tvhich therefore is the refraction in the altitude of the object 
at that distance. 

But M. Legendre is induced, he says, by several experi- 
ments, to ailow only r ^f^h part of the distance for the refrac- 
tion in altitude. So that, on the distance of 1 OOOO fathoms, 
the 14 th part of which is 714 fathoms, he alloAvs only 44 "' of 
terrestrial refraction, so many being contained in the 7 1 4 
fathoms. See his Memoir concerning the Trigonometrical 
operations, &c. - 

Again, M. Delambrc, an ingenious French astronomer, 
makes the quantity of the terrestrial refraction to be the 1 1 th 
part of the ar(jb of distance. But the English measurers, 
especially CoL Mudge, from a multitude of exact observa- 
tions, determine the quantity of the medium refraction to be 
the 1 2th part of the said distance. 

The quantity of this refraction, however, is found to vary 
considerably, with the different states of the weather and at- 
mosphere, from the |th to the of the contained arc. 
See Trigonometrical Survey, vol. 1 pi" 160 , 355 * 


Scholium^ 
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SihoUum* 

Having giverf the mean results of observations on the ter-p 
^•estrial refraction, it may not be amiss, though we cannot 
enter at large into the investigation, to pr^psent her^ a correct 
table of mean astronomical refractions. The table which has 
been most commonly given in books of astronomy, is Dr. 
Bradley^s, computed from the rule r re 51" X cot (a + 3r), 
where a is the altitude, r the refraction, and r — U'36*' when 
But it has Leenfomjd by numerous observations, 
that the refractions thus computed .are rather too smalL*-^ 
Laplace, in his Mccanique Celeste (tome iv pa. 27) deduces 
a formula which is strictly similar to Bradley’s; for it is 
r = m X tan (2 — 7?r), where z is the zenith distance, and m 
and n are two constant quantities to be determined from ob- 
servation, The only advantage of the formula given by the 
French philosopher, over that given by tlie English astrono; 
mer, is, that Laplace and his colleagues have found more 
correct coefficients than Bradley had. 

Now, if R = 57^^*2907795, the arc equal to the radius, if 
we make m = (where it is a constant coefficient which, as 
well us w, IS an abstract number,) the preceding equation will 
become =■ k x tan (z — nv). Here, as the refraction r ii» 
always very small, as well as the correction nr^ the trigono- 
metrical tangent of the arc nr may be substituted for thus 

we shall have tan nr =: k , tan (z — nr). 

But nr = 4-2 — ( jz — nr) , . , . z — nr == ^z + (i-^ 

tan ( r ) . r n \ 

p tan nr 2 2 sin g. — sm inr) 

onseq. v gma + sm ( 7 — 2nr) 

tan(— + — *— ) 

Hence, sin {z — 2ur) ts , sin 2. 

1 - Jc 

This formula is easy to use, when the coefficients 7i and 

are known : and it has been ascertained, by i mean of many 
observations, that these are 4 and *99765175 respectively. 
Thus Laplace’s equation becomes 

sin (z — 87 ’) = *99765175 sin z : 
and from this the following table has been computed. Besides 
the refractions, the differences of refraction, for every 10 
minutes of altitude, are ^ven , an addition which will render 
the table more extensively useful In all cases where great ac- 
curacy is required. 


Table 
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PROBLEM XI. 

To find the Angle made by a Given Line with the 

Meridian. ' 

1. The easiest method of finding the angular distance of a 
given line from the meridian, is to measure tlie greatest and 
the least angular: distance of the vertical plane in which is the 
btar marked x in Ursa minor (commonly called the po/c 
from the said line : for half the sum of these two measures 
will manifestly be the angle required. 

2. Another method is to obserx^e xvhen the sun is on the 
given line ; to measure th§ altitude of his centre at that time> 
and correct it for refraction and parallax. Then, in the sphe-* 
rical triangle ZPS, where z is the zenith 
of the plate of observation, P the ele- 
vated pole, and s the centre of the 
sun, there are supposed given zs the 
zenitli distance, or co-altitude of the 
sun, PS the co-declination of that lu- 
minary, pz the co-latitude of the place of observation, and 
ZPS the hour angle, measured at the rate of 15’ to an hour, 
to find tlie angle szp between the meridian pz and the ver- 
tical zs, on which the sun is at the given time. And here, 
as three sides and one angle arc known, the required angle is 
readily found, by saying, as sine zs : sine zps : : sine PS : 
^ine p*zs that is, as tlic cosine of the sun’s altitude, is to the 
sme of the hour angle from noon ; so is the cosine of the 
sun’s declination, to the sine of the angle made by the given 
vertical and the meridian. 

Nofe, Many other methods are given in books of Astro- 
nomy j but the above are sufficient for our present purpose. 
The first is independent of the latitude of the place 5 the se^ 
cond requires it. 



PROBLEM XII. 

To find the Latitude of a Place. 

The L’titiide of a place may be found by observing the 
greatest and least altitude of a circumpolar stp, and then 
applying to each the collection for refraction ; so shall half 
the sum of the altitudes, thus corrected, be the altitude of 
the pole, or the latitude. 
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For, if p be the elevated pole, st 
the circle described by the star, pa, 
ts: Ez the latitude : then since p^ = ; 

p/, PE must be = -f a^). 

This method is obvionsly indepen- ^ 

dent of the declination of the star? 
it is tlierefore most commonly adopt- 
ed in trigonometrical surveys, in 
which the ^telescopes' employed are 
of such power as to enable tlie obserW fd %te stars in the 
day-time : the pole-star being here also made use of. 

Numerous other methods of solving this problem likewise 
are given in books of As^onomyj but they need not be de- 
tailed here. 

CoroL If the mean altitude of^a circumpolar star be thus 
measured, at the two extremities of any arc of a iheridian, the 
difference of the altitudes will be the measure 6f that arc : 
and if it be a small arc, one for example not exceeding a de- 
gree of tlie terrestrial trieridian, since such small arcs differ 
extremely little from arcs of the circle of curvature at their 
middle points, we may, by a simple proportion, infer the 
length of a degree whose middle point is the middle of that 
arc. 

Scholiiim, 

Though it is not consistent with the purpose of this chap- 
ter to enter largely into the doctrine of astronomical spherical 
problems ; Vet it may be here added, for the saJ^e of the young 
student, that if a = right ascension, d = declination, I ^ 
latitude, k zz longitude, p zz angle of position (or, the angje 
at a heavenly body formed Ijy two great circles, one passing 
through the pole of the equator and the other through the 
pole of the ecliptic), / z: inclination or obliquity of the eclip- 
tic, then the following equations^ most of which are new^ 
obtain generally; for all t^ stars and heavenly bodies, 

1. tan a = tan X , cos f — tan / . sec k , sin ?. 

2. sin </ = sin A « cos ^ . sin i b sin / . cos i, 

3. tan A = sin i . tan rf. sec a b tan a . cos i. 

4. sin I zz sin d . cos i — sin a . cos d . sin i, 

5. cotan p = cos d, sec a , cot i + sin d . ’tan a, 

6. cotan jO = cos / . sec A . cot i — sill 7 . tan A. 

7. cos n . Cos d =s cos / . cos A. ' 

8. sin p . cos d = sin i . cos A. 

9. sin p . cos A = sin i , cos 

10. tan = tan A . cos i, 1 whenTac 0, as is always the ease 
1 1 • cos ^ s= cos u • cos d» 5 -with the sun. 



The 
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The iiivfistigatijm of these equations, which feomfeted for 
the sake of breyitjTf depends on the resolution of the spheri* 
cal triangle ^ho^e'^anglfes are the j^les of the ecliptic and 
equator, and the given star, or luminary. ^ 

FittmLEM xni. 

To detcrifiin# the Ratio ^the Ear|h^siAxes, and thejr Actual 
Magnitude, the^casure of a Degree or Smaller 
Portion* of a^^l#Brldian In Two Given Latitudes j the eartl^ 
being supposed a spheroid generated by the rotation of ai3» 
ellipse upon its minor axis. 

Let A r>ri ?■ re] »resent a meridian 
of die earli^ DTi its minor axis, 

AU a diameter J' the equator, 

M, «i, aiTS qf tiifi same numher 
of degrees, or the same parts of 
a degree, of which the lengths 
arc measured, and which arc so 
small, compared with the mag- 
nitude pf the earth, that th^y* 
may be corisidl^red as coinciding with arcs of the osculatorf 
circles at their respective middle points; let Mo, wo, the radii 
of curvature of those middle points, be r: r and r respectively ; 
Mr, mpf ordlnatesfierpendicf ku" to ab : suppose further cd=c; 

CB = ^ ; d? =: c* ; CP := .r ; c/i = w ; the radius or sine 
total == 1 ; the known angle JBsM, or the latitude of the mid-; 
die point m, 2£ t ; the known angle bs»;z, or the latitude of 
the point ?«,=:/; the measured lengths of the.; arcs M and 
being denoted by thoS^e letters respectively. 

^ Now the similar sectors whose arcs are M, m, and radii of 
curvature r, r, give R : r : : m : m ; and consequently van zz 
rM. The central equation to the ellipse investigated at p. 29 

of this volume gives 

also SP = ^ ; spzz ^(by th. 17 Ellipse). And the method 

of finding the radius of curvature (Flux. art. 74, 75), ap- 
plied to the central equations above, gives 



K s= 


c*d 


and r : 


C*(i 

the triangle spm gives sp : pm : : cos l : sin l ; that is, 
• IT •■£■*) : : coy. : sin L; whence x ~ 


On the other hand, 

COS L 




And from a like 


p«4i 


\ th^e results, = 


d* COR* I 


4»-^*sin*r 

Substituting in the equation Ktn = rM, for e, and r their 
* values^ 
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vajues; 4br and values just fomSd, ^and observing 

,<liat . sin* L + x: os*L =5 1 « and sin* / +. (pos*/ t=s I , w,e sball fitad 

, A,V ' ' ' 


" , (d^-easWO^ (d« - «f» 

or -- e* sin* /)^ = M(d* - sin* 

OT — 6* sinH) ==^M^((i!* sin^ ^ 

Fi^m this there arises 

H »?^) t V 

If , * i" “T" 4 . • , “Jr ^ 4^< * 

' s‘m* L — tn' flin® Z ^ • !( 

and consequently the re<;wocal of this fractioni or . 

' « , ^ ' I ^ i i ' 1 ' 

»f« ^ M* piri* t. - m* sin« t siii l + «»* sin Z) , (m* sin sin /) 

* i- cos^ h cos4+ cos tO .-(^^i^^^cos I co« 1 ) 

tV'hcnce, by extracting the root, th^e results fi^lly 


d ^ *' + ***^ •*** 0 * (m ^ 1 ?m i) 

c ^ ^ ^ j * J * * 

(w^ cos Z + coa I ) , (m^ cos I — m®' cos jl) ^ - 

Th^, expression, which is simple and symntfetricaf, J^as been 
obtaiped without any developement into tj^itnout any 

omission of terms on the s^upposition that theyjifeilidefinitdy 
smallifior any possible deviation /rom cori^ectness, except what 
may arise from the want of Coij^^idence orthe oifcles 9f cur- 
vature at the middle pointsS^of tm arcs measured, with the arcs 
themseltea-, and tbis source* of error may be dimimshed at 
^pleasure, by diminislpng the liagnitude of t|^^cs measured : 
though it must he acknowledge tliat such*u procedure may 
give rise to errors in the practice^^wbicll niay more than 
teroalance th,e small one to whieh we have just adverted. ^ 


Cor, Knowing the number of degrees; or the parts of de- 
grees, in the measured arcs m,' w, and their lengths, which 
are here regarded as the lengths of arcs to the circle which 
have B, r, for radiit those radii evidently become known in 
magnitude. At the same ri*ne there are given the algebrait 
values of R and r : 4hu$, taking R for example „i«idextermi- 

. hating e* and there results r — ^1— Thcfrc- 

forct by pucj;^^ in this equation, o£ d to c, 

there will remaii| only oncunknoupfli^ity C, which 
may of couife be easilj^etermij^i^by me fe|^dtiph of<vthe 
last equatJo^V a^d thus all the ,ot the terrestrial 

spheroid wail 'become known. 

' » , j/' ‘ 

Geitmd 








'«lid it' .bfgcogtnct lnracrtt 

if" 



■ -'n ^ 

(iw **ariW8s^l; " 

Jm (^cfeMncw-'aane fpeawf^ 
tha);i..ajii^,M Mi iii<^ itocdo^iiviWL 

of w.ltpPwit' !ri5l®9i3*pij;?7, aad lalet.i<M»«t|reW.feaw 
lie^pi^e« ;ot«jl{^^ llw''*!|il«!#'‘ 

-|;^e ;n^»<i^r^',;by 
MocMb l^lambr^ ^«s fo^be conjipniiKtm idso 

d ar 32^1208 toiseSf C =s S2S144|«)tO)sesj^d-^de: 9*jf85 
” ~ aphfflcAIj'froin the di^sees' af«li« eijaa* 

"gives -g^-< ' ^.^DalbjraaahwdisS 

34B9932 S47$656. Coi. » 3491420* 

c s»MtiaO074,ftr 709S and 'J882 ntileSi degree ineaM 
sv]«d-^i|^intai^n!l^ared addict nseasnredin 

Swanbe^g|^|pj|(S» cot^iresnt^, ,*? S\w^berg*s • ;oh4er- 



tor and 


vationv 



jrith 


give, 


S29S5* 


compared i^Ji. the deg^t»fi|>elte^ fn4 .Mecbaiiai 

f~^AW« HM^ik '<airy*a A«B f J ,- ■' . ' ^ ‘ .. 4, aWavV^J 


Compared with'lduor Lambl^^ 


&07ir 


of eirorsln France* and Pwn^ 

Hint the lunar inod(^ 


;. ''frctia'^ 

theoiy of gravity as af^lied to the lattut chseirvataoils Burg* 
Made^^fne] iu:, 


309-05 


-.From: the variadon ^the pmlnkm 
in lathndes Ao^iunt asssmiag Ae va* 



isnloa J^.>6tli^ 


■ifti Fiip^ 


f5g;|4e bm S» ^ gjrtfatw 

'hut -ilttie hrdijl j |. fhiiflr 

leia of 'tiie,|^|i^|doh’'!uf,tile 
the earth*^.axW< gives hff,.th« 
Bdott. , ' ' , 

ctrefid' a^t^ssKenmNtts k 
€l4& **that p l dh w qi > b^ are 




not 



st3PHgirsri»c* 

not yet tg^eed in ojpiniicm #Hlt i^gard thf %iiire of 
ib^ earths some crateojjihg ihalit has t\o re^lir % Wt tliAt 
iSf not snch a« wul4 ht generated hj^ahe^i^qvokitioh n 
curve its ailusi* OAers hmt sttpp^>M> % to be a«l^ 

ellipsoid^ Tegular* if bpth polar sides dwWl lv^i?se the 
degree dT #atness ; but irregular if one should b%f atter thnn^ 
the oth^. And lastly, some su|^po^ i^o be a 
feritig[ &pm the eltipoid* bueyet stx^ as^l^ld befhr|Mi% 
'the revolution of a curve arot^d its aads/* to ihe ^ 

theory of gi%vi^, However, the ear^^muat oflifeceaw^ have 
fts twarapproa^iibg ttOariy to eWheir the ratio of I to 6BO 
of ^OS to $0^ ; aijd as Vatio obviously doev hot 

obtain, the dgure of the ^ph such as to correspond, 

nearly with the latter ratioi^ 

3. Besides the method liiove described, ofhm }u|^ been 
pi!Ol>osed for determining the figure of the earth b| measure- 
ment. Thus, thatdigure might be ascertained by the mea- 
surement of a degree in two parallel of latittsdot but not ^ 
aexurately as by meridional arcs, l$t. Becau^* the di- 
stan^5 ^ the two stations, in the same paraM is me^sitredf 
the cd^tial arc not that of a jwallely circle, is nearly 

the arc of a ^ezt cirele, and always exceeds ihearc^that cor** 
resporlids truly with the t$^rwtrial arc* * Sfdlijf* Interval 
of the meridian’s passing through the twb statigii^s itfost be 
determined by a ti^*keeper,’*a viry ^lall eiTor m the going 
of which will produce a very considerable error in the com- 
putation* Other methods whkn have been proposed, are, by 
comparing a degree or the meridiart ip anj^'^latiuide, with a 
degree of the cUrve perpendicular to the mei idian in the same 
latitude by <^mparing the of degrees of the curv||(| 

perpendicular to the mer|dtan in'Biflercht latitudes ; and by 
tomparhig an arc of a meridian with an arc of tho parallel of 
latitude that crosses it* The theorems connected with these 
and some Other methods ate investigated by J^rofessor Pluy"- 
fiir ii)! flie Edinburgh TrtMiskribns, vol* v, to which, together 
with the boobs mentioned end of the Ut section of this 
chapter, *lhe reader is rffiferret| for much useful information 
on tbib highly^interesting sutpet . ^ 

Having thus jolved the chTef^J^ltaUs connected %ith 
Trigonometrical StSW^ittg* the stwMt %*mow presented 
with 

Ex. 1 . tw, i| 

third object Is 68^30'^9 j one of taoife'ObjMls c^peared 
aft devatioo of 2j>'4'3'"j the otjier uoderi ^eprwkia, irf r. 

Rel|i4red tlte redilbed hQrisSitet*»gl4 > 

' ' 



MOtJiaS' ol^ iffafe iAiiTn. 14? 

8 i Silohg a. jnd horizom*! Jtoali ffeicfa 

passed hf a towei^ I wuhied to fiiKi ils beigltt, and |ar this 
pwpso tMiBrt(n»d wfo efijwJ 

tne e:^tre)&8i^ « tliose ^odc three angles « elova^ 

^ of tl» |» th# to^» VW» JN^fiOV 81’34'i*#iini 14tV 
iwtgl!,t lof Ute. i Am W *66 feet* 

Mv, S<’ %a*rahRoy’s rBle( fot the iiphwtel 

exc^ wlttMltfih th prob. 8. ' > ' 

"I%e thfil’‘*5^fcss4)llE''a 
earth’s surface (and 

and 10 miles : what is thi^ ^^eriw^e:)ccess 

jKr. 5. The base and perpendicular of another triangle 
are 24 Ifi miiea. Reqi|ped|ii«? spherical eatcete. 

E.i\ 04 triangle two sides are J$ and 2S miles, and 
they include ad"* s^agle of 58®24'j36''. What h the sphericafl 
excess? 




7. The letJf^h of a base measured at an elevation oi 
j8 feet ifbove il|e level of the Seats S4U86 feet‘s r^uSi^d the 
length whir# reduced to that level* ^ 

Ej\ S, latitude of a pJ^ce 48^H^jNf, the^sun^s 

iloclliutioii and the suit’s altitude at 10^1 

to find the an^le tha£ the vertical cjp which the sun 
liy makes With the meridiam 

E%> 9, When the sun*s lon^tude 5^j29^i3'43", what isr. 
hjs right ascehsitm? T$e obliquity of the ecliptic being 
•23 27 ^ 40 ". 

' t 

>iE V. 10. Required the loqgitttde of the sun, vhea hk right 
ascension and declmadoB are 82°48'58"7, and IS^IS'^T'k 
T espcctjveiy. See the theorems in the scholium to pob. 12. 

jEjp. 11, Tlie right ascension of the star * Ursae tnajoris 
is 1(J2*5D'84", and the declinatioa 68*50 'h : trbat are the 
longitude and Ihiinide*? The cAjjlquitjr of the ecliptic being 
as above. 

Ex. 12. Gi^teii the iiifiasare’»f a depee on the meridian 
in N. Ut. 49'S', 608$S jmd of another in n Ut. 12*33', 

60424 fk^oms ! ^^i^^j^'ratib of the ejWbftj j^cs. 

Ex. IS. bf the earth^ dgure be 

of an obtAi»*sptero>d, a delete of the earth’s equator is im 
first wo dj4h i»/biK»rt«i»|Ss between the last and first de- 
gre«»'<rfla(|tti|t4. . , 

JB»* Mk l&wioitt»tri«E4h«bth^ of «h* terrestriid 

^itetidinitt ba recediDg from the equator towards the poles, are 
X, 2 increased 



lift 


inerea^d verjr nearly Ja iJ^ dy^ ^ tjife siiptiof 

latitude* . '; ' 


ij^v If'^ be theineafmW df cirdfe 

perpencBculiar to a meridm at a cerblin m lh^ of tfije 
, oorresp^idiiig degree dii tbe iherldliu kaetf, and d'tihe 

of a degree on an oblique arc> Jftiat arc miktrig an a 

... - - 


with the meridiani then i$ S i 


demonstration of this theorem. ^ " 


Requkeda 



chapter VJ. 


PRINCIPLES or, POIj^GOKOMSTRY* 

The theorems and probleitis in PoIygonOm^iryibear aii in- 
tiinate connection and close analogy to those in plane trigo- 
nometry} and are in great measure deducible fktfn the same 
common principles. Each comprises three general cases. 

1 . trian^e is determined by means of two sides and an 
angle; orj which amounts to the same, by itf skies except 
one, and its angles except two. In like mamto, apy rectili- 
near polygon is determinable when all its sides except one, 
and all ifs angles except two^ Sre known# 

, A mangle is determined ty one side and two ang^si 
that is, by its sides except two, and all its angles. Sd like- 
wise, any recriiinear figure is ^tapminable, all its sides 
except two, and all its angles, are known# 

3. A triangle is dctcrminabte by its three sides; that is, 
when all its^ddes are known, an^ all its angles, but three. lb 
lik« jaianner, any rectilinear figure is determinable by means 
of all its sides, and all its angles except three. 

In each of th^e cases, the three unknown quantities aaay 
be determined by means of three independent equations; the 
mapiier of deducing whichmsfy be easily explained, a%r the 
follomng theorems are duly understood. ' ’ 

. THEOREk^-t.' , 

In Any Polygon, ^py One Side is to the §nip c^ all 
the, Recta%les of Each of the Other SiSes drawn ihto|he 
Costne^ofthe Angle made by thakj$ide md the IVopdWd 
Side** . 


♦ Thi$ theoreoi and tbA lV)Ilowi»|p ow^ a|inoW 5 ^Tby jift. 

Ptotfirsbiirjr, in Pl»*I. vob 

by Xh*. Hutton, in Fhil. Trtns. vol. 66, pa* 600^ t 
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^ AlKCDtr'Ive a {)Olygoil t ti^ien wSl 
AF » AB • eos A + Be . CO& €BAFA4- 
€l> • CO$ Cl>^ AF + ^>»ii ^NCO» 0^^ AV + 

15F . COB AF 

JFoto lines from the teveral 

aoglesi respectively parapel an 4 
peodicUlar to av ; it will Im^ 
r: AB . cosBAF, 

^ JW g/? » BC . cos CBjS ==; BC » COB CB A Al’, 

cd* iSr . cosicw sa& ii> ^ to ^ at, 

ife =5 M inBA ^=r ^ * COSDE ^ A^P* 

eF . . . . EF -1 cos BFe = BF . COS FF A AF. 

But AF := Ac + a/ + de + CB — aA ; and aA, as eaepressed 
above, is in effect subtractive, because tlie cosine of the obtuse 
angle baf is nejgative. Consequently, 

AF = AC erf -f Bfe + eF = AB • COS BAP + BC , COS CB ^A F 4 blc, 

as in the proposition, A like demonstration will apply, wn- 
taiis vmtandu^ to any other polygon. 

Car. When the sides of the polygon are reduced to three, 
this theorem becomes the saim as the fundamental theorem 
in chap- ii, from which the whole doctrine of Plane Trigo* 
nometry is made to flow. 


TDBOASM I*. 

The Perpendicular Jet fall from the Higher Potnt or Smnniit 
of a Polygon, upon tlie Opposite Side or Base, is Equal to 
the Sum of the Products of the Sides Comprised b<^ween 
that Summit and the Base, into the Sines of their Ee* 
spective Inclinations to that Base* ^ 

Thus, in theprecediag figure, cc = cb . sin cn*r A 4- ba , sin a ; 
or cc =a CD . sin cn a af -f de . sin de ^af + ef , sin f. This 
is evident from an inspection of the figure. 

Cor. 1 . In like manner nrf = de . sin de af + ef . sin i\ 
or j>rf zs CB . sin liB^FA + »a * sin a — c» , sm cd*^ap. 

Cor* 2. Hence, the sum of the products of each sklo, into 
the sine of the sum of the exterior angles, (or into the sine ol 
the sum of the supplements of the interior angles), compris('d 
between those sides aqd a determinate side, is = + peip. * 
perp* or 0. That is to say, in the preceding figure, 

AB • sin A + BC . sfcf (A + b) -fcp . sin (a + rf +<*) “T DP . sin 
(a+b + c +EP . sin (a + B + C + D + E)zrO. 


* Wbeu a carat is put l^'twren two leitar'* or pairs of laUars 
tbe apcpte&4k»fi damisas Oie amjli* which would be muile bv 

two Wim If tb«y #dre prodfoced nil they flnet • ce ta deHot*-^ rbe in- 
'Chaatioa si the iu»e cj» co i^a. 

. Help 
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H«re k is »e be the $iti«s of tpute 

IflO* ore jwgative (cH* « e^oa. TW). 

Cor,$, Denteagaioybf puti^^^«^{A-fv}»4o(A'4’B4«o?^ 
Awr n].^ sinji.CQSfi + sinB.pMAiWA.cot ( 8 + 0 ) 4 - 
np (9-1-^) • cos A> &e (eh. ii 041 U. mi mcdlleaiii^ tiutt 
tAg as ^ (ch. ii p. ^5), we shall hate, 

sfii A. (AB+8c.cio&B+cD.co$(a+c)4'0e.corf«'f'e4«lb)4'8tc) 
+COSA.(BC.SUtB +CD.si»(l} + c)+IkB .C<M(8 +0+ ©)+itc)«feO} 
ahd thence finally, tan IW'—A, or tan BAS' m 

bC » smTi + CP . biB (B + fii)-f Pit <it» (44--g+ l>)*f Tt f bln (%+ 

4B*f Bc m S-* cii !cof (fl + 0)4^ oi 

^ A similar expression will manifestly apply to w polygon ; 
end when the number of sidiia exceeds four, it is nlgbly use* 
fill in practice. " ^ 


4. In a triangle abc, where the sides ftC, and the 
angle abc, or its supplement Bj are known> we have 

AB ()m B 


tan CAB 


. , tan Bc A s=? wr 


AB+ Be. COB a ' * ' 

4* AB . CiOh B * 

in both which expressions, the second term of the denomi^ 
natOT will become subtractive whenever the angle abc is 
peute, or B obtuse. 


111. 


The Square Of Any Side of a Polygon, h Equal to the Sum of 
the Squares of All the Other Sides, Minns T^ke the Sum 
of the Products of All the Of^er Sides Muh*blied two and 
two, and by the Cosines of the Angles they include. 

For the sake of brevity, let the sides r 

be represented by the small letters which 
stand agakist them in the aiUhexed figure : J 

then, from theor. 1 , we shall have the V \ 

subjoined equations, via, A ^ » 

u ^ b n a ^ c , -cos n ^ c + ^ . cos sr ^ , 

b » fsfr . cos a ^ 6 4 * c • cos 4 4 * j ^ cos i ^ t, 

4 ? =3 a , cos A c 4 i * cos b^c 4 " d . cob 

^ , CIOS 0^d + 6 . cos i wj. U ^ 

Mult^dying the first of the^ equations by at, the second by 
the third by c, the fourth by J j subtracting the three Ikter 
products from the firsts and tranq)osing tti c**, there nr® 
result 

0 ^ = b^ -p f 2 {b ^ . cos b $ , cos bH + c9*tos c^l). 

In like manner, 

2(cA.c09 

i&C* &c. 




■<f •?'4* +-^* + , «5©?'j|,-^|^ i SO*{a.+*) 

JL'" ' ‘ ■■ '••; r'’‘’^*-%' 

sapJ€ ;|i*ct^ ip#h« 

a«- i»+ 1«+ d**^- 2 J ^ * '®“? ® “ “ • ^■*'5'* 'k* «»*-iC^^»+4}|'"' 

■ J ' : ^iCfm i ' 

Apd a, ij^lge is qbyifslti^ly jlpplifcabS to atij dumber of 

sid^ df tfelhecrfrem 'is ■ 

On The [Mrbpertf ^ a plad^ maiigie eacjpre^d ^ e^u; Jt« 
civ ill is only a particular case dT this geotf aJ tl^em^ 

Twice the Surface oC Au^ iPotygoiv is Equal to Ihe Sum of 
the Rectanglf s of its Sides, etcept^onei takeh add two^ 

by the Sioes of the Sums of tik Ejpteruir^ A^^sCciv 
tailed by those Skies. 

X k For a^ti^apezitim, or polygon of four 
sides, hei two of the sides ab, dc, be 
produi^d till they meet at g. Then the 
trapedtim Aftcols manifestly equal to the 
difference between the triangles i»ad and 
FBC, But twice the surface of Ithe tri- . 

angle bad is (Mens, of Plane^^l^, S rwk 2) ap . fd • sin p =s 
{AB bf) 4 (pq 4" cp) . sin p j and twice the surface of the 
mangle pjso is bp • pc , sin p^ therefotie their dffiercn^ 
or twice the area of the trapezium, is =: (ab . i>c -f ab . cP 
+ DC • 4 &i Pt Now, m A FBC, 

bC ^ivi % 

sin P ; sin B : : BC ; PC, Whmee pc ;= * 



sin p s sin X : : bc : .:^,''wbepc€ pb r: 


sio r ' 
ac «Hin e 
"iii 9 * 


Suibstitutmg these values of fb^ pc, for them in the above 
equation, and observing that sift P iss sin (PBC + PCB) sin 
sum ^f.dJttetwr angles B ^nd thi^te results at length, 

AB . BC . shi B 
+ AB . DC , ^in (B + c) 

+ JBC . DC . sin c. 


i^Tv^fke surface 
oCtmpezimn. i 


If aim ^ 

;i-{: 


Cor. .Since ab , Bc , sin b ;== C%ice triangle abc, it foHows 
ttot ^cB triangle ^ofe equAl $6 fh® remaning two terms, via, 

= 1 AB .DC -»m{B+*c) 


twice area AOh : 


4- BC . i>c > s^n c. 


‘T'T-ir 


««i«s ill the same mzntm &t i|k th. 20 X, S, in* % ot 

2. For 




■' 2 . For a l»ai*eii 

is oliwiotisly of the iireas, 

of the tr^jEti^‘<i^^p/ai^ .<» the tri>i 
ang^e adb.' liiet tlte sidfS AB* J>c^ as hfer 
fore, meet ,trl^ pi^ucejl at B. Hwh, 
from the above, #e have 

Terijce ai^ of 1 ., T ab . bc> 
' the iri^afum < + AB i BC » 
Ahep J (. rb Be DC , 
b; the j^ecedpg coroli^jr. 



AB . BC , 
•f AB > BC ) 
rb Be . DC . 


B , 

sm(B + c3 

sin O. 


Twice trian 


iangie j _ J 


That is, twice ) 

tris^ugle t^n \ 


Ai» . DE . «m (p 4 ' d) Or sin (b + cif + d) 
-4 t>f * ©B . sin ©* 

^ AB * DE . sin (S + C + d) 

+ DC . DB . sin , 

-f BP . DB . sin (8 +C 4>©) 


bill (B + c)' 


isr^C . M . - 


sin B • sin n + £ 


BC . B*n C , |IC*8in8 * r « « 

Now, BP =n;:-(5— )* th«-efore the last 

^ . D& * Bin c . sin (b + c + d) , bc . pb . sin » . sin p 

two terms become — ^ — — ^ 7 -, 

,sin(B 4 -c) sin<B + c> 

sin B • sin n + 8111 c- sin (b 4 - c + ib) 1 • 

isr^c . M . — ^rSTJpTc}*' * expression, 

by means of the formula for^ arcs (art. 30 ch. iii), becomes 
BC . DE • sin (c + d). H«ice, collecting the termsj and ar- 
raneine them in the order of die sides, they become 
/ AB . BC . sin B 


Twice the area' 
of the'penta- ' 
gon ABODE 


I + AB . oc . an (b + q) 

I + AB . DE . an (B + c + p) 
■ j 4- BC . DC . sin c 
,1 + Bp . BE . sin (c 4- p) 

4* • Dg . sin !>. ■ 


Cer, Taking away firbm tWs expression the 1st, 2d, and 
4th tpems, winch together make double the trapezium ABcp, 
there will rem;uh 

; Twice area ofT C AB . DB . sin (b+c + d) 
the triangle > s= 4 + Bc . db . sin (c 4> o) 

DA]i. 4 t + DC . DE . sin p. 

3 , a hexagon, as abcbibf. The 

double area will be found, by supposing 
it divid^ into the pemtagem abcpe, and 
the triangle AEP. FoTj by the last rule, 
jand its corollary, we have. 



Twice 



Twke area of 
the peutago 

ABCDS 


’"p 


Twice area ofl f APTi-aP (b + c^ 
the V se •< -P »P . «F , sin (D -f *) 

AKF J (_ 4- D* . BP I sin E. ‘ 


ws".^ h' ' '''■,■ 

^ jiB i'sinYB'-f c) ' '■ ■■■'' 

+ AB • ihB.i ^^;(B 4^ c 4:’ hf'; , ' 
.,+ Bc .''-q©'- ’shitt’ \ ■ 

+ 3^'* .»* • si® fc lb »)^' i ' r' ' 

l+coi PE . i|n p. 

APt^-BP*^ (b+c+b + e) 


Or, twice arpa of! 

, the triangle f 
AEF. J 


+ DB . BP sin E. 
f ab . EF . ffln'fis 4- c+ B + E) 
-f DC . EF'. sin /d + s). 

4- DE • EF'< sin E 

+ BF . BP . sin (b 4- C f D + e) 
^,4- OP . BP« sin (D 4 b). 

Now, writing for ^p, cP, their respective values, 

7—7 ^ and “.—7 ,, the sum of the last two expressions, 

in the double iii*eas of a£f, will become 

Hin a . sin (b 4 c -f- D + e) + sm E . slti ( d -f js) 

^ BC . BP . ■ =^hr(B + c) ' ■■■ • 

and this, by means of ijhe formula for 5 arcs (art, SO ch. iii) 
i->ecomes bc . ef . sin (c -f D-f s)« Hence, collecting and pro- 
perly arranging tlie several terms as laefore, we shall obtaii^ 

f BC A !Wn B 

+ AB . CD . sin (b -f c) 

4* AB » DE . sin (b + c + d) 

4* ab . EF . sin (b - f c + D -f E> 

I -f BC . CD . sin 
+ B€ . DE . sin (c +p) 

j 4“ BC . EF . sin (c 4- D + e) 
j 4- CD . DE . sin D 
+ CD - EP . sin (d + e) 
t-f DE . EF . sin E. 


Twice the area 
of the hexa^ 

gon ABCDEF 


fi- 


4. In a similar manner may the area of a hqitagpn be de- 
termined, by finding the sum of the areas of the hexagon and , 
the adjacent triangle; and thence t;he area of the octagon, 
nonagon, or of any other polygon, may be inferred ; the law 
of continuation being sufficiently obvious from what is done 

above, and the number of ternjs = " . when the num- 
ber of sides of the polygon isiU : for the number of terms is 
evidently the same as thenumber of ways inwhich n— l quan- 
titie^s can be taken, two and two; that isj^ (by the nature of 

Permiitations) = 


Schulhm* 





it \«'’rV . 


Tmce area of 
pentagon 


1 = 


fiiT,flBitf-*paMi4i^W¥789. Itsi,,„ 

tomimm method 

that in this medibd there is ho occision to constrtict the 
figures, and of course the errors that ma;^ arise from such 
ccmstructiom ate avoided*?- , ' 

In the ajppKcatioti of the theorem to |)T^t}cal p^irposes, the 
expressions above be^me simplifii^ by dividing any proposed 
polygon into two parts by a diagonal,* and com^ting the sur* 
fiice of each part separately* \ ^ * 

Thus, by divibing the trapezium abcd into twb triangles, 
by the diagonal ac, we shall have ‘ , 

Twice area I ^ f ab bc * sin b 
trapezium j t 4* CD . Ad . sb'^* 

The pentagon abcde may be divided into the trapezium 
ABCt), and the triangle ,ade, whence 

AB.BC . sin B 
+ AB * DC * Sin (b +t:) 

4- BC . DC . sin c 
v.+ 3>i| • AE^sin as- 

Thus again, the hexs^jon may be divided fnto two trape* 
ziums, by a diagonal draw^from A to i>> which h to be the 
line excepted in the theorern | then will 
r AB # Bc . sin B 
,1 + AB . DC . sin (b + c) 

Ti^ncc are| of ^ _ i + bc * DC * sin c 
hexagon ) 1 4 i>b . ef . sin e 

[ 4* BE . . sin (E 4 f) 

I 4 EF , AF . sin F. 

And lastly, the heptagon may be di- 
vided into a pentagon and a trapezium, 
the diaganal, as before, being the ex- . 
cepted line : so will the double area be ex- 
pressed by 9 instead of 1 5 products,^hus : 

^ AB . BC * sin B 
4 *' AB . CD . 

4 AJ3 ..de , 

4 BC . CD,. 

+ BC . DB . 

4 CD./M . 

4 EF . QA . 
l^+PG.GA* 

, The same method may obviously be extended to bdh&r 
polygons, with great ease and simplicity. ? 

It 


Twice area bfl ^ 
heptagon j 



. sin (B 4 c) 

. sin (b 4 c 4* d) 
i sin c 

sra(c4D) 

D ^ 

. ,fi#'F ' ^ 

sia,(B',4 ;«;) 
rin 'g* 





t 

It often happens, however, that Manly one side of » polygon 
can be toeasiimi, end the distant anglw be decermined in- 
tetMectiott i in this ilase.the aica may be feotul, independent 
of construction, by the blowing problem, 

PROBX.SM I. ' 

Given the Length o£ One of ^ Sides of a Polygon, and the 
bogles made at its two extremities by that Side and Lines 
icjravm to all the Other Angles of th^olygon j to find an 
Expression for the Surface of that Polygon. 

Here we suppose known po ; also ' 

APQs=tf', BPorr^', cp«=3c', DPaserf'i 
A(j? =t a", BOP = 6',cap = tf",DaP =: d'. L * />, ' / 
Now, sin PAft — sin*(o' + «'')} sin PBa — y 

sm (b \ b ). * " ' ' 

Therefore, sin (a' + a") : po : . sin a ' : PA c= pn. 

And, * . . sih (A' 4- A ') • V : i>in h*' , pb « pq 

But, triangle APB =3 A? . pb . 4 s*n apb = 1 ap . pb . sin (f/— /> j 
Hence, surface A apb = ’pci* . fim.,/ 

Jn like manner, A bpc »* jpQ* 

* I **“1^^ binrf' sinff'-flT) 

A CP» = iPa • P 7;t “ — ^ 

&Ce &C. &C. ^ 

A DPQ = QP , PI> . * sxn DPa =: Pcia^ - * |pa . sin d 

_ , bi<> rf . Rm if' ^ , 

" un(<t^lcT ’ Consequently^ 

r **lPia*' sin b" > S|» ) 


burfate PABCDO = a Pa* , 


Sin {U* 4 </ hiM {b' 4 //') 
Mil i" sin c'f bin (/' fO 

«m 4 ^")» ^Mi 4 

^ sin c'^biti Bin {1^— if) 

* siti (<' 4 f ) siu {d 4 rf") 

ntti ft’ kilt 


k * Slli(l/'4l/ ) 

ITie same method manifestly applies to polygons of </?/y 
number of sides : and all the tetms except the last are so per- 
rectly symmetrical, i«fhile that last term L of so ob\ ious a 
form, that there cahDot be the least difficulty in extending 
the formula tt^ any polygon whatever, * 


PROBLI M 





r. 11. ' ' ': ' f ^ ■ '^ ' ' \ 

Civciii to a PoljrjgWi All tlie Sidep^aml Angles, except Aiw;, 

, ' to fiiid tbe UiiJkno#^ 

Tbk proWettt b^ divided into threfe jgmml caisiWi as 
shown at the beginatug of this diaptet*; tet the analytical 
solution of all of them depends on the siatne principles ; 
these are analogous to those pursued in the analytical investi^ 


ing the known and unknown parts* These equations may he 
deduced from either tJicorem li or 3, as may be most suited 
to the case in hand ; aii«d then the unknown parts may each 
be found by the usual rules of extermination. 

For an exainple, let it be siipposeii that 
in an irregular hexagon abcdef* there 
are given all the sides except ab, bc, and ]p 
all the angles except B; to determine 
those three quantities. 

The angle b is evidently equal to {2n— 4) right angles — 
(a -h c + n -f E + B) i w being the humW of sides, and the 
angles being here supposed the interior ones. 

Let AB =: 4 :, BC r: ^ : then, by th. 

, cos E + DC , cos AB ^ CD + PE . COS AB ^ ED 

.+ BF. . COS AB ^ EF +, AF # COS AB AP ; 

^ = A7 . COS .B + AP . CCS BC AF + FH , COS BC ^ FE 

" -f DE . COS BC * DE 4:. 1>C . COS BC ^ CD. 

In the first of the above equations# let the sum of all the 
terms after y . cos b, be denoted bv c ; and in second the 
sum of al^those which fall after a* . cos b, fayp; both sums 
being manifestly constituted of known terms : and let the 
known coefficients of x and y be m and u respectively. Then 
will the pj'eceding equations become 

ir ~ 7?^ + c . , . .3/ =1 wx 4 

Substitutinif fory, In the first of twe two latter equations, its 
value in the second, we obtain .r ^ vmx + nrf + c. Whence 
there will readily'be found 



gatibns of plane trigonometry. In polygonomeipy, as well as 
trigonometry# when three unknown quantities are to be found, 
it must be by paeans of three independent equatfona, mvalv- 


1 — tnn^ ^ 1 — Tun 


Thus AB and bc are determined. Like expressions will serve 
for the dfeierhiinatibn of any other two sides; whethor^^conti* 
guous oy 2 ^he coefficients of x andy beipg designated by 
difierent letters for that express purpose^; which would have 
been otherwise unnecessary in tK<6 solution of the individual 
case proposed, ' ^ 


RernarL 



,8'®l*y,OOiSr'OM|8Twr. ^ 1<59 

Tfai^gb the pirestigatiom omitim 

lead to, t^sttlt$ w%h are^ ^ppare^tly sio^e, they are 

ea^cialty ift polygons oSF many rides, %l«srt<eT in pradlke 
the methods suggested % subdiiHhihig tbe figures* The fol- 
lowing examjdes added for the ^plaining those 

methods: ih^ ofrratmis i^weyer are me«^ly the 

detail i;>einig .o«pmed to save room* ■ 

, , , , , , EXAMPLES. , , ■ 

£jr. K In A hexagon abcpi^v all th^ sides exl^pl A^/and 
all the angfosexcept A and f, are known. Required the 
known parrs. Suppose we have . * ‘ - 

AB =5i 1*284* Ext. ang. Whence 

Bc = B = S2° B 4- c is 80^ 

CO = 2400 cr:48® B + C + 0 132'" 

OE = 2700 O = 52^ B + C + 0 + E = 188'* 

EF = 2860 £ iz 66^ A -f P s* 1621^ 

Then, by cor 3 th. 2, tan bap = 

tc.«in B-fCP. «ittl ( B 4 c) -f f>E .Kin (B-t-C-f p)+ Kf . Slft (» + C 4 0 e) 


BC ■ sin CP . sin ps . da tw . tin 198^ 


AB'rfitc . cos Js^** + CD . COS oCr-^Ds: . Co«132°*f fit , coSi ISJB“ 
Be , sin 3g^+ CD . sin 80^ -f pH . sitt 4 B^‘*-bp 18*^ 

' A« -4 li<S . COSv CJ> . COB » CO#48'’*^ LV . cosi 


Whence BAP is found 106^3 TSS''; and the other angle afeo 
9 P23'2£". So that the exterior angles a and F are 73**28'22", 
and S3®3i'38'' respectively: all the exterior angles making 4 
right angles, as they ought ^to do. Then*, all the angles being 
known, the side af ii4 found by th. 1 = 4>621-5. 

If one of the an^es had been a re-entering one, it would 
have made io other difference in the computation thim what 
would arise from its being considered as subtractive* 

Ex. 2. In a hexagon abcdef, all the sid^ except AF, and 
all the angles except c and d, are known : viz. 


AB=24O0 fix* Ant. 
BC=:2700 
CD =3200 ^^62 ^ 
j>ess 3500 e= 64 * 
ef =3750 f= 12'' 


IfeTo shall have, by th. 2 cor 1^ 


AB , sin A 
-f BC .sin (A+b) 

-j-cio .sm{A-b,B + c) 



DE*sin(E+F) 
+EF . sin F. 



AB . sin 54* 
«* BC,w sin 116® 

•f Du’. sfo 

-f Ep l sia 72%^ 


th^ 



m 




The setond of gi«re tot C| t ^ | 

the fytst wUt angle o 3$ m4 lim %ill 

11 = 3Ustiy, 

AB * co$ 54*^ 
rf m * 

+ CO . X50e 30*'S6'a4'' If* 3= 3;t$8S^®05* 

+ DE . COS 44® 

- EE . dbs 


Ex- 3. In a hexagon aeoijtef, are known, all the sides ex- 
cept AVf and ^1 the angles except B and E 5 to find the r<^. , 
Ghen m «= I^O Exteriof* an^es A ^ €4* 

Bcr=s ISOO •* 

CD fee 1600 c ssE 72® 

DEsalSOa i^rs: 75® 

EF ar 2000 


p 84®- 

Suppose the diagonal be drawn, dividing the figure into two 
trapeziums- Then, in the trapezium bcpe, the sides except 
BE, apd the angles except b and e, will be known 5 and these 
may be determined as in exam. 1. Again, in the trapezium 
ABJfcF, there will be known the sides^il^Jitcept af, and the 
angles except the adjacent ones b and E. Hence, first for 
BCDE ; (coi"* th. 2). 

cu . ^ni c + ftr . »in (C+ i>) 
tan CBE =: — — — , 3: 

, BC + CD . <’U1» C I)L . cus (c + d) 

f t> . sin 72® + DF . ^tn 1 47 ^ ^ c d , «i m 72“ 4 a t , mo 
bct^cd . CO 6 m . oit» ■”“ ac-f c 0 . cos* 73® — de . cos 33^* 


Then eb 


hence cbe = T9*sill"} and therefore deb :s 67''ST 59". 
BC. cos 79". 2' P^) 

+ CD. cos T s' rfss 25458-581. 

+ BK*<os6’7’’57'59"J ^ 

Secondly, in the trapezium abEF^ 

AB . sin A-f- BE • sin (a 4- b) 3 £p . sin t : whence 


M 1.7 : 


sin (a + b) 


^ ET . htn I - AB . «lfl B 
““ BE 


=s sm 

A 


C 20®5y5*4'" 
il59® 4' fi" 


Taking the.lowcr pf these, to avpid re-entering angles, we 
hate B (exterior ang.) r= 96®4'6'^; lEB sr 

therefore AUL'3;:]10’3®57'55''i and 
and consequently t^he exterior angles Xt B and E are 16*2'S" 
and 48®57 5^' respectively. ^ 

Lastly, Atzz — ab . cos a — be • cos (a + b)— ef . cos f:::^ — 
AB - cos 64<^ + BE - cos 20® 55'54'^-«-Bt . Cps 84® C? 

Note. The preceding three examples compr^hepd all the 
varieties which can occur in Polygonoinetry,when all the sides 
except one, and all the angles bqt two, are known. The tat^ 
known angles may be about the unknown side $ or they may 

‘ be 





m- 


be !u0*c«it to Iftew tk^ mhmiivm 

side) and Ui«y vgsijf boM-opqte from each oth^, a« leojil as 
from the tmimown sWe^ ' • ’ * , , • 

Ex. 4. In a hexagon "AficoliFf ar^ kiiowix a& the angles, 
and all th“e ddes eatceiK^AV and <}»’: to ffadse sides. ’ 
Given As sf 1J200 Ext. Ang. a s* $6* ' 

Bc = Sj400 n a* 54“ 

' C =e 20* 

BB ss 4800 ^ ■ o *=5 ^ ' 

' Ef s=» Hm ■« i»® 

f 33 148*. 

Here, reasoning from the priricijdeof'Cor, tlu 2, we Have 

Alf.Siii 9C*) f .-...'ireo c ** 

c .c . *i» Ii 0 » f = i + .« . .ia..sor 5 

, CD . kin 170 “ ) i\‘* "" • + CO . » 4 rl i 

Wheuot* J UK . t»ifi J,4® . msec 10® - ab . sm 81*** ♦ co»^c 
cu « ( + £*» . sin 3'JP costfc JO** — bc . siii .W . cosec 10** J 

Ab 4 5 W — C0 . STO fiO** ) ijr*.ra.oia 

Af ^ ^ Kji' , hiri 4^ . fosec 10** — »a . sin 74® J “ 

Ex. 5, Inthenonagon ABci>p.rGHi, all the sides are known, 
and aU the angles a, q, c : it is required to frnd those 

angles. 


i84»i e 
i..so»y = ■? 
i io“i ? 


UE 

‘hEt 


.% U* 

.hffi 


t3045 $8, 


AB ■= 2400 

VO 

=? 3800 

Ext. Ang. p 3E 40* 

BC — 27(JO 

Gil 

Si 4000 

c = 32“ 

CD = 28(X) 

III 

= 4200 

E =s 36* 

Dt = 3200 

lA 

=r 4 d00, 

P = 45* 

EP = 3.500 



H = 48’ 




I = SO*. 


Suppose diagonals dmwn to join the 
unknown angies, and mviding the po*- 
lygon into thji|BC trapeziums and a tri- 
angle; as in the marginal figpre. Then, 
Ists In the trapezium ABCu, where 
AD and the angles about it are unknown ; 
we have (cor. 3 th. 2) 

Bc.siiiB +• cn.A)u(B + c)^ 



tanBADis:-* , . 

AE + BC. cos JBH- CD . cos ( B ^ 

Whence bad = 39“ 30'42% coa = 
AB . cox 39° 

And AD a= ^ + BO . cos 

+ CD . cos 32 


BC , sin 40** + CO . sin 72® 


AB + BC . COS^O® + CD . CQ&W 

32“ 29' 1^4 


{ AS . cox 39“.30'42"') ‘ 
4- BO . cos 0 29 18 I ; 
+ CD . COS 32 29 18 J 


6913-292. 


21^^. In the quadrilateral detc, where dg and the angles 
about it are tmi^wn i we hXve 

tanlDOr: _ 


B? . <}» 56® + it<i . sin Bll^ 


Sr .tOS£ + rfi.COB(x + a)“ 


“ DBf £P. cos 54^4- fG .COS 81®’ 

Whence 



1 (»0 rOl.YCiONOM Bf XV, 

Whence ei> 0 « 41* i4'5S", pg® *= 39“ 43' 7*^, 

[ DB . DM 41°14'53"7 
+ BP . cos 3'I4'33" f ss 8»iJi*803* 

-j- FG . COS aa'is' 7" J 

3dly. In ihe trapezium GHiA, 2 n exactly similsuprocess gives 
HGA = SO® 46' 5'i", IA« a 47® 1 3' 7", and AG a 9780*59 1- 

4tlily> In the triangle aog> the tlirce sides are now known* 
to find the angles: viz, dag = 60° 53’ 26", agd a 43“ IS* 54", 
ADC a 75* 50' 40". Hence (here results, lastly, 
lAB 3=47°13' 7"+60°S3'26"'fa9'S0 43"al47®^T IS", 
CDS t= 32*29' 16" 4 70°50'40"+4l“ 14' 53"= 149® 34' 5 f, 
FOH = 39®45'* 7" 4*43* 1 5' |4" + 30° 46' 53*= 1 33® 47' 54". 
Consequently, the required exterioy angles are A = 3a°22'4S", 
D = 80’ 25' 9", C = 46* 12' 6". 

Ex. 6. Required the area of the hexagon Sa ex. 1. 

ftSls. 1,6530191. 

a 

Ex. *7, In a quadrilateral abcd, are given ab :r 24> bc *» 

CD = 345 angle abc =: BCD == 97*23'. Required the 

side AD) and the area. 

Ex. 8. In prob. 1^ suppose i»a»253,fti^nks,and the angles 
as below; what is the area of Ae field abcdqjp? 
Apa=89^!4', Bpa=68®ir, cpQ=:3t>"2l'', Dpa=r 
A<4Pr=23°18', Bar=6<r2i', cat» = l)4° 6 , 


CUA\FrER vit 

PROPLFMS BFJ^AT;IVE to the DIVr&lON OP FIELDS OF 
OTHFit SOBFACES, 


PROBLEM Iv 

To Divide a Triangle into Two Parts having a Given Ratip^ 

m : n. 


1st. By a line drawn from one angle 
of the triangle. 

Make ad : ab : : m : + w ; draw cd. 

So shall ADC, BDC, be Ae parts tequired. 

Here, evidently, At> » AB, db» — ABa 
m + n * w + fi 







m 

n 


w 

2 Jly* fiy ^ line, parallel one of the sides of the triangle* 

Let A»t be the gwn triangH, to be 
divided into two 'par^ in the ratio of m 
to w, by a line paralJel to the base ab* 

Mate G£, to i^B as m to n : erect ei> per-- 
pendiculari^ to CB, till it meet tlie semi* 
circle described on cb, as a diameter, ijo ^ 

1>. Make CF = CD : and draw through P, gf H So shall 
OF divide the trianglt? abc in tljie given ratio. 

For, CB^: CB = — : :.cd^( =;:cf*) : cd^ But cm ; w, 

of CE I CB *: : m t m % by the construction: therefore, 
cr* : CB* ::mzvi ^ n. And since A cWf : A* cab : ; cf* i cb* j 
it follows thi^tcOF : ^CAB : : wi ; m 4- as required* 

Chnputaiio^^ Since CB* : ci^ : : 4 n : therefore, 

(m rf w)cF* CB* t whence cf v/(>n + ») = cB \/7W, or 

CF 2: Injike manner, cG =:: CAV^- 

3dly. By a line parallel to a given lint* 

Let HI he the line parallel to which 
a line is to be drawM^ so as to divide 
the triangle abc ratio of m 

to n. 

By case £d draw gf parallel to ab, 

AO as to divide abc in the given ratio* 

Through f draw fb parallel to hi. 

On CE as a diameter describe a semi- 
circle 5 draw gd perp, to AC, to cut 
the semicircle in d. Make cp = cd: 
through p, parallel tdlEF, draw pa, the line required* 

The demonstration of this follows at once from case 2; be- 
cause it is only to divide fck, by a line parallel to FE, into two 
triangles haringthe ratio of fce to FCG, that is, of cE to cc. 

Computation, cG and cp being computed, as in case 1, the 
distances ch, ci being given, and cp being to CQ^as clt4o ci : 
the triangles CGF, gpo, also having a common vertical angle, 
are to each other, as cg . cf to Co . cp. These products there- 
fore arc equal ; and since the factors of the former are ktiown, 
the latter product is known. We have hence given the ratio 
of the two lines CP( = ,v) to CQ^( = as ch to ci 5 say, as p 
to ji and their product =1 cf . CG, say = ui : to find x zndv* 

Here we find x = 

c» = C(J= 

N. B* If the line of division were to be perpendicnlar to 
one of the sides, as to ca, the construction would be similar: 
VOL. IIL M CF 
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DIVISION OP SURFACES. 


■'.'V 

■ , 4 

■ I; 

CP would be a geometrical ipean between CA Und 

^ flu '+ ;M 

being the foot of the perpendicular frokl B upon AC. 
4thly. By a line drawn tlirough a given point V. 


r 

M ' 

By any of the former cases draw hn (f3g.‘“^45l:o divide the 
triangle abc , in the given ratio of vi tb n : bisect cl in r, and 
through and 7/i let pass the sides of the rhomboid ersm* 
Make ca = pc, which is given, because the point p is ^ven 
in position : make cd a fourth proporti<pal to ca^ cr^ cm ; 
that is, make ca : cr :: cm : and let Oy and d, be two 

angles of the rhomboid cahdy figs. 1 and 2* pc, in figure 
being drawn parallel to r/c, describe on td as a diameter the 
semicircle efdy on which set off ef n ct =r ap : then set off 
c?M or du' on CA equal to dj\ and through p and M, p and m', 
draw the lines T.ivf, j/m', cither of which Avill divide the tri- 
angle in the given ratio, — Tlie construction is given in 2 figs, 
merely to avoid complexness in the diagrams. 

The limitations ;ire obvious frbm th^ construction: for, the 
point L must fall between b and c, and tile point m between 
A and c; av must also be less than vby otherwise ^ cannot 
be applied to the semicircle on td. 

D^on. Because cr r: *c/, the rliomboid ci'sm = triangle 
chuy and because ca . cr r : cm : ct/, we have ca . cd = C7n . cr, 
therefore rhomboid cabd ^ rhomboid crsyti = triangle elm* 
By reason of the parallels cr , bdy and ca , aby the triangles 
Ch^y dOMy boVy arc similar, and are to each other as the 
squares of their homologous sides ap, c/m, /;p : now cd'^ = ef^ 
-f- df^y by construction; and ed = vby ef = ap, df c/m; 
therefore vb^'' = erp*^ + dm^y or, the triangle p6g taken away 
from the rhomboid, is equal to the sum of the triangles aPL, 
</mg, added to the part caved: consequently clm cahdy as 
required. By a like process, it may be shown that ailvy do'n'y 
pAg', are similar, and ai!v + rfe'u.' =; p^g' j whence pWm' = 
«l'p, and cl'm' =; cabdy as required. 

Com^ 





DlVtSIOT!? or SURFActS. 


i6S 


Coinputatim* c?, cm, being ^nown, as well as c®, ^p, ot* 

c^*, f?p, Cr = ^g/, i^nown; and hence cd may be found by 

th e proporti on ca : cr ; r cm : cd. Then cd — -= ed^ and 

V' «'(/' — ep::z V ed'^—df' =iiz df :± =;= d!si\ Thus CM is 

determined. Then we have n ci.. 

cw 

N. B. When the point is in one of the aides, as at M ; then 
make cl . cm . (m \-7i) = ca . cb . of> cl : CA : : m , cb : 
(m + ^2)cM, and the thing is done. 

,!^5thly. By the shortest line possible. . ^ 


Draw any line PO dividing the triaifigle In 
the given ratio, and so that the summit of the 
triaiigle cp()i!fh4j^ be^c the mosl ^tutt of the 
three angles'oftlle triaitgle^ Make cm = CN, 
a g^'ometrica|,i;^can proportional between CP 
anti c<^; so snail MN the shortest line pos- 
sible dividing the triangle in the given ratio. 
— ^The computation is evident. 

De^nons. vSnppQ‘?e mn to be the shortest 
line cutting ofl" thd'^ven triangle cmn, and 
CG X mn, mn = Mb 4- GM’te CG . cot M f 


CG . cot N r=, CG(C0L M -f COt n). But, COl M -f 
^ VOS M . ros N sinr.M+>i) . ,, 

cot N 21= i ^.Andreqja. 

sm N sill N MU M viii hi '' i 



xvill, ch. iii) sin m . sin N = cos (m — n) — f cos (m + n) = 
icos(M — n}+-* COS c. Therel. mn=cg , — -- — : . 

which expression is Si minimum wlien its deiioininatt>r is a 
maximum; thatis, wlien cos (m — n) is the greatest possible, 
which is manifestly Vheu m — n =k o, or m =: n, or when the 
triangle cmn is isosceles. That the isosceles triangle oiust 
have the most aciUi' angle for its summit, is evident from the 
consideration, that since L’ Acmn =: CG . MN, MN*v^;«U|ics in- 
versely as CG; and consequently mn is shortest when cc is 
longest, that is, when the angle c is the iiqost acute. 

N. B. A very simple and elegant demonstration to this 
case is given in Simpson’s Geometry ; vide the book on Max. 
and Min. See also another demqalstration at case '2d prob. 
(Jth, below. 


PROBLEM JI. 

To Divide a Triangle into Three Parts, having the Ratio of 
the quantities viy f?, p, 

1st. By lines drawn from one nxigh of the triangle to the 
. opposite side. 

M a Divide 



bmsf^sr d* st;iirAd)Bs; 




■ " ' ' if ' ' 

A 


Divide the side a», opposite the angle ^ 
from whence the lines are to proceed,, gjp the 
given ratio at D, E 5 join co^ CE j aSid'ACD,. 

DCE, ECB, are the three triangles required* 

The deihonstration is manifest j as is also> the 
computation* 

. If it be wished that the lines of division be the shortest the 
nature of the case will admit of, let them be drawn from the 
inost obtuse angle, to the opposite or longest side* 

2dly. By .lines parallel to one of the sides of the triangle* 
DH : HB ; : m : w : p. Erect ^ 


Make cd 


30E, HI, perpendicularly to CB,.itill they meet 
the semicircle described on the diameter 
in E and u Make cv == CE, and CK =; 


CB 



ci. Draw gf through F, and lk thrbugh K," 
parallel to ab ; so ^all the lines gf and lk, 
divide die triangle abc as required. 

The demonstration and computation will be similar to those 
in the second case of prob. 1 - 

Sdly. By lines drawn from a given point on one of th«^ 
sides. ' ' 



Let p (fig. 1) be the given point, a gpd 6 the points which 
divide the side ab in the given ratio of ???, w, pi the point P 
falling between a and Join pc> parallel to which draw ac, 
bd, to meet the sides ac, bc, in the points c and d : join PC, 
pd, so shall the lines cp, divide the triangle in the given 
ratio. , 

In Jig. 2, where p falls nearer one of the extremities of a® 
than both a and 6, the construction is essentially the same-, 
the sole difference in the result is, that the points c, and d, 
both fall on one side ac of the triangle. 

Demon* The lines c6, divide the triangle into the given 
ratio, by case I st. But by reason of the j)arallel lines ac, pc, 
4d, A acc = A acp, and A bde =s Wp. Therefore, in fig* 1, 
A(tc +acf = Aue + arc, that is> acp = acc : ax^ Bid + bd? 
r: Bid + idc, that is, Bdp r=: Bic. Consequently, the re- 
mainder ccpd aa cab * — In fig. 2, acp s= Aac, and Adp = 
therefore erd s= acp j and acb — * Adp AC» — Aci, ths^: is, 

GBPd sc CBi, 

Comptaaiion, The perpendiculars eg, CD, being demitted. 



0# 8tiraFAC£«.' 


Its 


A Acrt A ACB : :«* i,m+»+.|> ; : aj . : A» . co. Thepffore 
(»»+» AP,fjgr=#;AB.a>,ahd<y=~-i!^^, The line 

eg beinj; thus known, we soon find AC’, for cn ; ac ; : <55^ : 
AC _ Indeed, thts ejEpressioa may be 

deduced more simply ; for, since acb : Arp ; : ac • AB 
Ac.AP ::m+n+p: m, we have (t/i+w+y) Ar.APirm.AB .AC, 


and Ac r: 


W . AB AC 


(i»^n+p) o' ® process is obtained, in 

Brf rr ■ " %• ** . 

(m + Ti+A) P* J h » (wsH^n+J)) ab’ 


4thiy. By lines drawii firewa a giy,en point F within the 
Iriangle. 

// V 



, ConsL Through p and c draw the line cp/), and kt the 
triangle be divided into the given ratio by lines joc, prf, drawn 
from p to intersect AC, bc, or either of them ; according to 
the method described in case S of this problem. Through P 
draw k*, ptf, and respectively parallel to the^sp, from p draw 
the lihes pUi pjf : join pm, pn \ so shall these lines with 
divide the triangle in the given ratio. 

Demon, The triangles cpm, rPj», are bianifestly equal, as 
are also rfps, dpj5; therefore cpm ii: cpr, and cpn epd^ 
whence also, in fig. 1 , cj^pm edpe, and, in fig. 2, cb/bpm i: 
c^cf. 

Compute Since cp . cn — cp . cd, we have CN z: 5--^, 




In like manner cm r: 

■,r 

Remark, It will generally be best to contrive that the 
wiallesi share of the triangle shall be laid olF nearest the ver- 
tex c of the triangle, in order to ensure the possibility of the 
construction. Even this precaution however may sometimes 
fail, of ensuring the constniction by the method above given: 
When this hap^>ens, proceed thus ; 

By cas« 1 , draw the lilies cd, ce?, irovti 
the vertex c to the opposite side ab, to di^ 

^de the triangle in the given ratio. Upon 
AB Set off any where mn, so that MN : AB : : 

Vp (tjie perp. from p on ab) : cp, the alti- 
titude of the triangle. If mp and pK are to« 



gether 



DmSION ®F aimFAC3Rl5U' 

gether to be the least possible, then sqt off^ MN on eadi, sJd||? 
the ])oint p: so will the triangle l>e isosceles, and its 
perimeter (with the given base and ayba) a mmiinutn, 

5tKly. By lines, one of which is drawn^/wn a given angle 
fo a given point, which is also the point of iconcourse of the 
other two lines. 




triangle in the gh en ratio, and so that the toaller porfions 
shall lie nearest the angles A and b (unless the conditions of 
the division require it to be otherwise). From p and a demit 
upon AC the perpendiculars rpy aCj and from p and by on 
BC, the perpendiculars bd. Make cm : CA : : ac : r/>, and 
CN : cia : : hd : p</. Draw pm, pn, which, with cp, will divide 
the triangle as required. \ 

When the perpendicular from b or from upon bc or ac, 
is longer than the corresponding perpendicular from p, the 
point N .or M will fall further from c than b or a does* Sup- 
po'ie it to be ft: then make n c : eii i : fiC : pp, and draw pn' 
for the line of division. 

The demonstration of all this is too obvious lo need trac- 
ing here. 


Comput, The perp, rt? rr A^e . sin a; and cm n . 

bd zz. b 6 . sin B; and Cfi zz — 

vy 

Gthly. By lines, one of wldch fulls from the given point of 
concourse of ail ihrce, upon a given side, in a given angle. 

Suppose Uie given angle to bc a riglit 
angle, and p/ the gi\en perpendicular: 
wliiclx will simplify tlie operation, though 
the principles of construction will be the 
same. 

ComL Let cay cA, divide the triangle 
in the gi\ en ratio. Muke/k ; cu : : bd : y>fy 
zndjM : CA ; : ac : vf-y md draw pn, pm, thus forming two 
trt. ’"gles p/k, vjMy equal tx? cAe, qua respectively. If k fall 
bei ecu / and B, ai3d M between a and fy this construction 
manifestly effects the dlvii>ion. But if one of the points, sup- 
pose JM, Ms beyoiitl the corresponding point A, the line vu 

intersecting 
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lOtOTsecting AC in-e : then make M'e : c4 : : <>m : fp, and draw 
pm': so shaH vff 9n\ p^n, divide the triangle as required. 

Comput. Here ca ahd bd are found as in case 5th ; and 
hence/]S=:^^!^‘^.; and/M=^^i-^‘. Then pm= v''(m/'+/p*)» 

and ^ zrsin m. Also 180 ®— (m + a)=:m(?a. Then sin MeA: 
sinM : sin A a MA(=zuf : Me. Again pe=PM -Me j 

and lastly Me n 

Here also the demonj^ration is manifest. 


'Ifthly. By lines drawn from the angles to meet in'^a deter- 
minate point. 

Construe. On one of the sides, as ac, set 
off At), so that AD : AC : : ni : m + «+?!• 

And on any other, as ab, set off B35, so that 
BE ; i!C : : n : m 7i + p. Through D draw 

DO parallel to ab j and through li, eh parallel 
to BC ; to their point of intersection i draw tlie lines Ai, bi, ci, 
which will divide the triangle a Be into the portions required. 

Demon. Any triangle whose base is ab, and whose vertex 
falls in DG parallel to it, will manifestly be to ABC, as AD to 
AC, or as vi to 7n d // *+/?: so also, atiy triangle whose base 
is BC, and whose vertex falls in eh parallel to it, will be to 
ABC, as BF to BA, that is, as 7i to m + n- + p. 

I'hus we have aib : acb ; ; 7n : wi -f w + />, 

and , . . Bic : acb : : 7t : m + n+p, 

therefore . aib : me :: m : n. 

And the first tiyo proportions give, by composition, 

AIB 4 BIC : ACB : : m + 4 w -f p ; and by division, 

acb-(aib4bic) : acb : : t?? 4- 7i4;; — (m4w) ; Wi + ?i4p, 
or Aic : ACB : : : m + w 4- Consequently AIB : Bic : Aic 

oc m : n : />. 



i 1 r fl • AB W7 . BC f 

Lomput, BE = Gi = ; bg = -- — > angle Bor 

^ TW + W + Jtf WH-n-T-p “ 

3= 2 right angles — B. Hence, in the triangle bgi, there are 
known two sides and the included angle, to find the third 
side BI. 


Remark. When m ^n:= p, the construction c 

becomes simpler. Thus : from the vertex draw 
CD to bisect ab ; and from b draw be in like 
manner to the middle of ac ; the point of inter- a”"" IS » 
section i of the lines cn, be, will be the point sought. 

For, on be and be produced, demit, from the angles c^and 
A, the perpendiculars ci, ak ; then the triangles cei, aek, 
are equal in all respects, because A» === ce> KA£ = ICE, and 

the 







th« angfes sit £ are eqmL ak as: oi; &it tkeie 

the perpendicular .aUitud^fi of the triangles ^kidh 

have the common base bp. Consequently those two, triangles 
are equal in area* In a similar manner it may be proved, that^ 
APC ET APB or CPB : therefore these three triangles are equal 
to each other, and the lines pa, fc, trisect the A abc* 

PEOBI-EM ni. 

To Divide a Triangle into Four Parts, having the Propottioii 
of the •Quantities w,"w, Pt q. 

This, like the former problems, might be divided into se- 
veral cases, the consideration of all which would draw us to 
a very great length, and which is in great measure unneces- 
sary, because the method will in general be su^ested imme- 
diately on contemplating the method of proceeding in tha^ 
analogous case of the preceding problem. We shall tlierefore 
only take one case, namely, that in which the lines of division 
must all be draw'h from a given point in one of the sides. 

Let p be the given point in the side ab. 

Let the points /, tn, 7?, divide the base Ai 
in the given proportion ; so will the lines c/, 
cw/, cw, divide the surfaceof thetriangle in 
the same proportion. Join cp, and parallel 
10 it draw, from /, vt^ n,‘ the lines /l, wm, 
iTZN, to cut the other two sides of the triangle in n, M, n. 
Draw PL, PM, PN, which will divide the triangle as required. 

The demonstration is too obvious to need tracing through- 
out ; for the triangles l/p, l/c, having the same base l/, and 
•< lying between the same two parallels cp, aye equal ; to each 
of these adding the triangle al4 there results alp zz aqL 
And in like manner the truth of the whole construction may 
be shown. 

The computation may be conducted after the manner of 
that in case 3d prob. 2. 

problem IV. 

To Divide a Quadrilateral into Two Parts having a Given 
Ratio, m : n, 

1st. By a line drawn from any point in the perimeter of 
the figure. 

Construe. From p draw lines pa, pb, 
to the opposite angles a, b- Through D 
draw DF parallel to PA, to meet BA pro- 
duced in p : and through 0 draw CB pa- 
rallel to PB to meet ab produced in 

Divide 
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Halide iP'® In ii, ih tfe given rafio Hiim to ft: }6m% u ; so 
fiMl the iin^ j^m ,dhriife the q^dfadrilateral as fequrred, ; : 

tknwn. That the mangle fpe is equ^ to the quadrangle 
ABCI», may be shown by the same process as is used to dcaion- 
str^e the construction of prob. 3^, Geomeuy ; of which, in 
tact, this is ohly a modificaf:ion> And the line PM evidently 
divides f^e in the given ratio. But fpm = adpm, and EPM=r 
BCFM : therefore ?m divides the quadrangle also in the given 
ratio. 

Scpiark 1. If the Hrite pm cut either of the sides ad, bo^ 
then its position must be changed by a process similar to that 
described in tlie 5th and 6th cases of the la^ problem. 

Bemark 2- ^he quadrilateral may be divided into three/ 
four, OP more parts, by a similar method, being subject how^ 
<e^er to the restriction mentioned in the preceding remark, 

Benmrk 3. Tlie same method may obviously be used when * 
the given point p is in one of the angl^ of the figure. 

Coinput.. Suppose i to be the point of intersection of the 
sides DC and ab, produced \ and let the part of the quadrila- 
teral laid off towards i, be to the* other, as n to m* Then we 

have iMs: — - 7 - As to the distances dt, at, (since 

+ «) I p ' ' 

the angles at A and d, and consequently that at i, are knoxvn), 
‘•they are easily found from the proportionality of the sides of 
triangles to the sines of their opposite angles. 

2dly, By a line drawn parallel to a given line. 

Construe. Produce dc, AB,till 
they meet, as at i. Join db, pa- 
rallel to which draW'CF. Divide IF 
in the given ratio in h. Through 
D draw DG parallel to tlie given 
line. Make IP a mean proportional 
between IH, ig ; through P draw 
PM parallel to gd : so shall pm divide the quadrilateral abcp 
as required. 

Demon. It is evident, from the transformation of figures, 
so often resorted to in these problems, that the triangle adf 
r: quadrilateral abcd (th. 36 Geom.): and that dh divides 
tlie triangle adf in the given ratio, is evident from prob 1 
case 1 . We have only then to demonstrate that the triangle 
IHD is equal to the triangle Ef M, for in that case hdf will 
manifestly be equal to bcmp. bJow, by constructipn, ih i 
IP : : IP ; IG : : (by the parallels) IM : id ; whence, by making 
the products of the means and extremes equal, we have 
JLD . !H = IP . IM} but when the products of the sides aKout 




no 
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tlie equal angles of two triangles having a common angle zrt 
equal, those triangles are equal ; therefore A ihd = A IFM* 
a. E. D. 

Compute In the triangles adi, adg, are given all the angles^ 
and the side ad; whence AjyAQy di, and ic, r: Di — dc, be- 
come known. In the triangle iFC, all the angles and the side 
ic are known ; whence IF becomes known, as well as fh, 
since aht : hf : : m : 7U Lastly, iP = V{m . ig), and iG : 
ID : : IP ; im. 

Coi\ 1. When the line of division pm is to be perpendicu- 
lar to a si le> or parallel to a given side ; we have only to draw 
DG accordingly : ,so that those two cases are included in this. 

Cor. 2. When the line pm is to he the shortest possible, it 
must cut (df an isosceles triangle towards the acutest angle ; 
and in that ca.se IG must c\identiy l>e equal to id. 

3dly. By a line drawn through a given point. 

The method will be the same as that to case 4tli prob. I, 
and tlicrcforc need not be repeaLed here. 

Scholium. If a quadrilateral were to be divided into fottr 
parts in a given pioportion, 72, q : ive must first divide 
it into tw^o parts having the ratio of 7)i -f- to p + qi and 
then each of the quadrangles so formed into their respective 
ratios, of 7)1 to ;2, and p to q. 

FBOBLEM V. 

To Divide a Pentagon into Tw^o Parts having a Given 
Ratio, from a Given Point in one of the Sides. 

Reduce tlie pentagon to a triangle by prob. Geometry, 
and divide this triangle in the given latio by case 1 prob. L 

PROllEPiVl VI. 

To Divide 2 /?.u/ Polygon into Tw-o Parts having a Given 

Ratio. 

] St. From a given point in the perimeter of the polygon. 

Cons/rnc, Join any two opposite 
angles A, d, of the polygon, by the line 
Ap. Reduce tlie part aucd into an 
equivalent triangle kps, -whose vertex 
shall be the given point r, and base ad 
produced ; an operation wdiich may be 
performed at once, if the porri<>n a BCD 
be quadrangular ; or by sevei*al f)pcra- 
tions (ai from 8 sides to fi, from 6 to 4, &c,) if the sides be 
more than four. Divide tlie triangle nps into two parts hav- 
ixig the given ratio, by the line Pn. In like manner, reduce 

adkfga 
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adefoa into an equivalent triangle having h fpr its vertex, 
and VM produced for its base ; and divide tins triangle into 
the given ratio by a line from H, as HK. The compound line 
FHK will manifestly divide the whole polygon into two parts 
having the given ratio. To reduce this to a right line, join 
PK, and tlirough H draw hm parallel to it ; join pm j so will 
the right line pm divide the polygon as required , provided m 
fall between f and e. If ii do not, the reduction may be com- 
pleted by the process described in cases 5th and 6tli prob- 2d- 

All this is too evident to need demonstration. 

Remark. There is z direct method of solving this pro- 
blem, witliout subdividing the figure ; but as it requires the 
computation of the area, it is net given here. 

2dly. By the shortest line possible, 

Comtruc. Trom any point p', 
in one of those two sides of the 
polygon which, when produced, 
meet in the m<)st acute angle i, 
draw a line p m', to the other 
of those bides (hi ), dividing the 
polygon in the given ratio. Find 
tlie j)oiins p and so that ip or im shall be a mean propor- 
tional between ip , im' ; then wall pm be the line of division 
required. 

The demonstration of this is the same as lias been already 
given, at case 5 prob. J, Those, however, who wish for a 
proof, independent of the arithmetic of sines, will not be dis- 
pleased to have the additional demonstration below. 

The s/f07’test line which, with twm other lines given in po- 
sition, includes a given area, will make equal angles with those 
two lines, or with tlie segments of them it cuts ofrfrom an 
isosceles triangle. 

Let the two triangles A eg, aef, having the common angle 
A, be equal in surface, and let the former triangle be isos- 
celes, or have ab zz ac ; then is EC shorter than ef. 

First, the'oblique base ef cannot pass 
tlirough D, the middle point of BC, as in 
the annexed figure, f or, draiving cG 
parallel to ab, to meet ef produced in 
G. Then the two triangles dbe, dcg 
are identical, or mutually equal in all 
respects. Consequently the triangle 
DCH is less than dbe, and therefore 
ABC less than aef. 

EF must therefore cut Bc in some point h between b and 
D, and cutting the perp. ad in some point i above d, as in the 

* ‘Jd fig. 


A 
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in 

Ud fig. Upon Bi^ {produced if neccssiry) 
demit the perp. Ak. Then, in the right 
^jtngled A AIK, the perp. ak is less than 
the hypothenuse Ai, and therefore much 
more less than the other perp. ad. But, 
d£ equal triangles, that \rych has the 
^eatest perpendicular, has the least base. 

Therefore the base nc is less than the base* Er. A. B. D, ^ 

, This series of problems might have been extended much 
further ; but the preceding will fiirnish a sufficient variety, 
to suggest to the student the best method to be adopted in 
almost any other case that may occur. I’he following, prac- 
tical examples are subjoined by way of exercise. 

Ex', 1. A triangular fi^ld, whose sides are 20, 18, and U> 
chains, is to have a pijpce of 4 acres in content fenced off from 
it, by a right line difawti from the most obtuse angle to the 
opposite side. Required the length of the dividing line, and 
its distance from either extremity of the line on which it 
falls ? 

Ex. 2. The three sides of a triangle are 5 , 12, and 1 3. If 
two-thirds of this triangle be cut off' by a line drawn parallel 
to the longest side, it is required to find the length of the 
diyidingftline, and the distance of its two extremities from the 
extremities of the longest side# 

Et. 3. It is required to find the length and position of 
the shortest possible line, which shall divide, into two equal 
parts, a triangle whose sides are 23, 24, and 7 respectively. 

Ex. 4. The sides of a triangle are 6, 8, and ID ; it is re- 
quired to cut off niiie-sixjeenths of it, by a line that shall pass 
through the centre of its inscribed circle. 

Ex. 5. Two sides of a triangle, which include an angle of 
70®, are 14 and J7 respectively. It is required to divide it 
into three equal parts, by lines drawn parallel to its longest 
side. 

Ex. 6. The base of a triangle is 1 1 2'65, the vertical angle 
and the difference of the sides about that angle is. 8. 
It is to be divided into three equal parts, by lines drawn from 
the angles to meet in a point within the triangle. The lengths 
of those lines arc required. ^ 

Ex. 7. The legs of a right-angled trian^^’are S8 and %5. 
Required the lengths of lines drawn from the middle of the 
bypothenuse, to divide it into four equal parts. - 

Ex. 




. . n| 

Ex, The length and breadth of a re^gngjjc are 1 5 ^aqd 
9, It proposed to cut off oUe-fifti^ of It, by a lio^ yf;hich 
shay, be drawn from a .point on the longest side at^ the,dir 
stance of 4 from a corner. 

Mx* A regular hexagon, eacli pf whpse «ides is IS, is 
to be divided into four cpual parts, by two equal lines ; both 
passing through the centre of the figure*. What k the length 
of those lines when a mipinnni\? 

JBx. 10. The three Sides of a triangle are S, 6, and 7. How 
may it be divided into fmir equal parts, by two lines "^hicfi 
shall cut each other perpendicularly ? 

The student will find that some of these mcampl^ 
wUl admit of two answers. 


CHAPTEH VIH. 

ON THE NATURE AND SOLUTION OF BOUATIONS IN 
* OENKRAL. 

1. In order to investigate the general properties of the 
higher equations, let there be assumed between an unknown 
quantity *r, and given quantities a, A, c, an equation con- 
stituted of the continued product of uniform factoi^s^ thus 
(x — X (*r - i) X (x — c) X (^ — d) = 0. 

This, by performing the multiplications, and arranging the 
final product according to the powers or dimensions of ar, 
becomes 

x^ -h a6Xx^--adc^ X + 0, . . . (A) 

— A I + 1 — [ 

- c [ + ad 

— dj + 

+ bd 
-f cd 

Now it is obvious that the assemblage of terms which compose 
the first side of this equation may become equal to nothing in 
four different ways ; namely, by supposing either x = a, or 
4 " = 4, or a? rr c, or .r = d ; for in either case one or other 
of the factors jr — a:’ — 6, ar — c, will be equal to no- 

thing, and nothing multiplied by any quantity whatever will 
give nothing for the product# If any other value e be put 
tor 4 ^, then liane of the factors e— c— A, e- c, being 
equal to nothing, their continued product cannot be equal to 
nothing. There are therefore, in the proposed equation, four 

roots 
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roots or values of .r ; and that which characterizes these roots 
IS, that on substituting each of them successively instead of .r, 
the aggregate of the terms of the equation vanishes by the 
opposition of the signs + and — . 

The jn^eceding equation is only of the fourth power or de- 
gree 5 but it is manifest that the above remark applies to 
equations of higher or lower dimensions : viz, that in general 
an equation of any degree whatever has as miihy roots as there 
arc units in the exponent of the highest power of the un- 
known quantity, and that each rout has the property, of ren-^ 
dering, by its substitution in place of the unknown quantity, 
the aggregate of^all the terms of the equation equal to no- 
thnig. 

It must be observed that we cannot have all at once .rrrflf, 
X />, X = c, &c, for the roots of the eipiation ; but that the 
particular equations .t’ — 0, .r — b zz 0 ^ x — t* = 0, &c, 

obtain only in a disjunctive sense. They exist as factors in 
the same equation, because algebra gives, by one and the same 
formula, not only the solution of tlie particular problem from 
which that formula may have originated, but also the solution 
of all problems which have similar condititms. The differ- 
ent roots of the equation satisfy the respective conditions : 
and those roots may differ from one another, by their qudn>^ 
titVy and by their viodc of existence. 

It is true, we say frequently that the roots of an equation 
are x = x = by x = c, &c, as though tlxpK values of x 
existed conjunctively ; but this manner of speaking is an ab- 
breviation, which it is necessary to understand in the sense 
explained above. 

2. In the equation A, all the roots are positive; but if the 
factors which constitute the equation had been x q- f/, x-\-by 
X 4 Cy X + di the roots w^uld have been negative or sub- 
tractive. Thus 


'f a' 
+ b 
-f c 
-f d 


X’ + air 

x'^ 4“ ^bc' 

+ cic 

4 “ (M 

' -4 ad 

^ 4- acd 

1 + bed ^ 

+ be 

+ hd 

\ 

“b cdj 



X + = 0. . , • (B) 


has negative roots, those roots being jr 
X — Cy d : and here again we are ro apply them dis- 

junctively. 

3 . Some equations have their roots in part positive, In part 
negative. Such is the following: 


+ 


tf") abl 

c J be) 


X abezz 0, 


(C) 


Here 
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Here are the two positive roots viz, .r = x = i 5 and one 
negative root, viz, ^ — c ; the equation being constituted 

of the, continued’ product of the three factors, a* — n ==: 0, 

— ft = 0, X 4- 6' = 0. 

Frona an inspection of the equations A, B, c, it may be in- 
ferred, that a complete equation consists of a number of 
terms exceeding by wiitjj the number of its roots. 

4. The preceding equations have been considered as foriried 
from equations of the first degree, and then each of them con- 
tains so many of tlmse constituent equations as there are units 
in the exponent of its degree. But an equation which ex- 
ceeds the second dimension, may be considered as composed 
of one or more equations of the second degree, or of the 
third, See, combined, if it be necessary, with equations of the 
first degree, in' such manner, that the product of all those 
constituent equations shall form die proposed equation. In- 
deed, when an equation is formed by the successive multipli- 
cation of several simple equations, quadratic equations, cubic 
equations, &t:, are formed j which of course may be rog^ded 
as factors of the resulting equation. 

f). It sometimes happens that an equation contains imagi- 
nary roots 5 and then they will be found also in its consti- 
tuent equations. This class of roots always enter^j an equation 
by pairs j because they may be considered as containing, in 
their expression at least, one even radical placed before a ne- 
gative qiiantityi and because an even radical is necessarily 
preceded by the double sign ±. Lei, for example, the equa- 
tion be {-ft'' — k.'c + c' f ^/‘).r‘ + (2i/‘c+ 

Sft'e — 2ar — 2ad^)x + (fl'* ft') . {r -f d'-) = 0. This may 
be regarded as constituted of the two subjoined quadratic 
equations, - 2d.v + (d- 4- ft“ m 0, .r’- 4- 2cx -j- c' + = Q : 

and each of these quadratics coqi^ains two imaginary roots; 
the first giving x ^ a di ft v' — and the second 4 iz — c db 

dV-l. 

In the equation resulting from^ the product of these two 
quadratics, the coefficients of* the powers of the unknown 
quantity, and of the last term of the equation, are real quan- 
tities, though the constituent equations contain Imaginary 
quantities ; the reason is, that these latter disappear by means' 
of addition and multiplication. 

The same will |ake place in the equation (.r — e?) . (.r -f ft) . 
{x^ 4" 4" c* 4- — 0, which is formed of two equations 

of the first ♦degree, and one equation of the second whose 
roots are imaginary. 

These remjtrks being premised, the subsequent general 
theorem? will be easily established. 
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THEOREM 

Whatever be the Species of the Roots of aii Equation, 
theJEquation is arranged according to tlie Poweh of the 
Unknown Quantity, if the First Term be p<>sitive» and 
have unity for its Coefficient, the following Propefties may 
be traced : 

* L The first term of the equation is the unknown quantity 
raised to tht power denoted by the number of roots. 

II. The second term contains the iinkripwn quantity raised 
to a power less than the former {>y unity, twith a coefficient 
equal to the sum of the roots taken with contrary signs. 

in. The third term contains the unknown quantity raised 
to a power leas by 2 than that of the first term, with a coeffi- 
cient equal to the sum of all the products which can be form- 
ed by multiplying all the roots two .and twoi^^ 

IV. The fourf?h term contains theimkhowm quantity raised 
to a power less by S than that of the first term, with a coeffi- 
cient equal to the sum of all the products whicl^ can be made 
by multiplying any three of the roots with contrary signs. 

V. And so on to the last term, which is the continued 
produc| of all the roots taken with contrary signs. 

All tliis is evident from inspection of the equations ex- 
hibited in arts. I, 2, 3, 5. 

Cor» 1. Therefore an equation having all its roots real, 
but some positive the others negative, wiH l^ant its second 
term when the sum of the positive roots is e*qual to the sum 
of the negative roots. 'Jhus, for example, the equation c 
will want its second term, if + ^ = c 

Cor. 2. An equation whose roots^iare all imaginary, will 
want the st^cond term, if the sum of the real quantities which 
enter into the expression, the roots, is partly positive, 
partly negative, and has the result reduced to nothing, the 
imaginary parts mutually destroying eaeh other by addition 
in each ^air of roots. T0ius, the first equation of art. 5 will 
want die second term if ^ 2a + 2c = 0, or a = c. The 
second equation of the same article, which has its roots partly 
real, partly imaginary, will wrant the second term ifA—a + 
2c =: 0, or a — i 3= 2c. 

Cor, 3. An equation will want its third term, if the sum 
of the products of the roots taken two and two, is partly po- 
sitive, partly negative, and these mutually destroy each other. 

Ilet7iark, An incomplete equation may be thrown into the 
fprm of complete equations,byintrodudng, with the coefficient 
a cipher f the absent powers of the unknown quantity: tbii«, 

for 
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for the elation x^ + r may be written ^ ^ 
jT 4f V m Q. T>is m snme tases wall be'.iisefai ■ " , - ^ ^ 4 

iHor. An eqiJ3tt5on with positive roots maty be !a*tefr- 
formed into another whkh shali have negative roots ^ the 
same v^kie^ and recipfocally. In Order to this, it b only iie* 
cessary to change the signs of the altemSte tertrls^ beginning 
with the second. Thus, for example, if instead of tl^e equa- 
tion JT^— + 17jr — lo = 0, which has tlwee ppsitW roots 

1, 2, and 5, we write x* + Hx" + I 7jr + 10 s ^ this latter 
equation will have^three negative roots x f, s isz'^ % 
jr =z — 5. In liSte manftef, if instead of the equation +• 

2. r*— \%x-\- lO—O, which has two positive roots xtsz t, x:s£2^ 

and one negative root jr — 5, there be taken ^ 

ISji’ — 10 r= 0, this latter equation will have two negati^ie 
roots, r =: — x = — 2, and one positive root jt ss 5« 

In general, if there taken die two equations, (;r — X 
{x— 0) X (-r - i;)x Gt:*- d)x &c = 0, and (x+tf) x (x-f A)x* 

(x c) X ( r -f d) X &c 3: 0, of which the roots are the same 
in magnitude, but with, different signs : if these ecpiations be 
developed by actual multiplication, and the terms arranged 
according to the powers of x, as in arts, 1,2; it will be seen 
that the second terms of the two equations will be Wected 
with different signs, the third terms with like signs* the 
four til terms with different signs, &:c. 

When an equation has not all its terms, the deficient terms 
must be supplt^ by cyphers, before the preceding rule can * 
be applied. • 

CV/% 5. The sum of the roots of an equation, the sum of 
their squares, the sum of their cubes, &c, may be found with- 
out knowing the rootl^hemselves. For, let an equation of 
any degree or dimension, w/, be + fx^^^ 4 i§rx”*"^ + 

+ &c = its roots boingf^, c, &c. Then wc 
shall have, 

1st. The sum of the first powers of the roots, that is, of 
the roots themselves, or a 4* ^ &c — J\ since the 

coeificient of the unknown quantity in the second term, is- 
equai to the sum of the roo^ taken with duFerent signs. 

2dly. I’he sum of the squares of the roots^ b eq^altofche 
square of the coefficient of the second term made less by 
twice the coefficient of the third term : viz, 4* + b" + 4* 

S^c = 7 * ^ polynomial a + A + ^ 4 be 

squared, it will be fouTid ditU: the square contains the suoi of 
the ^uares of the terms a, A, c, &c, plus twice the su4jn of 
the products formed by multiplying two arid two all the roots 
<5r. A, tr, See. That is, (ar + A -f c 4 &c)^ =: A^ 4 4 

4 4 £W? 4 Ac 4 8?i). 'But it is obvious, from equa/ a, b, 

VoL. m. N that 





tJsat (u + 4 ,4" ^ 4^ &c)®) stttd (^ 4 4- 4^ 4* &r HH 

> Thus we hav^ 4- + 4 lc) 4- ^2^; 

8e<|u^ndy 4^ + ^ 4 fcc =5^^ ^ afij* , 

Sdly. The^i 3 &'of th^ cub^s of the mot% ist equad to S tittidf 
tht x^tangle of the coefficient of the second and th^ terms^ 
made less by the cube of the coefficient of the second tefin» 
times the^<M:>efficient of the fourth term ; viz, d? 4 
4- ^ ^ — Jp 4 SA* For we shall by actual bsh 

wplutSoa, have (4 4 4 4 4 &c)^ ii:tf*4 4*4t?’4 4^® + 

3(4 4 4 fir) X (ab + ac + bc)^:iiiic. ^fit{a + b + c + ^cf 
eas (a 4 4 4 4 &c) x {a4 4 ac+ltc 4 &c)«a 
mBc =? — a. Hence therefore, — 4 4^ 4 4 

4 SA| and consequently, 4 4^ 4 + &C'= — /* 4 

— SA. And so on, for other powers of the roots. 

THEOKKM 41. 

In Every Equation, which Contains only Real Roots : 

I. If all the roots are positive, the terms of the equaticm 
will be 4 and — alternately. 

II. If all the roots are negative, all the tenns will have the 
sign 4* 

^ HI* < 8F the roots are partly positive, partly negative, there 
will be as many positive roots as there are variations of signs, 
and as many negative roots as there 2 Lre permanencies of signs; 
these variations and permanencies being ol^rved from one 
ferda to the following through the whole extent of the equa- 
tion. ^ 

In all these, either the equations are con;iplete in their 
terms, or they are made so. 

The fir^ part of this theorem is c^Went from the exami^ 
nation of equation a ; an4 the second from equation B. 

To demonstaratc the third, we revert to the equation o 
(art. 3), whdch has two ;^sitive roots, and one negative. It 
may happen that eithei*^^ <z 4 4, or c < a 4 4. 

In the first case, the second t^m is positive, and the third 
is negative; because, having c >. a 4 4 we shall have uc 4 
is > (a -4' by > ab. And, as^fhe last term is positive, we see 
that from the first to the second there is a permanence of 
signs ; from the second to the third a variation of signs ; and 
from the dikd to the fourth another variation of signs. Thus 
there are two variations and oijp permanence of signs ; that 
is, as many variations as there are positive roots, and as many 
permanencies as there are liiegative rootii: ' ^ 

-In the second 'C:ase, the second term of the equation is ne- 
gative, and the third may he either jpntitive or negative. If 

that 



be from the fim to . 

a pf sig^is.; Jrw tbe ^eo^nd to thp 

variation^ from the.tbii^ ^ tbe^fo^TA af«rmanence^^^aki^ 
iH'alLt^O ]irariatiiD4fii-;a«4' oite'-'pe^wwiJenoe/pf ' 

third tem be negative j then will be one y;iriation aigp^. 
{ 0 m the first to. i^e seoopd.j one iwmnpnoe from the ^cpod 
to the third.} and one ’wari^ion irom thp third t^e %uiA ^ 
tbiis making again two vit^-iatjbns.and one pepnapepoel Th;^ 
number of variations of signs therefore, ip ^his case as well 
in the former, is the same. Hts that of the powtive roots; jmd 
the number of penmanencieS) the same as that of the negative; 
roots. ^ ' 

CdroL Whence it follows^ that if it be kno#ii^ by aiiy 
means whatever, that an equation contains only real foot% ^ 
is also known many of them are positive, and how many 
negative, Suppbse, for Sample, it be kn^n that, in the 
equation + 3jr^ — 23jr^ — 4- 166^3 — 1^0 == 0, all * 

the roots are real : it may immediately be concluded that there 
are tkr^e positive and ra?o negative roots. In fact this equa- 
tion has the three positive roots s ^ zz 2 % X ^ ^ mi 
two negative roots, r r:: — 4, jr‘=: 5, . 

If the equation tvere Incomplete, the absent terms must be 
supplied by adopting cyphers for coeificients, and chose.tftins 
must be msufced with the ambiguous sign i, Thus, if the 
equation were 

— liSlOjr’ + 30jr* + 19 .t 30 = 0, , 

all the roots being real, and the second term wanting. It 
must be written thus : 

x’’^ ± Ox* — 20x^ + 30.r* + ISM: SO = 0, 

Then it will be seen t|b^, whether the second term be, posi- 
tive or negative, there V® be 3 variations and 2 permsmettcies 
of signs : and consequently the eqi|P:ion has S positive and 2 
negative roots. The roots in fact are, 1, 2, — 1, ^ 5* 

This rule only obtains with regard to equations whose roots 
are real. If, for example, it were lifcrred that, because the 
equation -f 2x + 5 = 0 l^ad two penuiuiencies of signs, it 
had two negative roots, the conclusion would be erroneous : 
tor both the roots of this equai^n are imaginary* 

.THAoiuaM in; 

Every Equation may be Transformed into Another whose 
Roots shall be Greater cir Less by a Given Quantity. 

In any equation whatever, of which x is unknown, (the 
equations A, B, c, for example) make a: = r + w, c being a 
new unknown quantity, m smy given quantitji pofitive pr 

N 2 negative i 



1 ^; 

Jieffs^ke : then ^i^kifthiig, ins^eaid of f 
values resulting from the hypothesis that sszz mi sojUl^i 
theire arke en equation^ vrho&e roo^ ihaU^be greater ^ 
than the ro^ of the fnwkwe eguationi , by the assumed 
qn:|ntity.s/i«^ . , \ ;>, v 

w C^rsj!^7 Tlie prindjpal use of this transformation is, to 
ai^ay any term ont of an equation. Thus, to, trans$!»;m an 
e||iktion into, me which shall want the $iS4:ond term, let m he 

so assumed that nm — a := 0, or w = u being thO indeat * 

of the highest power of the unknown quantity, and a the 
coefficient of the second term of the equation, with its sign 
changed : then, if the roots of the transformed equation can 
be found, the roots of the origiml equation may also be found, 

because r: + — , tl# 

n , , ^ 

THEORJIM 

Every Equation may be Transformed into Another, whose 
Roots shall be Equal to the Roots of the First Midtiplied 
or Divided by a Given Quantity. 

1. Let the equation be -f bz ezzO: if we put 
Jz ^ or z := the transformed equafion will be -I- 

fax^ +f^hx -^f^c rr 0, of which the roots are the respective 
products of the roots of the primitive equatiqp multiplied into 
the quantity f. ^ i 

By means of this transformation, an equation with frac- 
tional quantities, may be changed into another which shall 

be free from them. Suppose the e^^tion were 2;^ 4* ‘^ + 

-~-f y = 0: multiplylnj^ the wh&foby the product of the 
denominators, theire would ^ise gh/cz^ + h/aiz" + gkhz + 
gkd = 0 : then assuming ghkz s: x, or r ~ , the trans- 
formed equa. would be!p 4* hkax^ g'^k^hix ’^g^Ph^d = 0. 

The same transformation be adopted, to exterminate 
the radical quantities which ^[fect certain terms of an equa- 
tfom Tiius, let there be giv^ the equatioil!^^ 4- az^»/k 4- 
hz 4- c^/k: make k = jr; (hen Will the transformed 
equation be 4- okx"^ + ^kx 4- ck* = 0, in which ti^ere are 
110 racial quantities. ^ 

2. Take, for one more examj^fei the equation.z^ 4- + 

fta: 4- c =5 0. Make r: .r 1 then will the equation be 
transformed to + ^4- ^ -f 0, in wliidx tl&e roots 


'6OUJT10H- or siKE» &c. l#l" 

of tlioseoflihe 

divid^ 

" It ia dbVibiis a^ttiilOj^our m ati ec^atic^tiiaj^ 

be trattisronn^d into iinotber/ tbb^rbots of »haJi betd 
those of the proposed equatipOi in any reij^uired radio^. 
thi sulked" nedd not be enlarged bn The preceding 
snecinct view will suffice for the usual so for as re^ 

lafos to the nature and chief properties of equations/ ^Wb shall 
therefore conclude this chapter with a sutnmary of the most 
useful rules for the solution of equations of different degrees^ 
besides those already given in the first vblmne. 

I. Ruie^ for the Solution of Quadratics by* Tables ^ Sikes 
and Tangents. 

1. If the equation be of the form ar^ -\-px = jf ; 

3"*"' I 

Make tan a =: i then will the two roots be> 

jr = + tan 4 a . . . J. a; = - cpt.i aV?* 
it. quadratics of the form ^ px ^ q. 

Make^ as before, tan A y/y ; then will 

4: == — tan {xVq .r == + cot l^s/q* 

3. For quadratics of die form 3iP-+px :sz q. 

Make sin a = -Wg: then will . 

P 

jr = - taj^iA>v/y jr = — cot iA Vy. ’ 

4. For quadigrtics of the form x^ — p.r q, 

* s 

Make sin a r: — v'y : then will 

x = + taniAy's' ar = + cot iAv'f. 

\WQ 

In the last two cases, if^Vy exceed unity, sm a is imaginary, 

and consequently the values of x. ^ 

The logarithmic application of these formulae is very simple# 
Thus# in case 1st. Find a by making 

10 k log 2 + i log f — % p = log tan A. 

Then losr x =s S + J log y - 10. 

Alien log X - ^ ^ ^ Jog g _ jj)). 

Note, This method of solving quadratics, is chiefly o£ use 
when the quantities p and q are large integers, or complex 
fractions* 

IL Rules for (he Solution of Cubic Equations by Tabl^ of 
Sines^ Tmgmts^ and SemiUs. 

1* I’or cubics of the form x^r{^px ±LqzzQ. , 

Make B = ^ . . * . ; tan a 



'Ite SOLUTION OV '&C. 

2. Tot cubics of tbe fom x* — pi ± y'b: 0. 

ZVrP • •'.<•> •..,» A iSf^.tra ifc’ 

'■ ■■> Tbimx=z^ coiecSAiSij^jfy ■ ^ ■> .■ ' 'H" 

1lS^e,‘ If Ae value of sin b slttmia exci^' anityj B 'ssdtiid 
Ij^itmglnaiy,' and the ct^atdon vrould fall in wW ^liaHibd 
" ^ jrrcdMnfiw ’ftlBe 'of cubics. In that'cSse we most iisike 

’Cesec 3* ^ ^ . 2iv/|#* ^d then the three roots tyoHl<fbe 
df' a= ± sin A . 

-JT aar ± sin (60* — A) . 2V4p* 

^ 4r ^ ± sin (60* -f a) , 

If the vahie of sin b were 1, we should have fi rr 90*, tian 
A = 1 ; therefore A r: 45^, and a;* =?= tq: 2 v'-J p- Put this 
would riot be the only root. The second solt^tion would give 

epaec 3 a =: 1 : therefore a =; and then 

= ± sin 30* , = ± ViP* 

jr = ± sin 30® . 2V^p = ±- V^tP* ""I 

jp r= 2f: sin 90* , ^'/jp = T^A/yp. , 

Here it is obvious that the first two roots are equah that their 

j$um is equal to the third with a contrary sign, and that tliis 
third is the one^which is produced from the first solution^. 
In these solutions, the double signs in the value of t, re- 
late to the double signs in the value of ^ 

N. B. .Cardanos Rule for the solution of^ubics is given in 
the first volume of this course. 


# Tike tables uf sifies, tangents* &c, be^^i^eir use i» tri^ikomeiry^ and 
in the solution of the equations, aio alio vw^ tiseful in finding the value of 
algebraic exprcfistous sphere extraction of iroots would be olhnra i^e required* 
Thus (f a and b be any two quantit(e», of which a is Itie greater. «, %f 

i h a h 

&C, 80, that tan jc = , sm % *» 

h ’ ‘ V ' ' 

tor — : then will 

' ® ' 'V'"' fn 

log V(^ “ log « + log sin y or log ^ + log tan g, 

, Ing (• + ^) + log(a— ^)]- 

loss “ log« + log sec.it «s log + log doaeo. - 

log + /O ** f a -h log »€C a: f lug a + flog 3 t log cos Jj/- 

log l/{a — 6) ~ I log « 4- log cos a » I log c + I log S 4* log sin 

m ' ''T 

log dBS:pog‘^i + log CO*/ : i 

The first thiee of these forrnul* will often be useful, when twn Sides of a 
right-angled triangle lire ^ven, jp find the - 


m. Solution 



SOMimR OF COITIONS. 18t 

^ Hi. Solul^ pf Bigiwdratic flgudHons. 

Jjet tihe pippos^d biqTi 3 .dr 9 tu: be + Sjm’* = gi^4- rr + 1 . 
Now (a* +pjr + nfHex * '+ 2J>** + + 2?f)ar* + 9pm 4"#* : 

if therefore (/>* -f S«^ ** 4^ ^P*** +:«* be added to both sides 
of.die proposed biqoadratic, the first will b^otne s complete 
Si|uare (sp* + pa + m)*, and the latter part (p* + 2n + g) jp 
*i* 4 - r}a + «* -f *» >* a compete, sqtB|re if 4(^* + 2» 

+ f ) • (»* + «) = ?pw + r‘} that is, multipl))h^ and arranging 
the terms according to the dimensions of n, if 8»t* -+ 

(8s — 4jp)n + 4- 4p*s — r® = 0. From this etjnation 

let a value of n be obtained, and substituted in the equation 
(a* + pr + n)® = (p* 4* 2m 4- y)r® 4* (2p».4" r)j 4‘. «® 4- Jj 
then* extracting the square root on both sides 

i®4-px4-«=± { v'(p®+2«4-Y)a4-v'(«*4-r) [ 

orx^+px+n=:± J v'(^4-2«4-y)r-v'(»®4-s) {iJ'negSrtr 

And from tliese two quadratics, the ftur roots of the given 
biquadratic may be determined 

Note. Whenever, by takkg away the second term of a 
biquadratic, after the maimer described in cor, th. 3, the 
fourth term also vanishes, the roots may iinm<»diately be ob- 
tained by the solution of a quadratic only. 

A biquadratic may also be solved independently of cubics^ 
in the iollowi^ cases : 

1, When Ae difierence between the coefficient of the 

third term, and the square of half that of the second term, is 
equal to the coefficient of the fourth term, divided by half 
that of the second. if p be the coefficient of the second 

term, the equation reduced to a quadratic by dividing 

it by ± ipx. K 

2. When the last term Is negative, and equal to the square 

of the coefficient of the fourth term divided by 4* times that 
of the third term, the sc|p:tAre of that of the second : 

then to complete the square, subtract the terms of the pro- 
posed biquadratic from ± IpxYf and add the remainder 
to both its sides. 

S. When the coefficient of the fourth term divided by 
that of the second term, gives for a quotient the square root 
of the last term : then to complete the squiwre, add the square 
of hjdf the coefflrient oCihe second term, to twice the square 

^ ^ ^ ^ ^ 

*'Thifi ruk', for solving })>y conceiving each to be the, difference 

of two sqoares, is frequently ascrib^ to Pr. Waring ; but its original inventor 
was Mr. Thomas Simpsofi, formerly Frpfesuor of Mathematics in the Royal 
Military Academy. 

root 





'^' t 

root of the last term> the &um hjr- from the pr<v 

ditet take the third term, aad add the remainder to both sides 
Oil^.the biqoadr^ics.^:' ' ' ,,''' ' 

4. The fourth term will be rmd» to go out by the Oiusd 
operation for taking away the second teri^ when the 
enc6 betw<^en the cube of half the coefficient of the second 
tnim and hajS product of the coefficients of the second 
and third tprxTijls equal to tlie coefficient of the fourth tpttn. - 

IV*- Eulo'^s link for the Soltiiion of Biquadratics, fjf 

Let JT^ — ax^ — i.r '- <? = 0, be the given biquadratic equa- 
tion wanting the second term. Take/ =± g = T^’» 

and A = or -//i = with wMch values rof /i g^ h, 
form the cubic equation ^ « 0. Find the 

roots of this cubic equation, and let them be’^lied p, q^ r 
Then shall thc/our roots of the proposed biquadratic be these 
following: viz. 

When is positive. When is negatiye; 

1. X iz \/p 4- 4/q .+ \/r x = \/p + \^q — 

2. S Vp — V? ^ = V'p — V'y + 

3. or = - ^p 4. >/y - -v/r. jr = — A/p + -f -/r. 

^4. X s±= — A/p — V? 4 A/r. ;r rs — A/p — a/^ — a/'/. 

1. In any biquadratic equation haying all its terms^ 
if 4 tif the square of the coefficient of the ^^rm%e greater 
than the product of the coefficients of the fS|and 3d terms, 
or I of the square of the coefficient of the 4th term bp greater 
than the product of the coefficients of the 3d said 5th terms, 
Or of ti e square of the coefficient 3d term greater 

than the product of the coefficients ojpe 2d and 4dt terms; 
then all the roots of that equation AiWbe real and unequal : 
but if either of the said parts of tliose squares be less thafi 
cither of those products, the equation will have imaginary 
roots. ^ , 

21 In a biquadratic 4* ^ + d s 

which two rc^.t?: are impossible, and d an affii^ative quawdtyi 
then^tlie two possible ni;>pts will bigf both negative, or both 
affii^atiye, according as o? — - %ab 4 8tC, is an affirmative or 
a negative quantity, if the signs of the coefficients tf , 6, c, d, 
are neither all affirmative, nor alternately — and 4^. 

- ^ ^ ^ 

* Various ^^e«era/|:ul€s for the solnt4oi^ of ^qiiatiohs have heeh g»v®u hy 
tlemoivn*, Lagrange, ; but the most universal »» ap^Uxin- 

pen avf* opproximaliiig^ks, Of #hwh * very sidipie and uaeftU^one is |:iveii 
ih our IJrst volume# * ^ 

EXAMPLES. 


■ 4 

■ ■• - s\ iS, . • ,f-, ^ ’■ .,• • ' 

JBx. 1. Find the rooty of the equation x* + sis 

Iqf, tables of sines and talents. 

^Here ** equaticm ^^rees with the 

1st form. Also tan a as ^i/^~»andx=st|*iiA 

In logarithms thus : ' * . “ 

Log 1695 = 3‘®291697 
Arith; com. log 12716 =:. S-895G495 

, sum + 10 = 19* 1248 192 • ^ 


half sum ~ 9-5C24096 v 

log8S=: 1*9444827 
Arith. coiu*log 7 =s ^9*1549020 

sum - 10 = log tan a 10*66 17943 r: log tan 77®42'61''|-;* 

log Ian l-A 9*9061 115 r: log tan 38®51'l5"| \ 
Id^ as above = 9*5624096 

sum 10 zr log .r = — 1*468521 1 rr log ‘2941 176. 

This value of jt, viz *2941 176, is nearly equal to To find 


whether that is the exact root, take the arithmetical complin 
m6nt of the last tpgfarithm, viz 0*531 1*379, and consider it as 
the logarithm denominator of a fraction whose numie^ 

rater is : thus is the fraction found to be exactly;, 
and this is manifestly ,i^ual to As to the Other root of 
the equ^ion, it is equll^i* - ^ ~ 

J3x. 2. Find the robts of the cubic equation 
““ “T IT., = 0, by a table of sines. 


^ 40 . 46 

Herep = — 




y =: — , the second term is ne|[ariye, and 
the examplJ^feUs und^r the irreducible case. 


>*2%® : So that 

Hence, siu 3A = 2^ X f 

^v' 3.441 

The tMee values of t tliercfore, are 

sin.Ar^:. 
sin (SO' - A)Vjg. 
X = — sin (60’ + a) •/—. 


414 . 

403* I612‘ 




1323 


The 



tJN lOf IKUrAVI^tl^S* 


: The Jogarithtnic computatskm is sabjomed# ^ ^ 

Log 1612 =? 3*«073640 
Jkritb.com. log 1323 as 6-87^4402 

sum — K) = 0*08580,^2 ^ " 

* half sum 5= 0*0429026 const* log* 

Arith. com. const* log, = ^*9570974 
log 414 = 2*6170003 

Arith* com. log 403 . r: 7 3 946950 

„ log sin 3 a . . , 9*9687927. = log sin 68* 32^ 

Log sin A =: 9*5891206 
cons\:. log 0*04290 26 

1. sum-10=log.r= - 1*6320232 rrlog -4285714 = log 

Log sin {60*--A) = 9*7810061 
const log = 0*0429026 

2. STiih- 10=Iog,r= - l-8‘,i3H08^ =log -666/^666 = log 

Log sin (eC + A) = fl-J-tfiOSoOO 
const, log . , . • . ^ 0*0429026 

3. sum— 10= log — T z: 0*039508i) = log 1*095238= log-|4* 

So that the three roots are j, and — 9 0 ^ which the 

first two are together equal to the third with its sign changed, 
as they ought to be. 


ilr. 3. Find the roots of the biqt^dratic x* — 25.r“ + 
60:r — 36 = 0, by Euler’s rule. 

Here a = 25 , ^ = — 60 , and c = 36 j therefore 



The three roots of which are 




9 25 

» = — = p, and z = 4 f= f , and z = -^ =s r j 

the square roots of these are \/p = j = 2 or v't*= »■ 
Hence, as the value of is ue^ive, the Tout* roots are 
1st. Z" = 4 4^ 4- ~ i — h 

2d. a? rt I- - ♦ 4- f = 2, 

3d. .r =- 1 + I + I = 3, 

4ih. ZT = - I - I- - I- =— 6. 

Hr. 4. Produce a quadratic equation whose roots shall be 
I and 4- Ans. z?* — l^z’ + = 0. 

Ex. 5. Produce a cubic equation whose roots shall be 2, 
5, and — 3. Ans. zr* — 4z’* — llx + 30 = 0. 


Ex. 6. 



EatTATiiftls. , ■ lit 

Ex. 6. Pt'odulbC' a biquadr^ which stall the 

roots 1, 4, — S, and 6 nespectiveljr. 

Ans. - (3x» — 2lx* + 146x l^'sf^O. 

Ex, 7. Find X, when it* + 347x = 22110^ 

C Att8k''X3f55, r = - 402. 

Ex. 8. Find the roots of the quadratic ar* — 

Anfe X a= 10, X s=— 

' Ex. 9 . Solve the equation x* — ~x = — 

Aaa.s =:: 5,x=^-^. 

Ex. 10. Givai .t* - 241 13x = - 481860 , to findx. 

Ans. JT = 20, JT = 24*093. 

JJ.r. 1 1 . Find the rbots of the equation 3 — 1 0. 

Alls, the roots are side 70% — sin 50% and sin !©•, ta a 
radius = j A the roots are twice the sines of those arcs as 
given in the tables. 

12. Fin'd the real root of — :r — 6 == 0. 

Ans. X see 54® 44' 20% 

jEjf. 13. Find the real root of 2dx^ + 15r — 46 =; 0* 

Ans. 2 cot 74® 27' 48% 

Ex. 14. Given — Sx^ 12x^ 4- S4.r — 63 = 0, to 
find X by quadratics. Ans. ^ = 2 + -v/7 ± 11+V^7. 

Ex. U. Given + 36x^ - 400.r^ ^ 3168ir 4 7744 == 0, 
to find by quadratics. Ans. a: = 1 1 4 *✓ 209, 

Ex. 16. ’ Given ^A+ 24i^ — 314^* — 24 J 4* 1 = 0, to 
find X’. x=z ±: 4 ^/ 197 — 14, ^ = 2 i’ \/5. 

jEt. 17. Find X, when — 12^; — 5 = 0. 

Ans. 0? = 1 ± V2y J7= — 1 ±2V — 1. 

Ex, 18. Find vfhen x^^ iSa’^ f 47a?*— 72.r^+36rrO. 

Ans. X =: 1, or 2, or 3, or 6. 

dEk. 19 . Given — 5<i^*p-80ay — 68flV47(t^a74<5^^*f=^> 
to find X. # 

Ans. .r = — tf, « Ca ± x p ±a-v/10 — 5a, 
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CHAPttR IX, 

Oft THR KATOBR AND PROPERITIES OF CtlSYES, AND TKIE 
CONSTRUCTION OF EC^pATIOSS. 


" SECTION I. 

Nature and Properties of Curves^ 

Def. 1. A curve is a line whose several parts proceed in 
different directions, and are successifely posited towards dif* 
ferent ^>oint& in space, which also ®nay be cut by one right 
line in two or more points, i 

li all the points in the curve may be included in one plane, 
the curve is called z plane curve*, but if they cannot all be 
coinpri/cd in one planp, then is the curve one of dostJile cur* 
vahin. 

Since the word direction implies straight lines, and instiict- 
ness no part of a curve is a right line, some geometers prefer 
dclining curves-otherwise ; thus, in a straight line, to be called 
the line of tiie abscissas, from a certain point let a line arbi- 
trarily taken be called the abscissa, and denoted (commonly) 
by X : at the several points corresponding tb tl*e different 
values of r, let straight lines be contuujally draivn, making a 
certain angle with the line of the these straight lines 

being regulated in length according td'" a certain law or equa- 
tion, are called ordinates ; and the line or figure in which 
their extremities are continually found is, in general, a curve 
hue. This definition however is not free from objection ; 
for a right line may be denoted by an equation between its 
abscissas and orduutes, such as y ^ ur + 6. 

Curves are distinguished into algebraical or gebmetricalt 
and transcendental or mechanical. « 

Def. 2, Algebraicat or geometrical curves, are those in 
which the relations of the abscissas to tlie ordinates can be 
denoted by a common algebraical expression : such, for ex- 
ample, a$ the eqx’iations to the conic sections, given in the first 
chapter df this volume. 

jy^f 3. 3^ ranscendeniat or mechanical curves, are such as 

cannot* be $0 defined or expr^ed by a pure algebraical equa*»^^ 
lion j or wiieti they are expressed by an equatioti, having one* 



NAftfiti akjd at cmvm* ' i0' 

df Its ttfrias A yariaWe quafititf^ or a cum line* llilkjpj/ f± 
Jog; ‘^».y ^ ^ sin j:, j)f = A ; cois s, « a^; are eqtMtiahs to 
transcendental cui^^s ; idd Utpartkular is an eqn;a^ 

tion to an exponentid 

jp^ that ijiEi^ Tpnnd ?Jxe4 point, or 

gradually receding frotn k, are, called radial 

Drf, $, Family or tribe of curves, is an assemblage of 
several curves* of different Jd^ds, ail defined by tfe same 
equation of an indeterminate degree % but differently, accord- 
ing to the diversity of their kind. For example, suppose an 
equation of an indeterminate degree, ; if ^ =8» 

then will ax ^ i( m =? 3 > then will dx*:x i^ 5 if ni ^ C 
then is a^x = &c: all which curves are, said to be of the 

same family or tribe. , ^ 

Def, 6. The axu of figure is a right linepa^ng throu|pbl 
the centre of a curve, it has one ; if it bis^ts thp ordi- 
nates, it is called a diameter. 

7. An asymptote is a riglit line which continually;^ 
approaches towards a curve, but never can touch it, unless the‘ 
curve Qplftld fee extended to an infinite distance. 

An .abscissa and an ordinate, whether right or 
oblique, are, when spoken of together, frequently termed re- 
ordinates. 

Art. 1 . The most convenient mode of classing algebraical 
curves, is according to the orders or dimensions of the equa- 
tions whkh^express the relation between the co-ordinates. 
For then the •equation for the same curve, remaining always 
of the same order sQ^^g as each of the assumed systems of 
co-ordinates is suppoi^ to retain constantly the same incli- 
nation of ordinate to i&issa, while referred to different points 
of the curik, however the axis and the origin of the abscissas, 
or even the inclination of the co-ordinates in different systems, 
may vary ; the sanje curve will never be ranked under dif- 
ferent orders, according to this method. If therefore we 
takCfl for a distinctive character, the number of dimensions 
w^^hich the co-ordinates, \vhether rectangular or pbliquei form 
in the equation, we shall not disturb order of the classes, 
by changing the axis and the origin of the abscissas, or by 
varying, the fnclination of the co-ordinates. 

% A®, a^braists call orders of different kinds of equations, 
those which constitute the greater or less number of dimen- 
sions, they distinguish by the same name the different kinds 
of resulting likes. ConsequeiA^ the general equation of the 
first order b&ig 0 E'a + yy\ wk iiiay refer to the 

first 



jOld^ all the lipfs 3rhi€h» by takii^ 
oirdinatesi whether rectangular or oblique^ 
eqita^iou^ %i; t]|ua equation anmpariaes tW ?^bt Iim 
which is the most simple of all imes ^ .andsince^ jfor thisf ^^ 
son,, the name ofecutye does not properly apply, tp the ^ 
or<to, we do not usually distinguish the orders by 

the hSame of curve lines, but simply. by the gc^rlc 
lines : h^tice the first order of lines does not comprehend ^y 
curves, but solely the right line. , t ^ 

As for the rest, it is mdifierent whether the cQ<»prdinat^. 
are perpendicular or not ; for if the ordinates make with the 
iptis an angle ^ whose sine h p, and cosine r, we can refer the 
^<iuation to that <5f the rectangular Co-ordiiiates, by matdhg 

^ =c — , and ar = — + / ; which will jpve for an equation 

fA. f/, ^ 

between the perpendiculars t and % 

a + ^+ + 

Thus it follows evidently, that the signi#cation of the 
equation is not limited by supposing the ordinates to be rightly 
applied; and it will be the same with equations of superior 
orders, which will not be less general thpugh the coordinates 
are perpendicular. Hence, since the dete^rmination of the in^ 
clinatioxi of the ordinates applied to the axis, takes nothing 
from the generality qf a general equation of any order what- . 
ever, we put no restriction on its signification by supposing 
the co-ordinates rectangular ; and the equation will be of 
the same order whether the co-ordinates be '"tectan|^lar or 
oblique. 1 ‘ 

3. All the lines of the second or(|er wjH be^ comprised in 
fhc general equation 

0 = a -f- /3.r -h yy 4- ; 

that Is to sayt we may’ class among lini^rof the'’sccond order 
all the curve lifies which this equation expresses, and 5 ^ de- 
noting the rectangular co-Ordinafe's. These purve lines are 
therefore the most simple of all, since there are no curvejt lil 
the first order of hues ; h is for this reason that s'on>e writers * 
call them curves of the first order. But the curves include 
in this equation are better known under the nime of OONIO 
SECTIONS, because thdy all result from sections of the cone. 
The different kinds of these lines are the ellipse, the cifde, 
or elHps’e with equal aXes, the parabola, and the hyperbola; 
the properties of dll which maybe deduced with falsity febm 
the preceding general equation. Or thia equation he 
transformed into the subjoined one ; 
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this ^minay b^ redtic^e^ te the stiQ^mc^ simple fij^ 

A,; > ' *' 

HetCf iKrhen the &«t terte/# is ajirmatm^ the carp^e 5 )S« 
pri^<^ecl by the «!quatioh it a hjrperbola j is 

the curve is an ellipse ; wheh thalt tetrh js dkentj, the curv:e ■ 
is a parabola^ When s is t^n upon a ^meier^ the 
dons reduce to those already given in sect, 4 ch* i* 

The ihode of effecting these trSnsforuaatifms is omitted fct 
the sake of brevity* This section coi^anis ^ suinmary, noran 
ini>e^tig^tmn of properties ; the latter would require many 
vdlumes, instead of a section; ♦ ' 

4, tjnder lines of the third order, or curves of the 
are classed all those' which maybe expressed by the equadon 
0 =s d + |3x -f 4 (li* -I- itjrj/ +%* + ij-r * 4 dxy^ 

And in like manner we regard as lines of the, fourth ordeTi 
those curves which are fifcnished by the general’^quation ^ 

0 = a 4 j 8 .r 4 yj^ 4 3‘jr* 4 ixy 4 ?y* 4 4 9 4 i-ry* 4 * 

xy 4 4 4 4 4 ; 

taking always x and j/ for rect^gular co-ordinates. In the 
most general equation of the third order, there are 10 conk^ 
stant quimtities, and in that of the fourth order 15, which 
may be determined at pleasure ; whence it results that the 
kinds of lines of the third order, and, much more those, of 
the fourth order, are considerably more numerous than those 
of the second. 

It will now be easy to conceive, from what has gone be- 
fore, what are the curve lines that appertain to the fifth, sixth, 
seventh, or any higher order ; but as Jit is necessary to to 
the general equation uif^the fourth order, the terms 

with their respective ^mstant coefficients, to have the general 
equation comprising all the, lines of the fifth order, this latter 
will be composed of 21 terms : and the general equation com- 
prehending all the lines of the sixth order, will have 28 terms j 
and so on, conformably to the law of the triangular numbers. 
Thus, the most general equation for lines of the order n, will 

contain terms, and as many constant letterjT, 

which may be determined at pleasure. 

6. Since the order of the proposed equation between the 
co-ordinate$i makes known that of the curve line ; whoever 
we have, givenan algebraic equation between the co-ordinates 
X and y, or i and w, we know at,, once to what order it is ne** 
cessary to refer the citfve equation* If 

the equation oe uratio^iial, it miwoe freed from radicals, and 

. . if 



if th^re be fractions^ ^&y must be made te 

4 one> the great^ umiber ci£ dimcnsb^s foftded tlie ^ 

^ jriable quaoii^eia^end^^'will'iitdkate 
litie be^g$.firiiiis> £he;curv^^hkh i^ defi 0 t!!e^^ 
tiea ejp 3::% wW be of *tfae second ©rd^ orliaesfi or «rf 
tfce jpit order of curvesi-wfailfi the carve reiKresQ^tie^ by the 
equation =3 X 4 /{a^ ^ will be of the third tMPder (tS^ 
|$i the feurth order bf Hoes), because the eqoatianda of Ihe 
fwdiL order wheo freed from radfcals ; and the \itie which 

ihificatedhy the equation of tW tlifrd 

or of the $ecohd^order of curves, because the eqjaatipn 
iroen the. fraction is made to disappeari becomes^*3^+ 

^ urhere the term -r|f egntain^ihree dimen^ons^ 

7. It is poswble that one amd the same equation may give 

Afferent according as the -^licates. or ordinates fall 

imon the jj^is, perpendicularly or,i4inder a given obliquity*, 

instance, this equation, 3^** .r% gives a circle, when 

the co-ordinates are suppose!^; perpendicular j but when the 
co-ordinates s^re oblique, the curve represented by the same 
equation will be an ellipse.. Yet all these different turves ap- 
pertain to the same order, because the transformation 
UMular into oblique co*ordinates,!«ind the contrary, does apt 
afma the order , of the curve, or of its equation. Hence, 
though ,the magnitude of the angles which the ordimtes form 
with the axis, neither augments nor diminishes tife generality 
of the equation, which expresses the lines of ea^h order j yet, 
a particular equat ion being given, the entw which it expresses 
can oftty be determined when the angle bettiiSten the co-or- 
Jmates is determined also* 

8 . That a curve line may relate, pjmerly to the order in- 
dkat^ byi^e equation, it is requisiW that tins equation be' 
not decomposable into rational factors ; for if it could be com- 
posed of two or of more such factors, it would then compre- 
hend al many equations, each of w^ich would generate a 
particular line, and the re- union of these lines would be all 
tliatthebqiiation proposed could represent. Thbseequacioi^, 
then, which may be decomposed into such /actors, dp not 
comprise 4 )ne continued curve, bur several at once, each of 
which may be expressed by a particular equation ; and sUth 
cqkfeimtions of separate curves are denoted by the term com* 
pfcx curves. 

Thus, the equation =: ay 4 - rj/ — which seems to 
appertain to a line; of the second order, |f Jt fee vedpced.to 
a^p fey nwkmg..y ay -4^ Memnpoeed 

of/lhe faetprs (y— x) {y ^ a) ^ P ; it tkerefoe cfemiw^ 



thk ixxJi 4)f ^bidk 

belicmg^ to tb 0 ri^t ime: tbo &^t ferine with the ^ tlio 
oiim dS dbe Umims to angle equal m Imtf a nght ai^|| 

m #« tiao Vam^ ooosMtosi^ iog«lhei| are coiopiMl 

in the proposed equation 4^1:^ ^ mi in libs 

unfit we «3na7tegaxd at complex this equadoo^ ^ ^ 

oV for ib bemg (3?^ 4!^) 

{y^^ 0 l iss 0, iosmd of denoting oprf ton&ied litie 

of the,fo£t|th ordetf it tx^mpbifs three dts^e linoi,. ti# 
right lines, and one curve denoted by the s:;!^ 

We may therefore fimti at pleasure smy cbihpleat 1 ^^ 
whatever, which shall contain 2 of more rij^ht Imas or/urvei* 
For, If the nature of each line is^xpresseoby an e^|uit& 
{erred to the same axis, and to the same 
origin of the abscissas, ai|d after having 
I educed each equation m^iero, we mulw 
tiply them one by another, there will re« 
suit a complex equation which 0t once 
comprizes all the tines asbuoied. For 
example, "'if frooi the centre c,‘ v^ith a 
radius CA cxisr, a circle be described; and 
further, if a right line ln be drawn through tl“ centre C; 
Mien we may> for any assumed axis, find aiv equation tv&Jlh 
will at once mcltide the circle and the right Ime^ as^Oligh 
these fiwo tides formed only one* 

Suppose there be taken for an axis the diameter ab, that 
forms with the right line ln an angle eqUal to half a right 
angle ; having^^ced the origin of the abscissas in a, mak^ 
the abscissa af = i, the applicate or ordinate Piki 
we shall hive for the line, piwtje: CB - r 5 and since 
ihc point M of %he rigl^ Ime falls on the ^de o^fiose^ridli* 
nates which are reckoned negative* we have ^«= ^ a + 
or ^ 4- (Sf ^s: 0 : but, for the circle, we hat^ PM* *= AF . fB, 

and bf — 4 ", whk^i givesy z= 2 /? r — ory + 

2 ax « 0, Multiplying these two equatu ns together Me ob-* 
tarn the complex equation of the third 01 tier, 

— yjT -f- 4- fly* — ^axy + der* — 2a*r =» 0, 

which represents, at once, the circle and die right line^ Hence, 
we shall find that tb the abscissa AF =!= r, corres^x)nds tlwee 
ordfaatesy namely, two for the circle, and oiie for the right^ 
tine. Let, for example, x ^ Ja, the equation will become 

whence we first find y -f ^flrsO, 
and by divimng by voot, wb obtain thB t»«*b 

roots «tf wtiMi befog eaken aud Indeed witb tb» givb 
tile three following valued of v: 

^ ID 



f I, jt*»-»|tf. . ^ ^ ' 

, ' ■■ 

vtn* tbat tbe iriiol^ It 1^ tMUt 

midkIm t» if tile drde tegtfiliar 'Willi tM i^^bf^e fonnetf 
«iw# #i(B tontinued carve* 

. Hue i^ween simjple and counito curvet 

In&I once MtotitoiecU it Is itaiiumc the Aitp of t))« 
tcecAid order mtnthercontjte curves, or compex liitee 
ntfmeci of two ngbt lieeat W if the general eqtmtion hare 
tiicional factoisS) tnejT must^l^ of the &st order, and conse- 
sMently vdl dentMe lines. Lines of the third <pler will 
se either simple, or comply, formed ilither of a right line 
and a Ihaul of the second* Oroer, or of three right lines. In 
like mannwirlines of the fourth order will be continued and 
Ample, or complex, comprizing a right line and a line of the 
thw ordWtlk or two lines of the sedOnd order, Or lastly, four 
right lineg, C^XAplex lines of the fifth and superior orders 
wUi be susceptible of an analogous conhination, and of a 
^milar enumeration. Hence it follows, that any order what- 
•ver of lines may con^rize, at once, all the lines of infei lor 
ordet^, that is to say, lliat they may contain a complex lino of 
VfJ inferior orders with one or more right lines, or with lines 
of the second, ^rd, &c, order ; so that if we sum the num- 
bers of ead^ order, appertaining to the simple lines, there will 
result the numbeir indicating the order ot the complex ime, 

J)ef. 9. That is called -an hyperboUc l^g| or branch of a 
curve, which approaches constantly^ some^j»$ymptote ; aitd 
l^t a parabolic one wbkh has iro a^mptotftl 

Anr. IK All the legs of curveedf die second and higher 
IdiHis, as 'Well as of the fir«t, infinisHI^ draiwl out, will be of 
either the hyperbolic nr the parabolic kind ; and these legs 
•re best known from the teogeats. For if the ptunt of con- 
IhR be at an infinite distance, the tangent of a hyperbolic leg 
win ooineide with the asymptote, and the tangent of a para* 
heik 11% will recede in o^ima, will vanish a^ be no where 
whnd. IherefiDre the asymptote ofmiy leg is found by seek- 
ing the taigmit to that leg at a point infinitely distant : Mid 
Chhlpwarsir, or way of an infinite leg, is imnd by sefckiug the 
Tpomon of any right line which is paralki tOrthe tangent 
where the point of contact goes off m wfiaitim : frr this right 
fine is directed the same way with the infinite leg. 

, SSiffme ffewtoi^s Reiattim ^ctU JSfittw Third 

naitk ^fmwieraRm 



tlia f^mdlk kind, IM ^ 



let the parallel cache drawn, teMinated (if possiUe) aflMtlt 
ttnds at the curve. Let this paraUel he bisected ip k, and 
then will the loi||ttis of that j^int H be the Conical oi* conunoA 
hyperbola xq, one bf whose aSytnptotes is as. Let its otltpr 
asymptote be ab. ThfUk the equation by ithich the lehtictt 
between the oldinate se y, and the Abscissa % ife 
ietcrmined, w0 always be of this farm : viz, « 

+ <3/ = + cjT + ‘ (L) ^ 

Here the codHcients c, a, h, e, denote ^ren quaiitiiies4 
affected with their signs rt and, — , of which terms M»y <me 
may be wantir^tprorMed the figure through ihdvde£i^ 
not become transformed into a conic smtcioa.. The dmsbd 
hyperbola xa may ccuncide wida id asymptotes^ that Ift, the 
point X may come lo be in the line ab } and then dbtrterlki 
+ ^ wi4 w wanting. 

t f 

e&$£ in. ' 

1 3. But if the right line ^»e cannot be ttwminaj^ed 
trays td thejpwvei^^ndl] k onlxis one 

draw any ilne in a given positioii wmch shall 
toii^ f s ra ▲ { as also any other right Jiaeis as nct pHaHel fo 



ofthelen} 


iin& cgc^XBteioat^ at both cni^s (n 
and according tlie course oi . ., 

MM in 8 : ’iMn sbjdl tM )ocds of s, be a rigbiV^e. l 4 gt 
At rkht line, be* AH, tetttuted at any given point, as A.: 

tne equation, by widen the relation betf een the ordi> 
nate^c and the ab^fislsa as |l/dctenni|ed, win always be df 
das lonM# y* ** n-f* + Wf* + <» + d • • • • (HI.) 

* CASfi TV. 

1$. If d|e right line esc meet ti^ curve only in one pcunt, 
and therq ^ e cannot^ terminated at the curve at both ends i 
^et Ahe pmnt where it comes to the curve be c, and let that 
,'ri|;ht line at the point B, fall on any other right line given in 
position, as ab, and terminated at any given point, as a. 
jnsQOVwili the equation expresdng the relaticni between sc 
and SB, assume this form : ‘ 

j/T =s a)r* + -j- CP + d . . . . (IV.) 

16« In t^ first case, or that of equation i, if the term «x* 
be afiEirmative, the figure will be a tri^ hyperbola with six 
hyperbolic l^s, Which will run on infpnjt^ by the three 
asymptotils, of wlxich none are pSfitaliei, two legs towards each 
mmptotc, and towards contrary ptutij and mese asymptotes 
term hr* be not wanting in thj|hquation, will mutually 
SBtqssect eech other in 3 pmnu, forH^g th^by the triangle 
'Ibut if the term ke* be wanting, they ti^l all converge 
' to the same point. 'Xhishind ofhypethula is called redund- 
t«U, because it exceeds the conic hyperbol|i in tlie number of 
its hyperbolic legs. 

Id qvery redundantjbyperbola, if neitjier the term ey be 
WWing, nor — 4>ac = aeVa, the curve will have wodw- 
nieter^ but If either of those occur separately^, it wiU has^ 
diameter ; and three, if they both wpQmi 
(fiameter will always pass tluou^ the intersectii*# of 

the asymptotes, and bisect all right lines whjich arhf^mmated 
each way by those asymptotes, and which are paraUei to the 
thh^aqi^mote. 

"n. If the rechmdafit hypiorbola have no diameteti^ lot idm 
feist eoots or VBlues'dF it in the eqiaticm ax* 'ffef® + 
•r4*^ssChbiet'|iP^* and si^pose them 


TiMl% dl l3w A(ir, ««, be 

mm sign, and «Mre wmsh^ the omre eoiMut M flNtef 
and an- Wval; ids, an 
a elrcm^M(^4 k/pl!rMh ^ricita 
(t. «. iyhup'witihfh one nmimoi; and beroawtmciCher) m ^ 
and an m a?. ISik is ile^ed the spedes. oM 
relations of the tOots of the e^twlon, give S more 
sjwcids of !red«imat Eypetbo^ snthtntt djaduttei's'} l$l iMh 
vtrith but ene diamet^ 2 eacn t/irff di^et^t ^(idV 

each with three asymptotes conver^Kg to a cotimm pofni^. 
Some of these ha\ e ovals^ some points of decdliattion, and id 
some the ovals degenwat^t nodes or hnots. 

18. When the term oa® in eqna. i^s rte^tlv^ the dgujw 
expressed by that eqnati<)i^ j will be a dementi 
hyp^hoia , that is, it will have fewer legs thw the 
oonic hyperbola. Such is the margiiul 
figure, representing Newton’s 33d spe- ' 
cies; which ii constittited of an angui- 
neal or serpentine hyperbola, (both legs 
approaching a common asymptote by 
means of a contrary flexure, yand a con- 
jugate oval. There are 8 species of de- 
fective hyperbblas, gach having but one ‘ 
asymptote, and^^nly twohyiHerboliclegs, 
running out contrary ways, ad tnfini- 
turn } the asymptote &yng the fl^t and fniticip^ ordiiMe* 
When the teqga fy iilmt absent, the figure win no 
diameter ; whi^ it is idisent, the figure will have On«<tpime- 
ter. Of this latter class thtwe ard 7 different species, one di 
which, namely Neoton’s 40th species, is existed in the 



margin. 

19^ If, in equation I, the term erlhe A K 

imting, but dr® not, the figure ex- V*** 

pressed by the equation remaining, wdl \ ' 

be a pgn^oUc hypmfbola, having two \ _ 

hypoihdwdeg* to one as^ptote, and ''"“/vilTr" &i W~ 
two panditdic legs converging one and j 

the same my. When the term ey is J * 

not wanting, the figure will have no |f <« j 

dkmetilMrt a£ that term be warning* the V* 

figure wilpi^ve am di^aAter. 'llvwe are 1 
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mt^ lii«4iiMMi^«niii^#^ #r»f» ^ n^ »iiii|[(^)%^ 
loere toM^'WMW. 
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In 4% issui« lb nl^ 
teSmt tliomil is Ui^ mii q>ec»»> & . 

presses tW euiiau widi C0i|« 

tfsrj ie^ This curve nasf etsilj he 
described "hjechpies^y by ««»ns ol' e 
sqaere (did an e^lateral h?peihidia> Its 
loest nm^ property is, that nn (ptaial^ 
lei to Att) always varies as Ov^ r-^*, 

26. liiusaCcordit«toNewto»th*i»aif58|ipedw»o£i||i« 

of tlw third order. Bat Mr* Sth%g diacker^ fow #d«4| 
species of redundant hyperbelas« aod Mr. Stone *aee «»»l(| 
species of deficient hypwbolasy expressed bysUbe e^uarioitt 
ary^sE 6a* + ur 4- d: i. e. the case when 6jri + w + 4 w» Oy 
Iw-two unequal negative rdotsi and in tfasU where rheeqirtk* 
tion has two equal negative roots. Swthat thetre#re<it IreM 

78 different species of lines of the third order. Indeed 
w^o classes alt the varieties of lines of the third or^ Qode^ 
16 get^al species* affirms that they comprehend more thatfc- 
80 varieties j <ff wMch the preceding enumeratioa neceptarily 
comprizes nearly the wholh. 

27. lines of the fourth order are divided by Euler into 
146 classes ; and these txtm^adze more than 60(j|0 varieties ; 
they all fiow from the difiprent r^ations of the quantitiea ia 
the iO general equations sulgoined. 

y* 4-/d!y* 4*^!^ 
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+y% +gS^ ^hxy+iy 
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28. Lines of the fiftli and higher ^ers^ of necesnty 
cbtne itifl iifiore nmneroos j and present too ^any Varied^ 
admit of toy dassi^eaiiony least in modfl*^ c: 0 mpass» 
Insteady therefoie, of dw'^Uing npon these j shall gfvt a 
concise B^tch of the most OuriouS and important properties 
of enrve lines in genml, as they have been deduced worn As 
contemplation ofthe nature and mutoal relation of the^ka^ 
ol the 6q nations repitototing^tltose curves. Thus a i^ifw 
called of ndimen^itorfi nr a lineofthe\th nrdefUdMt 
liifet to n dtetows'«e«i iftfjj 


hei 

ira 






In 'pdioiHi 

&c^ {K»^Merpote."-;;|ti$' iiJ!jti'iK)W«<W'4^ 
ii'that a rigJ*tmo< ariB'.tsiita'fein^e ®f ite ateittisiotw* 

■%’ »•— 4t'‘&ei pioints, 

Sd onSiK^ a conic aectiop.fer 

be cHt by# right in two j^omtas thitS* rnswi^ 
fe!.tlt:inci|rr 

jpjoitisfcB a 4^^ dWiqne t 5 ai tbeaxis, ytet a 

to ih® axis can only itlio eurve in one points 

n ord'^Kr.'C3ifH!><*t 

cnt by a righi fee iTa^lpspJ*© than n flints; but it does not 
li&noe fUlow^y iskat any ri^t li^ isrimeetfer will cut in n points 
#(fOry hne of that order it may happesi that the nusaber of 
iUl^bections is n — 1, n ^ *2^ n 3, Sfc, to w ^ w* The 
timber otrinterseittions that any r^ight line whatever makes 
a. gnM(^ curve line, cannot therefore determine the ord^ 
to/whkh a ciirve liiie appertains* > For, as Euler remaiks, if 
Ike number of imcrsections be = n, it does not follow? that 
the curve belongs to the n order, bat it may be refoired to 
, s^me superior order } indeed it may happen that the curve is 
not aJgebjraic, but transcendentaL This case excepted, how--* 
ever, Euler contends that' we may always affirm poskively 
thatia curve line which is cut by aright line in n points, can* 
not helopg to an order dF lines inferior to 77^ Thus, whesa a 
right line cuts a curve in 4* points, it is certain that the curve 
does not belong to eitlier the second or third order of lines ; 
but whether it be refen ed to the fouith, or a $u|>eriorord^, 
or -whether it be transcendental, is ^ot to be decided by 
analysis* 

; 3()AOr* Waring has carried this enquiry a step further than 
: ®uje^^ and has demonstrated that there are curves of any num* 

' iAer of odd oniers, mat cik a right line in 4y b, §cc,, points 
only; and of any tmniber of even orders that cut a right fee 
fe Sj #,: 7, Bccf points t^y; .wlieuce this author Jitoewi^ fe 
fer«>l44t the order offhe curve cannot be aimounced from 
' oi in which it cius a rigiu line* See hi* 

’'^ISi^rklates Alpbraicarum Curvamm*.^ ' • ■' 

^'’'^&iy;'|hrery,gedmetrical curve being rcontinn^, 
turps itself, or goes on to ah infinite And if 

, ““H^y ;^fee%hrve has tiyo infimte bran<^h€s'Vdegs;,'they.|ofo 
;'iM#'afeth^^1S0ther at a finite, -or' at _a® xafinite'diHaii^e*' 

■ tatigentB fedi{2tW40;;aiJ^^ 

' ute «absci^ # a ®i>k« .«% 

. b» 9 :m 







'mt^e , 

fom^ \ 

iiiies^'' elate '^s3naa|M^.?ap^ 0;sill i 

'i9iW,^«teir it oat it m.xim: p^mt^-h 

ladder, iii^two |pin;t»}''\ajj3d‘i^ ml ‘''/^• ' >r- - ^ , -t* ' ^j,' 

'm'M: ,a^fm ias^^ha^ 

mi a f^t line bd tkara tocat twm ^ 4f\f 

xii'iS*asfctred'ftKm!i the a.^nijirtete9^^$d^ tke.cum^^ Wfl^’togetlteiS 
• e^ea] to the part$ itieaaurcd in' tiae' 

’emwto the asympft^tea, ■ '•' ’' '' T^' ■; . ■" j 

$a. Ifa curve of n dimenrfcms have n a$ymgt 0 t€%then^& 

cornel* of the w abscissas ivill be to the content^ of the n>S^ 
dinateSi in the same ratio in the curve and asymptotes^^ :life 
of their m subnormals, to ordinates peirpendkular to their 
abscissas, will be equal to the cur\'e and the asyofitptotes^ 
they will have die same central and di^^trid curves.^ i ^ , 

37* If two curves of n and^m dimonsioias have a CDiti!i*i^ 
asymptote-, or the terms of the equations tq . the curves of tte 
greatest dimiaislGns have a common divisor; then tl^^unr<«» 
cannot intersect each other inn^x m points, possible'or im- 
possible. If the two curves have a common general centre, 
and intersect each other in jfi x m points, then the sum vof 
the aiKrmative abscissas, &c, to those points, will^bf equal to 
the sum of the negative; and the sum of the n sifbnormals 
to a curve which has a general centre, will be proportional 
to the distance from^hat centre. 

33. Lines of the ^ird, fifth, seventh, &:c order br rany 
odd number, have, $ befeire remarked, at least" twoihferite 
legs or branches, running contrary ways; while in lihejS;df the 
second, fbmth, sixth, or alny ev*i numhw of diniensiohs, the 
figure may retu|n into itself, and be contained within certaiit 
limits* 

3^* If the right lines AP, pm, fq^iing a givefi angk,A^ir, 
out a geometrical line of any ord^ in as many pointa^a^ it 
ha® dtmeiisiom,th® product of the segmeto of tfafe 
minatedby v and die curve, will always faPto the prtxhict iof 
the segments of the latter, terminated by the earndpoinifind 
the curve, in an invariable ratio. ' . ' . ' 

With reilpect to double* .triple, quadruple, > an^ ot|feP 
JUjUltiplfi poiiiis, or the points of mterscctioqt' bf or 

mbee-hw^hfes ^-of a" curve, jhw natui^- and mimber be^ 
eMimat-eiS h|a>eans' of liie- flowing priticipte^. ' ' 1; '■ A ' 




m 

tlte imibet ^ 1 points, t. A ctsm ibf 

9r<lor csmpt n mv^ of lAe m Wto 

1^7^ oofets. ^ 

££e^ it £:)Uows that « wv0 of the ofder^ ibr^ese^^^ 

can ^wap pass through 5 giv^ ^ints (not tn i3m 
epn^?r^%ht line)^ and cannot meet a curve of the m order in 
nj^re than m?i points ; and it i$ impossible that a curve of the 
eiS order should We 5 pcrints whose depWof niultiplkitjr^ 
make together more than points. a iilieW ^ » 

fouith order cannot have four double points i bccan e me line 
of tjhe semnd order wldch^^would pass through these fcwar 
i3^hle points, and^otgh h fifth* simple point of the owrve 
of the jtoorth dimension, wtfold meet 9 tiutes ; which is ij» 
j^sslblei since ^here can only be an intersection i& H ih^m i 
times. 

*|pr thesame reasoh^a carve line of the5thordercaniiot,with 
Ofie triple point, have more t^an three double points : and in 
a similar manner we ^ay reason for curves of higher orders* 
Again, from the ktiown proposition, that w e can olway* 
make a line of the third order pass through nine points, and 
that a curve of thfit order cannot meet a curve of the order 
in more than Sm points, we may conclude that a curve of the 
f?l order cammt have nine points, the degrees of mukiplkity 
of which make together a number greater than 3 m* Thus, 
a line of the fifth order cannot have more than 6 double 
points j idine of the Gth order* wltiqh cannot have more than 
one quadruple point, cannot have with that quadruple point 
more than 6 double points \ nor with two triple points more 
than 5 double points ; nor ev^ with one* triple point more 
than 1 double points. Ainlogous confplusions obtain with 
respect ^to a line of the fouith order, which we may cause to 
p^s through 14 points, and yhich can only meet a curve of 
the m order in 4m points, and so on. 

41. The propel ties of curves of a superior order, aptec, 
under certain mo<iiiicalions, with those of all inferior orders. 
For though »ouie line prliftes become evanescent, and othem 
hecc^e infinite, same coincide, others become equals 
poi^ iSgincide* did others are removed to an infinite di- 
staniee j under these circumstances, tlve'jKeneral propertieii 

still hold good with regard to the remaming quehtities ; sd 
that whatever is demonstrated generally of atiy order, bojda 
true in the inH^fior orders : and, on the contrary, there H 
hardly iuiy property of the inferior orders, but tiicat h vdibe 
to It, in the^tuperior onei* ^ 

$^g in the cook »edtions> if two Ihsoi ale divniifh^ ' 

^ m 
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^ jjt 1^ sec^oOfii^^'ii^ght am 
$^m%lier litiei'^p^i^ld to 

I; 'j<^Ji&«4if '&iS : , 

9Mf^» mid tliC! }nterAecid«Mi$ of tlm *djameter with tla^ ic^ 

the. dbinelfcifej 

mktr^; itod-that d^itietesr i»Jh^his'fr#|>^-d^^ fhe^ 
tte 'likewise i»'%igti&er 
f^llelHdes !:K^;d^^ tib ctrit the c^iiwe in\he hddSb^' 

tii^m!ti& that S^k^#the'wdet'of iheeam'i'the 
thm paiiaifels so^ that the stim of fho frts oh^^o 

side’ tee, estimated to tfae^etirve, h eqtiil Wthe 
of-the'^paits on, the oAer ' 

ner ’nU other lines piralM tO the# 'tKlf'r^t'the ettfirein _ 

same number of points ^ in thia^'se also the divided I 

cttlledfj|fdtm«/^iv, the line ^ diiridjOg them a liimfikiih*, 
mter$ecttoO> of the diameter and the curve vertices; tbfe coitiii^ 
monvuitersiectiou of two or n^re dl^et4rs 
dhimeter perpendicinjim to the equates, ifthere ahf^ch^^ ' 
die ^Tt$; and when ail the diameters t|^cur in due 
that is the gena al tenfre. ^ ^ ^ v 

Again, the conic hyperbola, being a line of the second 
order, has two asymptotes } sb likewise, that of the third 
order may have three 5 that of the fourth, four ; and so dh: 
and they can have no more. And as the parts of any right feib 
between the hyperbola and it# asymptotes^are equal; so like- 
wise in the third order of lines, if any line be drawn Cutting’ 
the curve and its asymptotes in three poii>ts; the sum of two 
parts of it falling the same way fibm the asymptotes to the 
curve, will be equal to the part falling the contrary wiajr from' 
the third asymptote to; the curve ; and so of higher curiifs^J 
Also, in the conic sections which are not parabolic i as fhe 
square of the ordinate, or the reetjingie of the parts of St on 
each side of the diameter, is to die rectangle df the pSrts d( 
the diameter, terminating at the vertices, in a constant ratio, * 
vis, that of the fatus rectum, to the transverse dhuneter. So 
in jism’-parabpUc curves of;the nex|.|5»perior order ^ the sesfid^ 
uisidcr the tliree ordinates, is to th^wid under the three 
scis^f^ or the distances to the three vertices vm a certain gtveh-- 
r^tio. Ifi which r^^tio if there be taken tWee imes^* |irdppr-^ 
to the three.diameters, each to each; thm each^of these 
tl^ee hnesipay be called 2i latm reciUmi and each of the 
t^powliig diameters a imtmct&e dtdiinMm. And, % , ; 

’ cQphp^onit or. Apblia*^iah parabola, which bp'^bdit^-oito'yerteac-? 

.y^ctwgie of 'the'Ordiuatesr is''^eqii4''t0v''" 

the mtaagle of the absem and latus to, thoto 

,tha ^c<;^‘.t,'k^di;'Or . Ufies '-of- .the tJufd^kindi 



w vmtm 

a^<J >f ^ TlMsr|ft 

|b^ the curve pa$9e? through JUt it tsie^t he 
ithether the ^urve tuts th» axk ac hx mj oihAr pouai^ bt 
order to whfthi> fiod the o£ s ^en j|i^ : thi* wifi im 
5^0, or ;»; r: Cu Consequ«aa% ^ curve does net OH 
the aw m^auy other poiist than a# , Hfkka 

f i4 the given eqm» wiil betome s=l iTh^^ 

pi dr^w rM par;sdkl to ab and equal tp so wUl m he 

point in the cturve* Again) make A* cr ac n ; then the 

equation will give y * a. Hence> drawing ONpi^lel 
to AB) and e«|ual to ac or ^sr, w wiikl he another poiift in the 
inirve. And t>y assuming other values of y, other ordinateS) 
and consequeiufy #iieA p^ts of the curvei may be obtained^ 
Chice more, mating x infinite, or x = co , wc shall havey S 3 
x.oo) ; that i$, y i$ inEnite when x is so ; andttoefore 
the curVe passes on to infinity. And further, since^roen x 
h takeo =* 0, it is also y =: 0, and when x 33 co, i: is also 
y := 00 j die curve will have no asymptotes tliat a e parallel 
to ihe co-ordinates. 

Let the right linsKANhe drawn to cut vm (produced ifue^ 
cessary) in s. Then because cn3=ac, it will be ps^r apss 
B ut PM zz s= wliich 1$ manifestly greater than Ja ; 

$0 that PM is greater than ps, and consequently the curve is 
concave tp the axis ac. 

Now, because in the given equation y^ s= air the exponent 
of X is when x is taken negatively or on the other side 
of A, it&sign should be changed, and the reduced equation 
will then be y = ^ a^x. Here it is evident that, when the 
values of x are taken in the negative way from A towards p, 
but equal to those already taken the positive way, there wifi 
result as many negative \ a^ues ofy, to fall below ad, and each 
equal to the corresponding vaiues of y, taken above AC- 
Hence it follows that t^e branch am'jm' will be similar and 
equal to the branch amk i but contrarily posited. 

iBjr, % Let the lenmiscaie be proposed, whl^h is a line of 
the^urth order, deuotefi by the equation » aV — 

M this equation we ± ^ V(a*— ^’*)s 

trhers|when.a‘ y ^ 0, therefore the curve 
t|pugh point from which 4% va- 
lues of X are measured. When X =» Aa, then 
thtre&re ihe curve passes through b 
S n4 c, supposiBg AB and Aq each = d: ^1, Mx ^ » 
W^aas|mfcjj^ than 0 $ the value of y 
%d^^hecame wnai?waiy^i ^ 

ihe curve Hes beyond i or c. 

then 




' fit 

5« |«r V'S ^ whkh fe tfi«? tafewfc ofilie 
ite&oiiStttsite whfea Ap si lAieT. And thtis» by a$$utciiw 
Uitb# y^ibes of dth^ vz\^% jnat be ascertaln^^ ind 
tfce *et4j^e de^rerihed, ft has okmA^y two etjual and^^ste^ 
part«|^Aiid a double mint^t Aw A right; line tiyft 

eurte m either S points, erf in 4 : 0¥cn the rijghl fine baO ^ 
conceived to cut it in 4 points ; hecatise the doubte pq^t A 
k that in which tWo branches of the CUtVe, viii, UAp^ 

Met, are intersected; 

^ Let ther^ be proposed the Cmcb^id of the anchsnt% 
which IS a line of the fourth or^er denned hf thip^^equadon 

^ j(f) tf (jr by » orj^^ ^ 

Here, if r sr o, then v becohies in« 
finite ijpnd therefore the ordinate at 
A (tbe^^ipn of the absdssas) is an 
asymptote to the curve. If ab = i, 
and P be taken between A and b, then 
shall PM and pm be equal, and lie on 
different sides of the abscissa ap. If 
jtazh, then the two values of ^vanish, 
because r - ft t= 0, and consequently 
the Curve passes throuph having 
there a double point. If ap be taken 
greater than ab, then will Aere be 
two values of j/, as before, having contrary signs; tl^ab value 
which was positive before being now negative, and vm mrsa* 
But if AD be taken = and p comes to D, then d^e two va- 
lues of y vanish, because in tiliat case If AP 

be taken greater than ad or or, then a* — jt® becomes negative, 
and the value of j/ impossible : so that the curve does^Ujpt go 
beyond d. 

Now let be considered as negative, or as lying on the 
side of A towards c. Then j/ =2 ± Here 

if ^ vanisla, both tliese valuer of u become infinite; anifOat!- 
sequently the curve has two itK|elin|te arcs on each yd%the 
asymptote or directrix ay. tfar increase, t/ manifestly dimi- 
nishes ; and when x a: tr, then vanishes r^arts, if a1|s=: AD, 
then one branch pf the curve passes through c, irhile ^e 
other passes ttebugh d* Here also, if x be taken ^?reaten 
thai^l It, 2 / becsomes imagbigry ; so tltot wo pAitjoS the cerfve 
capE be found beyond c* t"’ * 

^ If the curve wHlhave a Ciisp in t, the lM|i^ 
B and D vanMbsngtn aM tm* Ui bb^leiw £han ft, 4 
trEl^ectHoee^ 




m 




^ ^ what is 

^ 'Is calleiS^ ^po/<f of -thi^ con<;hoid ; . th«‘ curv« Mf hk 
x«;^dRy^cpmtrp^d hy raduj lines f^mx tlib point, bymea0 

4Ci3xt pc4ar equation z = ± di It wilt merely he 

to S| 5 t off from any assumed point a, the 
|fcpis: k ; then to draw thjough b a right line thafeing 
atoy angle ^ with CB,and from n, the point, where this Ime 
cuts the directrix ay (drawn perpendicular to cb) set off njpofr 
itxW sa? tw* =?! a ; 'so shall m' and m be points in the^upetior 
mad ihfriior conchoids res^dii^ely* 

JSjt. 4i Left^l prijcfpal properties of the curve whosd 
equation is yx" be sought j when, n is an odd.numr 

her, and when n is an even number. ^ r , 

JSr. 5. t)escribe the line which is defined by the equaticm 
^ 4- + cy =a Ac + 

JEx. Os Let tlie Cardioide^ whose equation — 

(2jtf + + 8a^}y 4* + 3a^)jt^ = 0, bh 

proposed* 

Ex. 7*.; ’^iLet the Trident, whose; equation is xj^ zz ax^ f 
hx^ + cx 4- be proposed. 

Kvs 8. Ascertain whether the Cismd and the IVitcb^ 
whose equations are found in’%he preceding pi^bicm, have 
asymptotes* . 

PROBLEM III. 

To determine the Equation to any proposed Curve Surface. 

Here the inquired equation must be deduced from the law 
Oi^. maimer of cpnstruction of the proposed surface, the refer- 
ence’b&itig to thr^e co-ordinates, commonly rectangular ones, 
the variable quantities b^ing x, y, and x. Of tiiese, two, 
namely x and^y, will be found in one plane, and the third ja 
viH^Jklu’^ys mark: the distance from that plane. 

*1^. I . Let the i^k>]^sed|ujrfacfe be tlial of a sphere, fnc. 

^1?hf position of the iixed point a, 

Whick^is the^prilip of the co-ordinates 
ing.arbitraryj let it be 
suppQse^^ for the greater convenience, 
that it is the centre of the sphere., 

3^ A, drawn, of which the 

" tter is mawestlT eauai to the 





to cm^t mWlkms, 90^ 

sss Ai»* 4* +,3^- like manner* &e right- 

angled triangle amii., posited m a plane perpendicular to the 
former, will give ajj^cz a w* p that is,, V*^ n 4.y 
er *- the equation to the spherical kuri^ei 

as reqiured. . , 

Schpliurff , Curve surfaces, as well as plane curves, are 
arranged in orders according to the dimensions oFthe equa* 
tions, by which they are represented. And, in order to de- 
termine the properties of curve surfaces, processes must be 
€iTi|>loyed, similar to those adopted when investigating the 
properties of plane curves, !l'hu$, in like manner its in the 
theory of curve lines, the supposirion thafi^Ke, ordinate j/ is 
equal' to 0, gives riie point or points where the curve cuts its, 
axis; so, with regard to car^e surfaces, the supposition of 
^ = Ojfllrili give the equation of the curve made by the in- 
tersection of the surface and its base, or the plane of tlie 
ordinates y. Hence, in the equation to the spherical sur- V, 
face, when s: m 0, we have jp* -f .}/“ whicJi is that of z 
circle whose radius is equal to that of the.sphere. See p, 3J» 

2. Let the curve surface proposed be that proclticed 
by a parabola turning abont its axis. ' 

Here the abscissas x being reckoned from the vertex or 
summit ofthe axis, and on a plane passing through that axis;- 
the two other ccw)rdinates bfing, as before, y and z 5 and 
the parameter of the generating parabola being p ; the equa- 
tion of the parabolic surface will be found to be ^ ^ 

pjr = 0. 

Now, in this equation, if z be supposed = 0, we shall have 
y/npx, which (pa. 3.1) is the equation to the generating 
parabola, as it ought to be. If we wished to know -what 
would be the curve resulting from a sec cion parallel to thaf 
which coincides with the axis, and at the distance a from ft, 
we must put x ^ this would give if' = px — a \ whicli 4$ 
still an equation to^a parabola, but in whi^h the origin of th^- 
abscissas is distant from the, vevMx^Jij^efofe assumed 

quanuty — . . ^ . 

", 'W/ /F 

Ex. S. Suppose tlie curve surface of a right^con# werfil 

proposed. 

Here we may most cmiven'emly refer the c%iatic?n of ttt4 
surfece to. the plane of the circular base of the Iq th^ 

case, the perpendicular difttance of any poitit in 
from the Wse* ^ 'to, the 'axis of the c|me:#;,as the' -j#- 

of from the decumferetice^ / 

111* P (measured 4^ 
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(mea^urej on z radius), to the radios of the base ; that is^ if 
the values of x be Estimated from the centre of the ba^$e,aeiil 
r be the radius, z will vaty as r — 4- y*)- Censer 

qnenrljr, the simplest equation of the conic sumce, vf^iH bt 

e r sc -- V + y)> 4- -f y^* 

Now, from this, the nature of curves formed by planes cut** 
ting the cone in different direct ious, may readily be inferred* 
Let it be supposed, lirst, that the cutting plane is inclined to 
the base of a right-angled cone in the angle of 4,5% and pa^es 
throu)j;i\ its centre : then wift z =: and this value of Z aub*» 
Ituuted for it in the e(^uation of the surface, will give r® — * 
2>‘ r = y which is the equation of the projection of tlie curv<t 
oa the plane of tlie cone’s base : and this (art* 3 of this chap.) 
is manifestly an equation to a pxraBola. 

Or, taking the thing more genelf|illy, let it be supposed that 
the cutting plane is so situated, that the ratio of jr to s shall 
be that of 1 to ?w : then will mx = z^ and mV =: r*. These 
sulistkuted for z and a* in the equation of the surface, will 
give, for the equation of the projection of the section ort the 
plane of the base, r — 2mx + (m* — i V r: y®. Now this 
equation, if m be greater than unity, or if the cutting plane 
pass between the vertex of the cone and the parabolic sec- 
tion, will be that of an hypcrhohi : and if, on the contrary, 
the cutting plane pass betweei^the parabola and the base, i. e. 
if m be less than unity, the term (m*— I ).r“ will be negative, 
when the equation will obviously designate an ellipse . 

Sc/toL It might here be demonstrated, in a nearly simi- 
lar manner, that every surface formed by the rotation of any 
conic section on one of its axes, being cut by any plane what- 
ever, will always give a conic section. ’ For the equation of 
such surface will not contain any power of ;r,y, or jr, greater 
tfian the second ; and therefore the substitution of any values 
o( z in terms of x or of y, will never produce any powers of 
»' or of y e jrceeding the square. The section therefore must 
be a line of the second order. See, on thte subject, Hutton’s 
Mei^uration, part iii, sect, 4. 

^ 3. Let ifae equation to the curv^e surface be xpz =r 

Then will the curve surface bear the same relation to the 
solid right angle, which the eprve line whose equation is 
ary a* bears lo the plane right angle. That is, th^ curve 
5ur%ift wilLbe posited benveen the three rectangulaSr faces 
boundii^ such solid right angle, in the sapie mtonei; as the 
equilateral hyperbq|a is posited between its rettangularasymp*- 
And in ike jU theieiEney be 4 equal e^ila- 



tetal hj^rboUs comprehended between th<l saw r<HH:ai3gulftt 
i^sjf^mptotesj wheii produced both ^ays frdMn the angular points 
$0 there may be 6 equal hyperboloids posited within the 6 
solid right angles w hkh meet at the saine summit, and att 
placed between the same three asymptotic planes* 


SECTION n, ' 

f 

' On the Construction of Equations^ 

' ' ' , ,1 

PROBtKM U 

Tb Construct Simple Equations, Geometrically. 

ft«RE the sole art consists in resolving the fractions, to" 
which the unknown quantity is equal, into proportional terms} 
and then constructing the resjiective proportions, by means of 
probs. 8, 9, 10, and 27 Geometry. A few simple examples 
will render the method obvious. 

1. Let JT ia 5 then c\a : \ b ; x. Whence x may be 
found by Constructing according to prob. 9 Geometry. 

2. Let X = First construct the proportion 

which 4th term call g\ then ^ or e : c \ \ g \ x. 

3. Let X t= . Then, since — 

it will merely be necessary to construct the proportion 
€ : a ’•{- b II b : X. 

4. Let X r= Find, as in the first case, g = 

^ and h = so that ^ may = Then find by tb« 

first case i rr So shall x^g i, the difference of those 
lines, found by construction. 

5. Let X = . First find the fouith propor- 

(tj + Uc j 

tiosal t0 if »: and f, which make =s A. Ihen.jr =: J("^— i 

or, by cdnrtrection it will be A -f- c ; a — d : ; n : jri* ' 

6« .Letaasr'-jTi* Msdcetheright-w^loiitriaDgleABCtodi 
. ' * P2 that 
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that the leg ab = < 1, »c 6 ; then Ac =s: V(ab* 
4- Bc^) = -v/(a® + b% by th. 34* Geom. Hence 

X r: . Construct therefore the proportion 

^ AC : : AC : and the unknown quantity will 
be found, as riSquired. 



7. Let X zz First, find cn a 

mean proportional between ac = c, and 
CB = of, that is, find cn = Vcd* Then 
make CE = and join de, which will 
evidently ^/{a^ + cd). Next on 

any line eg set off ef = A *f c, == ED*, and <|raw CH 
parallel to rn, to meet DE (produced if need be) in H, So 
shall EH be = x, thV tliird proportional to A -f c, and 
v^(a® + cd), as required. 

Note. Other methods suitable to different cases which 
may arise are left to the student^s inventioiji, And in all 
constructions the accuracy of the resultij, wilt increase with 
the size of the diagrams j within convenient limits for 
operation* ^ 



PROBLEM II* 


To Find the Roots of Quadratic Equations by Construdioiu 

In most of the methods commonly 
given for the construction of quadratics, 
it is required to set off the square root 
of the last term ; an operation wliich 
can only be performed accur;ite!y when 
that term is a rational square. We $ha^ 
here describe a method which, at the 
same time that it is very simple in prac- 
tice, has tlic advantage of showing dearly 
the relations of the roots, and of dividing the third te|m into 
two factors, one of which atdeast may be ii whole nuaiiber* , 

^ In order to tl^is construction, all quadratics may be classed 
under 4 forms : viz, , 

1, ax — be zzO. 

2. a:* — ax — Ac = 0* 

^ 3 . ax + be zz 0. 

^ 4. X* — ax + Ac =:s 0. 

1, One general mode ofconstruction wiUihdudc l^^^ 
two of tjhe$e fbrip$* Lujt rp axr* tfzz p, A be greater 
than c, Descrite ahy circle abd hai^g itsdiamrtcr not Ito 
than t]^ given quantities n and b c, and within ttSs circle 

inscribe 






215 


inscribe two chords, ab r: <r, ad r: ^ - r, both from any 
common assumed point At Then, produce ad to f so that 
»F n c, and about the centre c of the former circle, witli the 
radius cr, describe another circle, cutting the chords ad, ab, 
produced, in G,. h : so shall AG be the affirmative and 
AH the negative root of the equation ot* + rz 0 ; and 

contrariwise ag will be the negative and ah the affirmatht 
root of the equation ^ ax ^ be rz 0. 

For, AF or AD + DF zr A, and df or ae zr c ; and, making 
JiG or BH zz jr, we shafl have ah iz h ^ : and by the pro- 
perty of the clrcie eofh (theor. 6 1 Geom.) the rectangle 
EA • AF z: GA .AH, Or he n (a + x)xy or a^in by transpo- 
sition -k ^ be zz Of. Also if AH be zz -a*, we shall have 
AG or BH or AH — AB rz — jt — cz :^and conseq. ga . ah z:; 
3^ + ax, as before. So that, whether ag he zz x, or 
AH z: — a , we shall always have k ax — be zz 0. And 
by an exactly similar process it may be proved that ag is the* 
negative, and, ah the positive root of ax be z; 0. 

Cor. In quadratics of the form x^ + z: 0, the 

positive root is always less thant:he negative root *, and in those 
of the form — ax — be zz 0, the positive root is always 
gi'eater than tfie negative one* 


2. The third and fourth cases also arc 
comprehended under one metliod of con- 
struction, with two concentric circles. Let 
q: + ic z: 0. Here describe any 

circle abb, whose diameter is not less than 
either of the riven quantities a and 6 -f c j 
and within that circle inscribe two chords 
ABZztf, adz: both from the same 

point a. Then in ad assume df zz c, and about c the centre 
of the circle abd, with the radius CF describe a circle, cui ting 
the chords AI>> ab, in the points F, e, g, H : so shall ag. 
be tlic two positive roots of tlie equation x* — ax + be zz o, 
and the two negative roots of Ae equation + ax -k he ‘k 0. 
The demonstration of this also is similar to that of the lirst 



case. 

Cor. 1, If the circle whose radius is cr just* touches the 
chord AB, the quadratic will have two equal roots ; w hich 
can only happen when ^^a® = be. 

C#* % If that circle neither cut nor touch the chord ab, 
the roots of the equation will be imaginary ; ^and this will 
always happi^nt if. tiiese two forms, when greater 

aw K 

> 
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PRpBtEM m. 

To Find the R<>Qt3 of Cubic and Biquadratic Eq«iation$| by 
Construction. 

1. In finding the roots of any equationf containing only 
one unknown quantity, by construction^ the contrivance ccwi* 
aiiHs chiefly in bringiiig a new imknow:n quantity into that 
equarioiii ; so that various equations ciay be had> ^ach cor>% 
taviing tlic two unknown quantities; and further^. such that 
any two of them' contain U*^i:ther all the known quantities of 
the proposed equation. Then from among these equatiot^a 
two of the most? simple are selected, and their corresponding 
Icci constructed ; the intersection of those loci will give the 
roots sought. 

Thus it will be found that cubics may be constructed by 
two parabolas, or by a circle and a parabola, or by a circle 
and an equilateral hyperbola, or by a circle and an ellipse, 
&c : and biquadratics by a circle arid a parabola, or by a 
circle and an ellipse, or by a circle and an hyperbola, &€• 
Now, since a parabola of given parameter maybe easily con* 
structed by the rule in cor. 2 th. 4 Parabola, select the. 
circle and. the parabola, for the constructional of both biqua- 
dratic and cubic equations. The general method applicable 
to both, will be evident from the following desciiption. 

2. Let m" am'm be a parabola whose A 

axis is AP, m^'m'gm a circle whose cen- 
tre is c and radius cm, ctltting the pa- 
rabola in |he points M, m', 
from these poinjs draw the ordinates 
to the axis mp, m>', m"p% and 

from c Jet, fall CD perpendicularly tp 
tji^i axis ; also dr^f^v CN par .did to the 
axis, meeting pm in N.^^»Let ad = a, 

DC = 5, CM — 71, the j araineter cf the 
parabolj = p, ap =ri ur, pm Then (pa. 3 ] ) j&jr i=: : 

also CM* = CN* + NM% or 71* =: (r ^ ay 4“ (.3/ ^ if ; that 
is, X* ± 2ax 4- *f j/* ± 2hy *f 71*. hubstituting ia 

this equation for .r, 5's valbe;^, and arranging the terms ao 

jcording to the dimensions of y, there will arise 

y ± [2pa + p )iy ± 26/>-y -f "(«*,+ •“ = 0, 

a biquadratic eq .;* i )n, whose rpots will be expressed hy the 
ordinates at thep<rint:sof intetrsectioti * 

of the given^arabola and circle, 

3. To make this coincide with any proposed biquadratic 

eetond term is takeo away (by cor. theor. 3) ; assume 





MomTnpmm ow c^bic®^ SfK. 

^ 0 + Assume also jp sst I j thttt com- 

paring tfee terms of the tyro ei}u?itions, it will be> i?a 1 = f , 

or asz — 26 =5 r, or 3 s=: z:=:^ s,o(t 

=: 4- s, and consequently 'ft ss \/{a^ ^ ¥ 4- r). 

Therefore deiferibe a parabola whose parameter is 1, and in 

the axis take ax> zz ; at right angles to it draw oc and 

from the centre c, with the radius A/(a* + S^ + .v)i 
describe the circle cutting the parabola in the points 

M, m', m'', then' the ordinates pV', 

will be the roots required* 

Note. Tins method, of making p = 1, has the obvious 
advantage of requiring only one parabola for any number of 
biquadratics, the necessary variation being made in the radius 
of the circle- 

Cor. 1. When dc represents a negative quantity, the^ 
ordinates on the same side of the axis with c represent the 
negative roots of the equation \ and the contrary. 

Cor, % If the circle touch jhe parabola, tvO^o roots of the 
equation are equal 5 if it cut it only in two points, or touch it 
in one, t^o roots are impossible \ and if the circle fail wholly 
within the parabola, all the roots are impossible. 

Cor. 3. If + ¥ = n*, or the circle pass through the 
point A, the last term of the equation, i. e. 
and therefore ± ( 2 pa + p^)f' ± ^bp^y = 0, or 

± (2pff -f p^)y ± 2 bp^ =s 6. This cubic equation may , 
be made to coincide with any proposed cubic, ^^anting its 
second term, and the ordinates pm, ^ > '•^re its roots. 

Thus, if the cutio||)e expressed generally by 
By comparing the terms of this and the preceding equation, 
we shall have ± 2 pa 4 * p* = ± and p 2 bp^ ==: ± 5, or 

a zz^pzj^ and 6 =; ± So that, to construct a 

tubic equation, with any given parabola, whose half parameter 
is AB (see the preceding figure) : from the pdint B take, m 
the axis, (forward if tlie equation have - y, but backward if 

q be positive) the line Bn ~ j then raise the perpendicular 

DC = and from c describe a ciarde passing through the 

verte:^ a of the parabola ; the ordinates pm, &c!, drawn frt^ 

V the points of intersection of the circle and parabola, will be 
tluj roots required. ^ , v , 
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l»ltOBLEM IV. : 

To Construct an Equrition of any Order by means of a I>octi$ 

of the saihe Degree as the E quation proposed^ and a Right 

Line. 

As the general methoj^ h ^ 

,J.he sarjie in all equations, let 
if be one of the 5th degree, as 
+ acx^ — a^dx' + ti’fx 
— o^/'xz 0. Let the Ipt term 
transposed j and, taking 
onC|of the linear divisors, J*, vV 
of the last tenu, make it equal 
to Z) for example, and divide the equation by then wUl 

— 6.1^ + rtrtS — -t- a^gx 

* = . 

On the indefinite line Bo describe the curve of this equa- 
tion, bmdrlfc, by the method taught in prob. 2, sect, I, of 
this chapter, talcing the values of x from the fixed point B. 
Ilie ordinates pm, sr, &c, will be equal to z j and therefore, 
from the point b draw the right line ba =r J\ parallel to the 
ordinates pm, sr, and through the point A draw the inde*** 
finite right line Kc both ways, and parallel to aa. From the 
points in which it cuts the curve, let fall the perpendiculars 
MP, RS, ca; they will determine the abscissas bi% bs, bo, 
which are the roots pf the equation proposed. Those from 
A towards a are positive, and those lying the contrary way 
are negative. 

If the right line ac touch the curve in any point, the cor- 
responding abscissa x will denote two equal roots j and if it 
do not meet the curve at all, all the roq^s will be imaginary. 

If the sign of the last, teroi, a% had been positive, then 
we must have made z ^ and therefore must%ave taken 
BA — yi that is, belomhe point P, or on the negative side. 




. EXERCISES. 

JEjt. 1 . Let it be proposed to divide a given arc of a circle 
into three equal parts. 

, Suppose the radius of the circle to be represented by r, 
the sii|^ of the given arc by the unknown sine of its third 
part by and let the known arc be ‘and. of course the 
required arc be u. Then, by cqua. viii, ix, chap^ iii, *wf v 
^hail h^ye , 

, _ • t V sin $« , ros v + cos , sin u 

sm 3 m = sin (2 m + «) . : ■ ^ 


sin 2m a: sin ( u -f u) 
2m'== cos ( u -f «) i= 


S sin u . pns u ^ 




Putting. 
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Cutting, in the first of these equations, for sin Su its given 

.value for ^in lie/, cos 2u, their values given in the twp 

other equations, there will arise . 

5 sin w fjO,s* « . u 

■ 

r 

Then substituting for sin u its value .r, and for cos* u its 
value — .r^, and arranging all the terms according to the 
powers of X, we shall have 

X^-^|-r*x + *i(zr*=:0, , 

^ cubic equation of the form x*— jjm:' + y == 0, with the, 
condition that it is a Cubic equa- 

tion falling under tlie irreducible case, and its three roots are 
represented by the sines of the three arcs w, u 120^, and 
u 4- 240«'. 

Now, this cubic may evidently he constructed by the rule 
in prob. 3 cor. 3. But the triscciion of an arc may also be 
effected by nicans of an equilateral hyperboja, in the follow- * 
ing manner. 

Let the arc to be trisected be ab. 

In the circle abc draw the semi- 
diameter A 0, and to AD as a diame- 
ter, and to the vertex a, draw the 
equilateral hyperbola AK to which 
the right line AB (the chord of the 
arc to be trisected) shall be a tangent in the point A ; then 
the arc Ar, included within this hyperbola, is one third of 
the arc ab. 

For, draw the cliord of the arc af, bisect ad at G, so that 
Q will be the centre of the hyperbola, join df, and draw gh 
parallel to it, cutting the chords ab, af, in i and K. Then, 
the hyperbola beings equilateral, or having its transverse and 
conjugate equal to one another, it follows from Def. 16 Conic 
Sections, that every diameter is e^pal to its parameter, and 
from cor. theor. ‘i Hyperbola, that gk , jc* re ak*, or that 
GK : AK : : AK ; Ki ; therefore the triangles GKA, AKI are 
similar, and the angle kai r: agk, which is manifestly riADF. 
Now the angle adp at the centre of the circle being equal to 
KAI or fab; arid the former angle at the centre being mea- 
sured by the arc af, while the latter at the circumfei»ence is 
measured by half fb; it follows that AF ::: ^fb, or r: yAB, as 
it ought to be. 

jEx, 2 . Given the side of a cube, to find the side of an- 
' other of double capacity. 

Let the side of the given cube be and that of a double 
one jy, then 2 a} s; 3^, or, by putting 2 a — ft, it will be <i*ft : 
there are therefore to ^ found two mean proportionals be- 
tween 
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Note. For other exercises of the construction of equations, 
take some of the examples at the end of chap, viii. 


GENERAL SCHOLIUM. 

On ilie Comfruciion of (Mcomutrical Problems. 

Problems in Plane Geometry are solved cither by means of 
the modern or algebraical analysis, or of the ancient or geo- 
metrical analysis. Of the former, some specimens are given 
in the Application of Algebra loGccmctry, iji the first volume 
of this Course. Of the iatter, we hete present a few exam* 
pies, premising a brief account of this kind of analysis. 

Geometrical analysis is the way by wJa^cli vve proceed from 
the thing <lemanded, granted for the moment, till we have 
connected it by a series of consequences with someihitvg an- 
teriorly kno\v%^r placed it among the number of principles 
known to be true. 

Analysis may be distinguished into two kinds. In the one, 
which is named by Pappus contemplative, it is proposed to 
ascertain the truth or the falsehood of a proposition advanced 5 
the other is referreid to the solution of problems, or to the 
investigation of unknown truths. In the first we assume as 
true, or as preyiously existing, the subject of the proposition 
advanced, and proceed by the consequences of the hypothesis 
to something known ; and if the result be thus found true, 
the proposition advanced is likewise true* /-The direct de- 
monstration is afterwards formed, by taking ppragain, in an, 
inverted order, the several parts of the analysis. If the Cfon- 
$equence at which we arrive in the last place is found false« 

we 
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wc thence conclude that the proposition analysed isalso fafee» 
When a proSfcm is under consideration, wt first suppose it 
resolved, and then purstfe the consequences thence derived 
till we come to something known. If ultimate result 
thus 0 btained be comprised in what the geometers call data, 
the question proposed may be resoK’ed : the demonstration 
(or rather the construction), is also constituted by taking the 
parts of the analysis in an inverted ord^ri 'riie impossiWlity 
of the last result of the analysis, will prove evidently, in this 
case as well as in the former, that of the thihg rsMquired. 

In illustration of these remarks take the following ex- 
amples, • ^ * 

1 . It is required to draw, in a giveh segment of e 
circle, from the extremes of the base 4 and B, two lines AC, 
BC, meeting at a point c in the circumference, *such that they 
shall have to each other a given ratio, viz, that of M to K. 

^jwlysis. Suppose that tlie thing is ef- 
fected, that is to siiy, l!\at ac : cb : : M : N, 
and let the base ah of the segment be cut 
in the same ratio in riie point E. * 'fhen £C, 
being drawn, will bheci the angle acb (by 
th. 83 CeomOj consequently, if the circle 
be completed, and CE be produced to meet it in f, the re- 
maining circumference will also, be bisected in F, or have 
FA aa FB, because those arcs are the double measures of equal 
angles ; therefore the point F, as well as E, being given, the 
point c is also given. 

Const ruction. Let the given base of the segment Jm be 
cut in the point E in the assigned ratio of M to n, and com- 
plete the circle; bis^t the remaining circumference in f; 
join FH, and produce it till it meet the circumference in c : 
then sdrawing ca, cb, the thing is done. 

Demonstration, Since the arc fa = tlie a?« fb, the angle 
ACF n: angle bcf, by theor. 49 Geom. ; therefore Ac : Cfi ; : 
AE : FB, by th. 83. But ae : EB : : M : N, by construction 5 
therefore AC : CB ; : M ; n. q. e. D. 

jE^r. 2 . From a given circle to cut off an arc such, that 
the sum of ni times the sine, and n times the versed sine, 



may be equal to'a given line. 

Anal. Suppose it done, and that aee'b ta , 
the given circle, be'je the required arc, ED its 
sine, &D its Versed sine 5 in da (produced if 
necesslary) take Bp an nth part of the given 
sum'; join and produce it to meet bf JL 
to AB, or II to ED, in the point F- Then, since 
m * ED + n . BD SB n =a n • FD d'- n • BD ; 


A.-® 

'1 w 


i>l 


consequently 


li 
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consequently ^ . ED =£ n . Pb ; hence ro : fin : ; m : Blit 
PD : ED : ; (by $im. tna.) PB ; bf ; therefore pb : bf :imiH 
Now m is given^ therefore bf is given in magnitude, and^ 
being ^ right ahgl^ to pb^ is akq given in position; therefore 
the point F is given, and consequentljf pF given in position ; 
mnd therefore the point its intersection with the circmn- 
fcrence of the circle, ^ee'b, or the arc EE is given, Honce 
the following 

Const. Fronj^ b, the extremity of any diameter ab of the 
given circle, draw BM at right angles to AB '; in AB (produced 
if necessary) take bp an nth part of the given sum ; and on 
BM take BF so that bf : bp : : w : in. Join pf, meeting the 
circumference of the circle in e and e', and be or be' is the 
arc required. ^ 

Demon, From the points E and is! draw kd and e'd' at 
rl]ght angles to ab. Then, since bf :.^bp : : n : w, an^ (by 
aim. tri.) bf ; bp : : de : dp ; therefore db : dp : : w : m. 
Hence m . de = n , dp ; add to each n , bd, then will 
WJ . DE 4- ti , BD = . BD + ?i . WP = w . PB, or the given 

sum* 



FjX, 3. In a given jriangle abh, to inscribe atjipther 
angle abc, similar to a given one, having one of its sides pa- 
rallel to a line imn given by position, and the ^ular points 
fl, i, c, situate in the sides ab, bh, ah, of 4:he triangle ABK 
respectively. 

Analysis, Suppose the thing done, 
and that abc is inscribed as required. 

Through any point c in BH draw CD 
parallel to m^n pr to aby and cutting 
aB in D-|i^draw ce parallel to Ac, and 
DE to aCy intersecting each other in e. 

The trianglesihEc, aeby are similar, and dc : nj ; : ce : be ; 
also BDC, Baby are similar, and nc :ab : ; bc : nb. Therefore 
BC : CE : iBb ' be \ and they are about equal angles, conse- 
queiitly n, e, c, are in a right line. 

Constmc, From any point c in bh, draw CD parallel to 
nm ; on cd constitute a triangle cde similar to the given one ; 
and through its angle E draw be, which produce till it cuts 
AH in c: through c draw ca parallel to ED and ch parallel to 
EC ; join aA, then abc is the triangle required, having its side 
ab parallel to wm, and being similar to the given tiiangle. 

Demon, For, becau^^f the parallel lines ac, de, and cA, 
BC, the quadrilaterals bi^ec and^<?cA, are similar ; and thea^e- 
fore the proportional lines dc, ab, cutting off equal angles 

BDC, 
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spectively equal to tiie angles cabs while a?^ is parallel 
to DC, which is parallel tp by construction. 

Ex. 4. Given,, in a plane triangle, the^ vertical angle, the 
perpen4icular| ai^ th^ rectangle of the se^ents Pi the base^ 
made by that perpendicular j to construct the triangle. 

Anal* Suppose abc the triangle fA* 
quired, b© the given perpendicular to'^me 
base AC, prepuce k to meet the periphery 
of the circumscribing circle abck, whose 
centre is o, in h ; then, by th. 61 Gebm. 
the rectangle bd . dh =s ad . dc, the given 
rectangle: hence, since bd is given, dh 
and BH are giveti ; therefore bi r: hi is given ; as 
ID rr oe: and the angle EOc is =: ABC the given one, be- 
cause Eoc is measured by the arc KC, and abc by half the 
arc AKC or by kc. Consequently ec and AC = 2ec are given. * 
Whence this 






A) 


1) 


Vj&i 






Comtruciion. Find DP such, that db . dh = the given 
rectangle, or find Dii = then on any right line 

I^F take = the given perpendicular, and EG = dh ; bisect 
JO in o, and make eoc = the given vertical angle; then 
wilPoc cut\c, drawn perpendicular to oe, in c. With 
centre o and radius oc, desc^be a circle, cutting ce pro- 
duced in A: through f parallel to AC draw iB, to cut the 
circle in b ; join ab, cb, and abc is the triangle required# 

Remark* In a similar manner we may proceed, when it 
is required to divide a given angle into two parts, the rect- 
angle of whose tangents m*^ be of a given magnitude. |^ee 
prob# 40, Simpson’s Select Exercises, ^ 

itote* For other exercises, the student rjpy construct all 
the OToblems except the i?4th, in the Application of Algebra 
to Geometry, at the end of vol. 1 . And that he may be the 
better able to trace the relative advantages pf the ancient and 
the modern analysis, it will be adviseable that he solve those 
problems bofli geometrically and algebraically# 
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CHAPTER X. 

FLUXIONS AND 


Aet. 1 . In the 2d vofeime of this Course has been 
i" compendious and fesy treatise on Fluxions and Fluents ; 
and what follows is a further and more general extension o£ 
the same subject^ chiefly on the transformation^*and cm tiie 
inverse method of fluiSbns; as the roles for the direct me-* 
thod, given in ‘that volume, will be^/^nd quite sufficient for 
finding the fluxions of the prdinary forms of quantities. Froin 
art. 32, to art. 48, of that volume, have been given a collect 
tion of the most common and obvious rules for finding the 
fluents of given fluxion^i; and which require no further 
proof or consideration, as they are self-evident, being simply 
the reverse of the preceding rules for finding fluxions. But, 
in art. &c, is given also a compendious table of various 
other forms of fluxions and fluents, the truth of which it may 
be proper here in the first place to prove. 

2. As tq most of those forms indeed, they will^he easily 
proved, by only taking the fluxions of the forms of fluents, 
in the last column, by means of the rules beffire givesn in 
art, 30 of the direct method by which they will be found 
to produce the corresponding fiuxiomj in the 2d column of 
the , table. Thus, the 1st and 2d forms of fluents will be 
proved by the 1st of the said rules for fluxions: the 3d and 
4th forms of fluents by the 4th rule for fluw)ns ; the ,5th 
and Gth forms, by the 3d rule of fluxions : theTth, 8th, 9th, 
10th, 12tlr, 14th forms, by the 6th rule of fluxions : the 17th 
form, by the 7th rule of fluxions : the I8th form, by thdBth 
rnio of fluxions. So that there remains only to prove the 
} JfH, 1 3th, 1 ^th, and 16th forms. 

3. Now, as tr the 16th form, that is proved by the 2d 
example in art, 63, where it appears that 4rv^(^.r— x"}, is the 
fluxion of the circular segment, whose diameter is i?, and 
Versed sine x. And the remaining three forms, viz, the 1 Ith, 
ISth, and 15th; will be proved by means of the rectifications 
of circular arcs, in art. 62. 

4. Thus, for the 1 Ith form, it Appears by that art. that the 
fluxion of the circular arc z, whose radius is r and tangent 

is « rr Now put t^ar^ or and usrr*; 

then is i = { wa?*^** V, and r* + and x 



r ' 






■■ I "■’ ^V'-'V fl'''^’^"' 

= iJTir i:s * 


Ss 2 




IS 


xarc to radiiis and ta^g. a.®”, or =: — r X arc 


to radiiis I and 'i^ng!r,y-^* whkh is the first form of the 


fluent in n’. xu 

5* And, for the latter form of the llticnt in the same 
because tbe^ coefficient of the former oft^ese, Is 

t » 

double of — the coefficient of the Bfter, therefore the arc 

W , , 

in the latrer case, mult he double the arc in i:he former* 
But the cosine of double an arc, to radius 1 and taligeik is 

; and because ~ ~ hy the former case, this substi- 
tuted for in the cosine ^ — ^7, it becomes the cosine * 
as in the latter case of the I Ith form. 


6. Again, for the iTSt case of the fluent in the ISfth form. 
By art. fil vol. ii, the fluxion of the circular arc s, to radius r 

and sine f, is or 2= --1^ to the radius 1, 
Nowiput hence v'(l — =a 

v'( • ~ -f ) = •V'^ -r ^ and i = X ; 

then these two being substituted in the value of x, give » 
1 . 

or-jr^i:j = -r ><-7 '— consequently the given fiuxion 

^ j, o t 2 " 

— » — r IS = and therefore its fluent is — that is 
X arc to Ifne \/~~9 as in the table of forms, for the first 

n a 

case of form XX u. 

7. And, as the coeilicient in the latter case of the said 

form, is the half of the coefficient in the, former case, 

therefore the arc id the latter case must be double of the arc 
in the formei». But, by trigonometry, the versed sine of 
double an arc, to sine y and radius 1, is 2y% and, by the 

former case, 2^ — therefore — x arc to the versed sine 

Sx'® * *" ' 

is thc^ifluent, as in the 2d case of form xin. 

8. Again 
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8. Again, for the first case of ’fluent in the ISth fiarm. TBy 
art. 61 vol. 2, the fluxiofi of the circular arc a, to radius 

and secaiitV, is i = or * 

Now, put =: \/ ^ = or 5^ =: ihenco5 (s* - 1) =; 

3f« ^ ^ V 1 • j l , Jrt-l - 

v'( ^ — l)r:^ tf),aud s rsy^-^xl^ac' 
then these two being substituted in the value of « or 

vjiriy --r'^ ’ consequently the given fluxion 

I . 'f 

— — — = “V a^^d thcref. its fluent is — that is 

y'(r"-a) wy'tf n^tt ^ 

X arc to secant as in the table of forms, for the first 
case of form itV. 

9. And, as the coefficient — in the latter case of the 

n^a 

said form, is the half of—V*, the coefficient of the former 

case, therefore the arc in the latter case must be double the 
arc in the former. But, by trigonometry, the cosiUe (d the 

double arc, to secant s and radius 1 » is -- 1 ; and, by the 

former case, -^—1 = — — irs. — therefore ~ ~ x 

arc to cosine — is the fluent, as in the 2d case of form 'kv. 

Or, the same fluent will be - V x arc to cosine be- 
cause the cosine of an arc, is the reciprocal of its secant* 

10. It has been just above remarked, that several of the 

tabular forms of fluents are easily shown to be true, by taking 
the fluxions of those forms, and finding they come out tjie 
same as the given fluxions. But thef may also be deter- 
mined in a more direct manner, by the transformation of the 
given fluxions to another form. Thus, omitting the first 
form, as too evident to need any explanation, the 2d form is 
i =r (a + where the exponent {ii^ 1) of the 

unknown quantity without the vinculum, is I less than (??) 
tliat under the same. Hqre, putting ==: tlxe compound 

w**""*r 

quantity a + Jf: then is} = and s = . m , . ; benccj 

by art. 36, x = ^ r: as in the tabled ' 


H.By 
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11. By the above example it appears, that such form of 
fluxion admits of a fluent in finite terms, when the index 
(n — J) of thd variable quantity (^) without the vinculum,, 
is less by 1 than w^the index of the same quantity under the 
vinculum. But ft will also be foiii;;|d, by a like process, that 
tile same thing takes ^ace in such forms as (<« 

where the exponent (cn — 1) without the vinculum, is 1 less 
than any multiple (c) of that {nj under the vinculum. And 
further, that the fluent, in each'^case, will conbist of as many 
terms as are denoted by the integer number c \ viz, of one 
term when c = 1 , of two ternis when == 2, of three term# 
when r =: 3, and so on. ^ ^ 

12. Thus, in the general form, z zz (a 

putting, as before, « 4- then is .r” =?j/ — cr, and its 

fluxion =r j>, or cz and x^'^^x or 


(y — ay-’i ; also {a + x^Y == J/*” = the^e va- 
lues being now substituted in the general form proposed, 
give jc = -^ (j/ — . Now, if the compound quan- 
tity { tj — be expanded by the binomial theorem, and 

each term multiplied by that fluxion become^ 

1 / . j. _ I • ^ - - • • ^ 1 

n 




i<c) ; tlien the fluent of every term, being taken byart. 36, it is 

f — 'i + _ . 

o ~ &C), 


1 


'/i VA4 ■+ <■ J * «l + C — 1 
7/^.1 f — I a t \ . r — 2 

.(— -7n'y + 


c/- 2 


3 m -f t ■ 

0 * f— I.r-2.f-3 c** 

d -- 3 * 


kc)f putlinjT d =: + r, for the general form of the fluent; 

wliere, c being a whole number, the multipliers o — 1, 6‘ — 2, 
c — 3, Sac, will become equal to nothing, after the first c 
terms, and therefore the series will then terminate, and ex- 
hibit the fluent in that number of terms ; viz, there will be 
only the first term \vlien r 1 , but the first two terms when 
r zz 2, ?md the first three terms vrheii c zz 3, and so on.— 
f Except however the cases in which vi is some negative num- 
ber equal to or less than r; in 'which cases the divisors, 
t)i c — 1, Wi 4- 6‘ — 2, &c, becoming equal to nothing, be- 
fore the multipliers c - 1, c~-2, &c, the corresponding terms 
of the series, being divided by 0, will be infinite : and theft 
the flueftt is said to fail, as in such case nothing can be deter- 
mined from it. 


13. Besides this form of the fluent, tliere 2jre other me- 
thods of proceeding, bv which other forms of fluents are 
VoL.ui. ' Q derived. 



m 
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derived, of thi fluxion i r= -f iiffaicfc 

are of use when the foregoing form fails, or runs into an in- 
finite series smne results of which are givefl both by Mf* 
Simpson ^nd Mr. Landen. The two following processes are 
after the manner of the former author, "" , 

1 4. The given fluxion being (a + j its fluetit 

inay be assumed ecjual to (a -4* **■ * multiplied by a genera! 

series, ih terms of the npvrjprs of x combined with assumed 
unknown cioefficients, which series may be either ascending 
or descending, that Is, having the indices either ir^aaing or 
^decreasing f 

viz, (a +• ^ "h BJr’'-*' -f 4* 4- Str% 

or (a -f x^r'*- * X (ax'' + 4 p.i'* + + See)* 

And first, for the former of these, take its fluxion in the 
usual way, which put equal to the given fluxion (tf + 

then divide thejvhole equation by the factors that 
may be common to all the terms ; after which, by comparing 
the like indices and the coefficients of the like terms, the 
values of the assumed indices and coefficients will be^eter- 
mined, and consequently the whole fluent. Thus, the former 
assumed series in fluxions is, 

7i(?n + + O’")'" X (A^'- + + C4r^-.^ &c) 4 

(a 4 x”)'"' jf X (r A.r^ ^ 4 (r — 5) ~ ‘ 4 (r — 2s)cif - ^ 

&c) 5 this being put equal to the given fluxion (a 4 x" 

«d the whole equation divided by (« 4 “'<*•, there results 
n(m 4 1)^" X (ax'^ 4 Rr'“^4 4 D.t"‘~^^4 See) i ^ 

Hence, by actually multiplying, and collecting the coefficients 
of the like powers of ;r, there r^uits 


»(m 


'V'] 


AX +n(mvl)? 
+r~# 


+ w(m + 1) ? 
+ r— > 


^ f + «-^2x B 

CT kc 


+ (r — Ac. 


- 


-*« , . i* . . . . roAx 

Here, by comparing the greatest indices of x, in. the first and 
second terms, it gives r 4 /^ = cw, aqd r + n ^ s zir 
which give r ^(c — 1)^, and n = ' Then these values 

being substiunted in the last series, it becomes 

(c 4 * m)nAX^^* + (tf + m — l)nB*^ + (c + jb — 2 )nc«^” Ac 


‘ + (c.-l)na 


^ 4. (c - *** Ac 




Now, comparing the coefficients of the like terms, and pit- 
ting c 4 Wi rr d, there result these equalities : 


c— $.ea 




SUi which values of A, », c, &c, with those of rand being 
now kubstiwted k tlu first assumed fiMn4.it becomes . 

(a 4- i*> 





&Cj> the tme tfiiept^ '^f (a + exactly %r^einjg 

with the first val»| 6f the i. filiform in the table* of flueiltjP 
in my Dictionnrf : ' Which fluent therefore, when c is, a Whole 
positive number, will^alwaya terminate In, number of 
; subject to the same exception as in the former case. 
Thus, if c = 2,' or the given fluxion be (a + ^ 

then, c -j- m or d being s; m 4^ 2,' the fluent becomes 

X n - ^ (m + lV«--a , 

^ »+K n ^ TO + 1 . i»+V 

And if c Z5 3, or the given fluxion be (a rh ^ 

then m •i-c or ti being :pm 3, the fluent b^omes 


im + 3)ri 


x(l- 


2<ix--» 


*«*+■ 2 


2»9jf— »« (fl -f 3r«)'» + * 

w 4 * 2 .w+ r n 


x(-^“ 

'w+3 


Sufjg^ ' H' 

m + 4 .. + a + »;3.m+3.m+l)-, C is OthCT 

whole numbers : but, when £* denotes either a fraction or a 
negative number, the series will then be an inhnite one, as 
none df the multipliers c — 1, c — 2, c — 3, can then be equal 
to nothing. 


1 5. Again, for the latter or ascending form, ^ x 

r ^ q. *f ^ by making its 

fluxion equal to the proposed one, and dividing, &:c, as be- 
fore, equating the two least indices, &c, the fluent will be 
obtained in a different form, which will be useful in many 
cases, when the foregoing one fails, or runs into an infinite 
series. Thus, if r -p j, r 4- 2.^, 5:c, be written instead of 
r — r — 2Sf &.C, respeciiv'ely, in the general equation in 
the last case, '^ud taking the first term of the 2d line into the 
first line, there results 




^jpr+» + s 


^ - 4- r+s 3 

+ ^'<ZA^r'‘4-(/’ + -s)<^B,r'‘ + ^4-(r4-2j)rrca’''+’^ &c 
^Here, comparing the two least pah's of exponents, and thi 

coefficients, we have r xz cn^ and s^ n \ then — ‘4; i 


]=0. 






c 4'm + 1 


t^-hm + 1 


c + WJ + 2 " , c + TO+1 . c+Tii-f 2 ft 

B ?= + - ' ■■■? -. ' o -1^ &C 


tna • 
, 'C =s'* 


(f + l)c«a* 

, _^ <y, « — j r 3 wv. Therefore, denoting 

(<r*+ »)# '-c.c + l.c+y.wa® 

c 4- 771 by dy as before, the fluent of the same fluxion 
(a 4* will also be truly expressed by 

+ ^ 1 rf+T. , d+l.a+ 2 .®’» 


> A ' 

cm " M ~ t+TTi^ ' c?i .cfS 

agreeihg with the 2d vahie of the fluent of the Idth form in 
i ' Q2 my 


+ 
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my Dictionary. Which series will terminate when rf or ^ 
is a negative integer; except when c is also a negative in*- 
teger less than d ; for then the fluent fails, dr will be infinite^ 
the divisor in that case first becoming eqiial to nothing. 

To show now the use of the foregoing series, in some ex- 
ample of finding fluents, take first, 

16 . Exaviple 1. To find the fluent of 

This example being compared with the gen<iral form 
in the several corresponding parts of the 
first series, gives these following equalities: viz, 1, 

1 = 1, ort‘— l = l,ort=:2; = 

=: ?M 4 - c = 2 — I =s -I, = (a 4 - -j =T» 5 ^* 


JL. = 5 here the serite ends, as all the terms after this 

y a+ r ’ 

become equal to nothing, because the following terms con- 
tain the factor c* ~ 2 = O. These values then being substi- 


tuted in 5 !^ (4- — i — r • — )> it becomes {a + X 

n a a — ly 

2a) X (a + x)i = v'(a + x)-. 


.3 ^ \ _ .3ff4- 2a 

a + x' ““ ' " 


^ - V' . ^ 3 

which multiplied by 6, the given cocffiQient in the proposed 
example, there results (Ax^Sa) . y'(a4-.t ), for the fluent 
required. 

17 . Exam. 2. To find the fluent of 

= (a^ + X 3 r-«;r, 

The several parts of this quantity being compared w^ith the 
corresponding ones of the general form, give a = a^, n = 2, 


1 - 6 


5 

ar> 


m = J, cn — 1 or 2 c — 1 zr — 6, whence c -y- n: 

and rf = w + c = 1- — | = — y = — 2, which being a nega- 
tive integer, the fluent will be obtained by the 3 d or last form 
of series ; which, on substituting these values of the letters. 


* + ,1 -l.fl 

gives— X 




3(a^ + 3c«)i r, ^ 

-5a*** ^ U - 3^,; — 


(fl*+**)* 

J* 

fluxion. 


X for the required fluent of the proposed 


18 . Exam. 3 . Let the fluxion proposed be 

Here, by proceeding as before, we have a zz b, n ^ n, 
w = — c ±= 3 , and d = c + ?7i =3 4 ; where c being a 
positive integer, this case belongs to the 2d series; into 

which 
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wtich therefore tfie above values being substituted, it becomes ^ 

— ^ X 

19. Exam. 4^ Let the proposed fluxion be 


Here, proceeding as above, we have = j|., n=s 2, wi = |, 
cn — 1 or 2c* — 1 = -- 8, and c* sc — J-, if si ^ z, d 2= e + 
VI - 3, which being a negative integer, the case belongs 
to the 3d or last series ; which therefore, by substituting. 

these valbesi becomes X ( f 4- V*r) ^ 

* • 2* ‘ ■» * 3 ""I • "“r ' i 


-7s'’ 


X(l+-T +^')=- 




5 • x(5+m^ + 24z% 

tlie true fluent of the proposed fluxion. And thus may 
many other similar fluents be exhibited in finite terms, as in 
these following examples for practfce. 


Ex. 5. To find the fluent of ^x‘^xV(a*' — 

Ex, €. To find the fluent of — Sx'^x . (a‘ — x*)"" 


Ex. 7. To find the flu. of or (a - 

a*”"" 


20. The case mentioned in art. 37, vol. 2, viz, of compound 
quanticies under the vinculum, the fluxion of which is in a 
given ratio to the fluxion without the vinculum, with only 
one variable letter, will equally apply when the compound 
quantities consist of several variables. Thus, 

Example 1. The given %uxion being (4xx + 8j(y) X 

V(x^+ 01* [4xx 4- 8yi) x (r* + -y)^, the root being 

.x^-f 2y', the fluxion of which is 2xx + \-ijy. Dividing the 
former fluxional part by this fluxion, gives the quotient 2 : 
next, the exponent i increased by 1, gives I : lastly, dividing 

by this I, there then results + 2^)^, for the required 
fluent of the proposed fluxion. 

Exam, 2. In like manner, the fluent of 


(x^ + X {6xx + \2y^y + is 

{ f + yH ^ ^ ^ y + »*)•• 

+ 4_j/3y 4- ) X ^ * 

Exam. 3. In like manner, the fluent of 

3 

2x\iy'^ + xyy + x’i') ■](■*’* 4" 2a®y*)^. 

21. The 
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51* The fluents of "fliixians of th^ foitns t ‘ 

where c and n are whole 

numbers^ will h® found in finite terms, bf dividing the nu- 
merator by the denominator, using the variable letter ^ nv/H\e 
first term in the divisor, continuing the division uH She 
powers of x are exhausted; after which, the las- i’f'ider 
will be the fluxion of a logarithm, or o| a circu]i^:t' ijrc, 

Example 1. To find the fluent of or 

By division, =: Jc where the remaiiider i*s 

evidently = X the fluxion of the hyperbolic Jogarijjnr^ of 
a X : therefore the whole fluent of the proposed Hu ioa 
is X — a X hyp. log. of [a + r). In like manner it vviii he 
found that, 

Ex. 2. The fluent of is x-i-a x hyp. log. of (x-ra). 

Ex, 3. The fluent of is — .r — a: x hyp. log. of 

(a — x). 

Ex. 4. The fluent of + <*’ X hyp, log. 

of (a 4 - x). 

Ex. 5. The fluent of is - - ax - x hyp^ 

log. of (a — 

a'-^v " * 

Ex. 6. The fluent of X hyp. log. 

of {x — a). 

Ex. 7. The fluent of is + a^x — a^ x 

hyp. log. of {X + a). 

Ex. 8. The fluent of ;; — -• is fr’ + -j-atj;* + a*x + o’ X 
hyp. log. of {x — a). 

Ex. 9. The fluent of is — — iax’ — a*s + 

a’ X hyp. log. of (o — x). 

' x^i 

Ex\ 10. The fluent of is + {ct^x^ •-* 

+ a* X , hyp. log. (a + ar). * . 

Ex. 11. Hie fluent of ,s - - — - 
+ 8tc ± a» X h. 1. (o rj- x). 

Ear. 
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JSjt. 1% The .fluent of ^ — il 

a- a’ n 

&c - a* k h. 1. (a - a:). 

Ex, 13. The fluent of — , is ^4- + 

x^a n ’ » w 1 * 

— — &:c + u" X h. L (s — a). 


"ti — ’^si' 


«-2 


jEx. 1 4*. The fluent of = (by division) *- 
is, (by form 1 1 vol. 2) x — cir. arc of radius a and tang, x,, 
or X — Jii X cir, arc of rad. 1 and cosine In like 

manner, 


Ex. 15. The fluent of or of — x + 

X 4 Ja X h- 1. by form 10. And * 

Et* 1 6- The fluent of = x 4* is x 4 x ‘ 


hyp. log, , by the same form. 

j u 

22. In like manner for the fluents of Thus, 

JSr. 17. The fluent of = x’r — o’x + -T^t « 
(by form 1 1), jx^ — x cir. arc to rad. a and tang, x, 
cr — uV-f 4^’ X cir. arc to rad. I and cosine And 

Ex. 18. The fluent of = - xV — -f- is 

— — «’x 4 {a^ X hyp. log. by form 10. Also 

Ex. 19. The fluent of ^ =: x*x 4 a^x 4 is 

4 - X hyp. log. by form 10. 

23. And in general for the fluent of where n is 

any even positive number, by divitling till tlie powers of x 
iu the numerator are exhausted, the fluents will be found as 
before. And first for the denominator 4 as in 

Ex. For the fluent of ^ ^ (by actual division) 

4 - &c ± 4 the 

number of terms in the quotient being [n, and the remainder 
q: viz, - or 4 according as that number of terms is 

odd or even. Hence, as before, the fluent 


19 
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» ~ — + 8(c ... ± qp a""* X afc to%d. 

«— 1 3 ' 




xn^i 


a and tan jv, or — - •+■ &c . , i •Ja'*"** X 


arc to rad. 1 and cos. 


a^+x- 


JBjr. 21, In like manner, the fluent of 


' « - r 


« — 3 


^-&c + -ia'’“*X-hyp.log.^^. 

Ex. 22. And of -v-^» is ^ — r + + &c + 1^"“' 

X hyp. log. 


2^. In a similar ma^er we are to proceed for the fluents of 
— when n is afly odd number, by dividing by the de- 
nominator inverted, till the first power of x only be found 
in the remiiinder, and when pf course there will be one term 
less in the quotient than in the foregoing case, when 7i was 
an even number ; but in the present case the log, fluent of 
the remainder will be found by the 8 th form in the table of 
fluents in the 2d volume. 


Ex. 22, Thus, for the fluent of where n is an odd 


number, the quotient by division as before, is 

Se + — &c ± the number of terms being 

and the remainder zf Therefore the fluent is 

I* SC'* ■+■ o* . 


PfW — 1 

rll' 1 


— 3 

//-a’ 


4- &c . , , ± 






X h. 1. x^ + a\ 


Ex, 23. The fluent of is obtained in the same 

manner, and has the sam^ tern^s, but the signs are all positive, 
and tl^e remainder is + x hyp. log, x^ — a\ 

Ex. 24. Also the fluent of is still the same, but the 

signs are all negative, and the remainder is — X hyp* 

log. — .7^* Hence also. 

Ex. 25. The fluent of X hyp, log. 

of x^ + a\ 

Ex. 26, The fluent of is | A® X hyp, log. 

of4r®'— 

Ex . £7. The fluent of is — — {a» x hyp. log. 

of — x\ 







Er. SS. The fluent of is ^ — ^aV + ia* k 
hyp. log, JT^ + a\ 

JSx. 29 . The fluent of is 4- x 

hyp. log. jr^ — a\ 

£jr. 30 . The fluent of —^4, is — ~ -- x 

hyp. Jog. a* — 

25 . J?.r, 31 . In a similar manlier may be found the 


rt 'i 

fluents of - -y where c is any whole positive number, by 

dhicling till the remainder be — wliich can always 

be (lone, and the fluent of that remis|^der will be had by tlie 
8 th form in vol. 2 . Huts, by dividing first by r’* + the 
terms are, — 4- 

&c till the last term be and the remainder * 

~ when « IS = c — 1 , or 1 less than 

c, which is also the number of the terms in the quotient ; 
and therefore the fluent is 


n fj”x ““ ~ 3» 

H” 


fj(c^2)nx» 1 , 

■ 

n ^ 7i 


cn — n cii —■ 7;i ' tn — 3« 

hyp. log. of x" + <2”. In like manner, 

£x, S2. The fluent of has all the, same terms 

as llie former, but their signs isdl T or positive, and the re- 
mainder -i X hyp. log. of .r"— fl”. Also in like manner 

Ex:, 33. The fluent of — - has all the very same terms, 

but all negative, and the remainder — — X hyp. log. 

of (i® — .r”. 

^cn — J i- 1 — * ;• 

Ex. 31 . The fluent of 7—-^ = — X -7 is also 

— ?i7 x^ 

€ 

the same with the preceding, by substitut. — for a”, and mul- 
tiplying the whole series by the fraction 

26 . When the numerator is compound, as well as the de- 
nominator, the expression may, in a similar manner by divi- 
sion, be reduced to like terms admitting of finite fluents. 
Thus, for 

Ex. 





U* 

Ex. 35. To find th* fluent of X a;i = . 

By diviijion this becomes -^xx + X — ’ 

• a Qtt c 

T** 

fluent - X hyp. log. of -J- + x*. 

257. There are certain methods of findiOg fluents onefroift 
another, or of deducing the fluent of a proposed fluxion from 
another fluent previousiy known or found. There.are hardly 
any general rules however that will suit all cases; but they 
mostly consist in assuming sonie quantity y in the form of a 
rectangle or product of two factors, which are sitch, that the 
one of them drawn into the fluxion of the other may be of the 
form of the proposed fluxion; then taking the fluxion of the 
assumed rectaflgle, there will thence be deduced a value of 
the proposed fluxion in terms that will often admit of finite 
fluent.;. I'he manner in such cases will better appear from 
the following examples. 

JEr. 1. To find the fluent of — • 

Here it is obvious that My be assumed ~ 
then one part of the fluxion of this product, viz, x x flux, 
of V iJT* h a \ will be of the same form as the fluxion pro- 
posed. Putting theref^hc assumed rectangle jZ — aV (a 

into fluxions^ it isy == x^/{x*‘ -f d^) the 

former part, viz, -h A*), does not agree with any of 

our preceding forms, which have been integrated, muhiply 
it by + </), and subscribe the same as a denominator 

to the product, by which +hat part becomes 

? ft® r 

makes the whole j = ^ 4- 5 hence the given 

Suxion i«' X and its fluent is 

therefore - 4a* x 4aV(x* +fl*) - ^a* x 
hyp. log. of j? + v'(*^ + hy the l£th form of fluents. 

Ex. 2. In like manner the fluent of " ‘- r will be 

found from that of — -- by the same 1 2th form, and 

is ^ U — a*) + X hyp. log. x + 4^(14 - a^). 

Ex. 3. Also in a similar manner, by the 13th form^ 

fluent 



» ahd mrfiKTic £St 


comes out -4- |<z x cir. arc to radius 4 and 
sine JT. 


£x. 4* In like maimer, the fluent of will be 

Jr ^ 

found from that of Here it is manifest tliat y 

must be assumed =; a’^'V<(x* )> m order that one part dF 

its fluxion, viz, x X flux, of V{x^ + may agree with the 
proposed fluxion. Thus, by taking the fluxion, and re** 

ducing as before, the fluent of — will be found =s 

® ' V (a + ^ } 

Ex. 5. Thus also the ftuent is Jx’ — a’) 


+ |a‘x/. 


oM 


v/.“ 


, Is - A xV(«* - •*■*) + 


- a*)* 

Jyr. 6, And the y*- 

>“ TJnnr;- 

In like manner the student ranv find the fluents of 


- , &c, to - 


where n is any even 


<v/v.v* ^*3)' 

number, each from the fluent that which immediately 
precedes it in the series, by substituting for y as before. 


Thus the fluent of 


= — JT"- 




^^1'* ir a’} n 


+ a^) - 


^ ^ + a- y 

28. In like manner we may proceed for the series of simi** 
lar expressions where the index of the poWer of a: in the nu- 
merator is some odd number. 


T^f 

£^, 1. To find the fluent of ^ n^y Here assuming 

y = x -f and taking the fluxion, one part of it 
will be similar to the fluxion proposed. Thus, y = 2jr;lr 

-v/(jr’‘ + + hence at once the given fluxion 

V^ 7 = j' — 2xx\/(.v^ + a^); theref. the required fluent 

2X'x^/{x^ + d^) tz -f a^) - 

by the 2d form of fluenta. 

jpiX • 

Ex. 2. In like manner the fluent of »* 



TivxMm^ 4.my 


Ex. 3. And the fluent of ■ ^ 


r- 

Ex. 4 . To find ihc flu. of- 


xjx. **. i.o miu me nu. oi —7-: from that of — n - » “■ - 

Here it is manifest we nijist assuniq^ =s5^^v^(jr^ -f «*). 
This in fluxions and reduced gives> 

hence ^ ^ Vi^) ^ 

i* -\a^ix-+a‘) 

the fluent of the latter part being as in ex. 1 , above. 

In like manner the student may find the fluents of 

"v; — - T- - He may then proceed in a similar 

- a«) v't"* - /- A 

’ 9^ d* 3[ 

way for the fluents of t; ^ r - r i — —-"^ - 7 » ^c. — ; rj» 

where w is any odd nuaibcr^^yiz, always by means of the 
fluent of each preceding term in the series. 

29. In a similar manner may the process be for tlie fluents 
of the series of fluxions, 

>r v-t x^l x”i 

^ A/(a ^ x)^ ^{a 7^ x) * ?tr c,/ * * ’ ' ^/(fl ^) * 

using the fluent of each preceding term in the series, as a 
part of the next term, and knowing that the fluent of the 

first term is giv^n, bv the 2d form of fluents, zz 

2 v^(a 4 ? x), of the same sign as x. * 

Ex. 1. To find the fluent of having given that 

of = 2 v^(jr 4 - t^O = A suppose. Here it is evident 

we must assume y = x a), for then its flux, y = 

hence — = f i and the required fluent is — 

ZZ iaV(-r-f a) - 4i/v'(r 4* a) = 2</) X ^*/{x 4 a). 

In like manner the student will find the fluents of 

jjifjir I *x*7( 

-7 and r. 

Ex. 2. To find the fluent of , havln|f given that 

of — — = B. Here v must be assumed = x^\/(x + a)y 


^{xA- a) 


for then taking the flu. and reducing, there is found 
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IS - 4aB; there£/^^g-^ = iS/ - = 4i'v'(4? + o) 

- ♦flB ss 4- a) - *a(x - 2a) x ^^/{x + a) = 

(9.r* - 4fax 4* 8fl*) x 'x\V{x a). 

In the same manner the student will find the fluents of 

and of - And in general, the fluent of 

being given ^ c, he%ill find the fluent of — z - r”- ■ \ = — - — 

30. In a similar way we might proceed to find the fluents 
of other classes of fluxions by means of other fluents in 
the table of forms in volume 2 j as, for instance, such as 
x''x\/{dx — x% x^xV{dx-‘X''^)y &c, depend- 
ing on the fluent of {dx — jr-), the fluent of which, by 
the 16th tabular form, is tlic circular seniisegment to diame- 
ter d and versed sine x^ or the half or trilineal segment con- 
tained by an arc with its right sine and versed sine, the 
diameter being d. 

JE.r, 1 . Putting then said semiseg. or fluent of x V((Lv — x^) 
=;= A, to find the fluent of xx\/{dx — x"^). Here assuming 

3 

y rr (dr — x- )^, and taking the fluxions, they are, } 
i((lx — 2xx)y/(dx — a'‘), hence xx\/(dx — .r*) idx\/' 
(dx — x^} — -jj =: UIa — -]i 9 therefore the required fluent> 

fxxV(dX'- x'^)^ is — j-ty = ^dA-’^-idx suppose. 

Hr, 2. To find the fluent oi x'*xV{dx — x^% having tliat 
of xJc y/(dx — x“) given = B. Here assuming x{dx — 
then taking the fluxions, and reducing, there results y = 
(ld(Xx — 4!X^x)y/{dx “ . 1 ’^) ; hence x-xy/\dx — x^) = \dxx 
V [dx — x^) — -^ == -g the flu. ther ef . of x^x (dx — - x*^) 

j 

is |£/b — — ■ 4 X[dx — . 

Ex. 3. In the same manner the scries may be continued 
to any extent; so that in general, the flu. of x'*''‘W[dx --x^) 
being given = c, then the next, or the flu. of x”x\/(dx — x^) 

,iu be ^*4- {* - 


31. To find the fluent of such expressions as — — — — ^ 

a case not included in the table of forms in vol. 2. 

Put the proposed radical \/(.r’ ± 2ax) = or x^ ‘±. 2 ar 
5* i then, completing the square, x' ± 2ax 4- 
and the root is .r ± a =: \/(z^ + The fluxion of this is 




8S3 
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of which, by thfi 12th form, is the h 3 r}).log. of ,4 + V(a:* 4- «') 
= hyp. log. of X ± « + v'(4'* StO'), tne fluent required. 

Ex. 2. To find now the fluent of having 

pvcn, by the above example, the fluent of — * 

sa{qK>se. Assume V (i’* + 2ax) i 'then its fluxion is 

tei’ + ax • 1 /• ““ 

3 = j } theret . 


+ Sax) ’ ' V(«* + 

the fluent of which is 3 / — «a = -f- 2a.v) — «a, the 

fluent sought. 




Mx. 3. Thus also, this fluent of 


Ti;^) given, 
will be found,' 


the flu. ofthe next in the series, or ^ . , 

by assuming x>^{x* + 2ax) = 3/5 and so on for any other 
of the same form. As, if the 6 uent of r be given 

= c ; then, by assuming + 2ax) rx y, the fluent 

of — — = — r"“' ✓(.r* + 2ax) — — 

^{x* + 2«j«) n ^ ^ n 

Ex\ 4. In like manner, the fluent of 


I*”? 

given, as in the first example, that of 

found ; and thus tlie series may be continued exactly as in 
the Sd ex. only taking — 2ax for -h 2ax\ 

32. Again, having given the fluent of which, 

by pa. 32 1 vol. 2, is -- x circular arc to radius a and versed 


sine T, the fluents of- 




x»x 


■ - 3C*)’ 

may be assigned by the same method of continuation, Thh?, 
JB.r. 1. For the fluent of — Tj assume '\/(2ax — x^) 

y ^ the required fluent will be found = — \/i2ax~^x^) -f A 
or arc to radius a and vers- x. 


xH' 


IS 


/ 


Ex, 2 . In like manner the fluent of . . 

^{Zqx - ««) 

~(fxv ^ -V . 3n+jw. ■ 


•y.* ^ .* / J „ 

where a denotes the arc mentioned m the last example. 

»«* 


E%\ 3. And in general the fluent of 


is 


*- * -/(Sax — x®), where c is the fluent of 

^n-i 


the next preceding term in the seri^. 


33. Thus 
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S3* Thus alsOf the fluent of x*/{x — -c) being given, ‘ 

the 2d form, the fluents of xM/(x - a), 
Stc , . , x''x^/(x — may be found. Aud in 
general, if the fluent of x'''^'xV(x ^ a) ^ c be ^iven 5 then 

by assuming x%x — (z)^ the fluent of x'x\/(x - a) k 

34. Also, given the fluent of (x — aYx. which is ~L- 

(a"— z/)'"+ by tlie2d form, the fluents of the series (;e - a)" xxy 
(x — a)V^, &c . . . (jf can be found. And iu ge-. 

neral, the fluent of (x — —'jr being given =r c; then 

by assuming (a: — z/)^' +*.¥*" 5= y, the fluent of — a)“x i is 
found = 

, m /I + ( 

Also, by the siime way of continuation, the fluents of 
x^x\/{a -b Jf) and of x‘x{a ^ xY' mt^y be found. 

35. When the fluxional expression contains a trinomial 
quantity, as \^{h + cx f .r ), this may be. reduced to a bi- 
liOiiiial, by substituting another letter for the unknown one 

connected with half the coefficient of the middle term 
with its sign. Thus, put z x-\~ |f : then 2* = x' -J- ca* + j 
thcref. 2®* - -irxz p ex, and + /; — .;c“ z: + cx f h 
the given trliioinial j which is :r z*' + by pinting -=; 
i - ic\ 

£jr, 1. To find the fluent of — - — rr. 

y(:> + -ix + x‘) 

Here z zz x -|- 2 ; then x^ f 4;v + 4 ^ and z*' 1 zr 

5 "h 4x d“ x\ also x =:i k; iheref. the proposed fluxion rc- 

duces to -7-^ r-s the fluent of which, by the 12ch form irx 

the 2J vol. is 3 hyp. log. of z -J- v'Cl + z) = 3 hyp. log. 

A? -h 2 + \/(5 + ix + x^}. 

JSvT. 2. To find the fluent of ^^/{b-jrcx ydx^)^x\/d 'A 

v'(7+T^ + ^')- 

Here assuming x 4 - 2 j then x = k, and the proposed 

flux, reduces to k^dx + 

putting for -j- — 5 and the fluent will be found by a 

similar process to that employed in ex. I art. 27. 

£.r. 3. In like manner, for the flu. of x*‘'~^x»/{b + CAr*+ 
assumiiiyf ^ ^ * ;r z= «, and a?** - * -v » ~ ; 

hence 
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hence + -jx" + ^ = 2% and y'(djf** + tie* -f" ^ 
Wx v'(r“ + -^;r + 7) = W X + T ““ 

X i/C** ± a")> putting, ± a* = 7 - p 5 lienee the giyen: 

fluxion becomes i « v/d X V(z‘ ±a‘),ajQd its fluent as In 
the last example. 

Ex^ 4. Also, for the fluent of ; assume 

AT* + ^ = z, thaa the fluxion may be reduced to the form 
4- X -rr — tj and the fluent found as before. 

in ± ay 

So far on tliis subject may suffice on the present occasiori. 
But the student who may wish to see more on this branchy 
may profitably consult Mr. Dealtry’s very methodical and 
ingenious treatise on Fluxions, lately published, from which 
several of the foregoing cases and examples Imve been taken 
or imitated. 


CHAPTER XI. ■ 

©N THK MOTION OF MACHINES, AND THEIR MAXIMUM 
EFFECTS. , . 

Art. 1 . When forces acting in contrary directions, or 
in any such directions as v produce contrary eflects, are ap- 
plied to machines, there is, with respect to every simple ma- 
chine (and of consequence with respect to every combination 
of simple machines) a certain relation between the powers 
and the distances at wdiich they act, which, if subsisting in 
any such machine when at rest, will always keep it in a state 
of rest, or of pquilibrium ; and for this reason, be- 

cause the efforts of these powers, when thus related, with 
regard to diagnitude and distance, being equal and opposite, 
annihilate each other, and have no tendency to change the 
state of the system to which they are applied. So also, if 
the same machine have been put into a state of un^'orm mo- 
tion, whether rectilinear or rotatory, by the action of any 
power distinct from those we are now considering, and these 
two powers be made to act upon the machine in such motion 
in a similar manner to that in which they acted upon it when 
at rest, their simultaneous aciion will preserve it in that suite 
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of umforoi motion^ or of dt/namical equiiibriuin ; atid this for 
the same reason, as before, because their contrary effects de- 
stroy each other, and have therefore no teridency to change 
the sifaie of the machine. But, if at the time a machiiie'is 
in a state of balanced rest, any one of the opposite forces be 
increased while it continues to act at the same distance, this 
excess of force will disturb the statical equilibrium, and pro- 
duce motion in the machine *, and if t lie same excess of force 
continues to act in the same manner, it will, like every con- 
stant force, produce an accelerated motion j or, if it should 
undergo particular modifications when the machine is in dif- 
ferent positions, it may occasion siicli variations in themotion 
as will render it alternately accelerated and retarded. Or the 
different species of resistance to which a moving machine is 
subjected, as the rigidity of ropes, friction, resistance of the 
air, ifcc, may so modify a motion, as to change a regular dr 
irregular variable motion into one which is uniform. 

2. Hence then the motion of machines may be considered 
as of t/iree kinds. 1 . That which is gradually accelerated, 
which obtains commonly in the first instants of the commu- 
nication. 2. That which is entirely uniform. S. That which 
is alternately accelerated and retarded. Pendulum clacks, 
and madiines which are moved by a balance, ai e related to 
the tliinl class. Most other machines, a short time after 
their motion is commenced, fall under the second. Now 
though the motion of a machine is alternately accelerated 
and retarded, it may, riotwithstanding, be measured by an 
imifonn motion, because of the periodical and regular repe- 
tition which may exist in the acceleration and retardation. 
Thus the motion of a second’s pendulum, considered in re- 
spect to a single oscillation, is accelerated during the first half 
second, and retarded during the next : but the same motion 
taken for many oscillations may be considered as uniform. 
Suppose, for example, that the extent of each oscillation is 
5 inches, and that the pendulum has made 10 oscillations: 
its total effect will be to have run over 50 inches in 10 se- 
conds; and, as the space described in each secqnd is the 
same, we may compare the effect to that produced by a 
moveable which moves for JO seconds with a velocity of 5 
inches per second. We see, therefore, that the theory of 
machines whose motions are uniform, conduces naturally to 
the estimation of the effects produced by machines whose 
motion is alternately accelerated and retarded : so that the 
problems comprised in this chapter will be directed to those 
machines whose motions fall under the first two heads ; such 
problems being of far the greatest utility in practice. 

VoJL. 111. R 
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. Vrfs. i. When in a machine there is a system of forces* 
or of powers mutually in opposition, those which produce or 
tend to produce a certain effect are called movers <xr 7novmg 
powers ; and those which produce or tend to produce an 
effect which opposes those of the moving powers, are called 
resiniances. If various movers act at the same time, their 
equivalent (found by means of prop. '1, Motion and Forces) 
is called individually the moving force ; and, in like manner, 
the resultant of all the resistances reduced to some one point, 
the resistance* This reduction in all cases simplifies the 
'i*€Stigatujri. 

3. The impelled point of a machine is that to which the 
action of the moving power may be considered as immedi-* 
ately applied ; and the working point is that where the re- 
sistance arising from the work to be performed immediately 
acts, or to which it ought all to be reduced. Thus, in the 
wheel and axle, (Meehan, prop* :52), where the moving 
power p is to overcome the weight or resistance w, by the 
application of the cords to the wheel and to tli^ axle, B is the 
impelled point, and a the working point. 

S.- The velocity of the ^noting power is the same as the 
velocity of the impelled point ; the velocity of the I'csistanve 
the same as that of the working point. 

4. The perfornupice or effect of a machine, or the wort 
done^ is measured by the product of the resistance into the 
velocity of the working point ; the momentum of impulse is 
measured by the product of Uie moving force into the velo- 
city of the impelled point. 

These definitions being established, we may now exhibit » 
few of the most useful problems, giving as much variety in 
their solutions as may render one or other of the methods of 
easy application to any other cases which may occur, 

PROPOSITION u 

If R and r be the distances of the power f, and the weight 
or resistance vr^from the fulcrum ^ of a straight lever ; then 
will the velocity of the power and of the weight at the end of 

uuy time t be respectimfy, tie- 

might and inertia of the lever itself mi being cmnd0>^* 

If the effort of the power ba- ^ 

lanced that of the resistance, f IT ^ 

would be equal to Coqse^ ; 

qnently, the difference between this value of F and its actual 
tiIoe,orF— will be the force whic^ to move 

the 






the lever. And because this power applied to the point A 
accelerates the niasMs P .and w, the mass to be substituted 

for "w, in the point A, must be -^w, (Meehan, prop. 50) li\ 

order that this mass at the distance R may be equally accele- 
rated with the mass w at the distance R. Hence the power 

R — W will accelerate the quantity of matter P + ^, w ; and' 

the accelerating force f =z { p — ^w) -r (P -l-^w) = 

But (vol. ii. p. 3U5) ® oc Ft or is = gtF being ae 324 . feet) j 
which in this case = . gt, the velocity of p. And 

because veloc. of p : veloc. of w : : r : therefore veloc. of 

«r — ^ ^ ’’ n»p-ttrw_. Rrr — r^w , 

w as — veloc. or p == — x -r ir — - . 

K R R*p + r»w° R*p-f.r»w ® 

Cor. 1. The space described by the power in the time 
will be= the space described by w in the 

same time will be == 

Cor, a. If n : r : : n : 1, tlien will the force which acce- 

, ' , *W-Wn 

ierates a be = — . 

R/l* + w 

Cor, 3. If at the same time the inertia of the moving 
force ? be = 0, as in muscular action, the force accelerating 

^*111 Pft^~Wn 

A will be = . 

w 

Cor, 4*. If the mass moved have no weight, but possesses 
inertia only, as when a body is moved along a horizontal 

plhne, the force which accelerates a will be = — ~ — • And 

^ pn*+w 

either of these values may be readily introduced into the in- 
vestigation. 

Cor, 5, Tlie work done in the time if we retain the ori- 
ginal notation,, wdl be ~ — ^gt x w = ~ — :% — . gC 


Cor, 6. When “the work done is to be a maximum, and we 
wish to know the weight when p is given, we must make 
the fluxion of the last expression, r: 0. Then we shall have 

rR^p* _ 2r*R'^pw ~ T^w* = 0 and w = p x [ V(^ + 

Cor, 1, If R : r : : 77 : 1, the preceding expression will 
become w = p x [-v/(7z^ + n^) — n*]. 


Cor, 8. When the arms of the lever are equal in length, 
that is, when 72= 1, then is w = p x ( l)s:*4l4f2HP, 
or nearly of the moving force. 

R 2 Scholium* 
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Scholium. 

If we in like manner investigate the formulfic relating to 
motion on the axis in pcritrochio, it will be seen that the 
expressions correspond exactly. Hence it follows, that when 
it is required to proportion the power and weight so as to 
obtain a maxinumi .clFect on the wheel and axle, (the weight 
of the machinery not being considered), we may addpt the 
conclusions of conv 6 and 7 of this prop. And in the ex- 
treme case where the wheel and axle becomes' a pulley, th^ie 
expression in cor. 8 may be adopted. The like conclusion^ 
may be applied to machines in general, if R. and r represent 
the distances of tlie impelled and working points from the 
axis of motion ; and if the various kinds of resistance arising 
from friction, stiffness of ropes, &c, be properly reduced to 
their equivalents at the w orking points, so as to be compre- 
hended in the character \v for resistance overcome. 


PROPOSITION If. 

Given r and r, the anus of a straight levef\ m and m tfuir 
respective weights^ and p the power acting at (he extremity 
of the arm r ; to Jin d the weight 7'ai>ed at extremity oj 
the other arm when the effect is a maximum. 

In this case im is the weight of A, 

the shorter end reduced to B, and L 

conseq. is the weight which, 
applied at A, would balance the shorter end : therefore 
— 4- — w- would sustain both the shorter end and the 

weight w in equilibrio. But p 4 4:^ the power really 
acting at the longer end cf the lever 5 consequently 

P 4 4m 4 “'W), is the absolute moving power. Now 

the distance of the centre of gyration of the beam from F* 



♦ Thf djsianre of r, the cpniie of eytatioii, from c the centre or «xig of 
motion, in some of the mo'^t ii.seful cdKes, is as below : 


In a cMrcular>,JwheL'l of unifoim thickness ..... cr *» rad. j. 

In the periphery of a circle revolving about the diam.. cn rad 
In, the plane of a circle .... ditto .... fcR «= 

In the surface of a sphere . . , ditto , . , , cti =ai.id. 

lu 8 eahd sphere ditto . . • . cu *■ lud. VI 


In a plan8 ring formed cf circles whose radii are r, r, ? 
revolving about centre ........ ) 


IT* 


In a Cone revolving about its veitex 

In a cone its axis * • * . , . 

In a straight lever whose arms are a and v . . « « 


CR 

CR 

oa 
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i* = let be denoted by f ; then (Meehan. 

f'** 

prop* 50)“ . (m + w?) ^vill represent the mass equivalent 


to the beam or lever when reduced to the point a ; while 
the weight equivalent to w, when referred to that point, 

will be ^^\v. Hence, proceeding as in the last prop, 
shall have ^ . (m + »») + p + w for the inertia to be 

^ a 

overcome; and (p -p .|m - f m) + p-f -h w 

= the accelerating force of P, or of w reduced to a.. Mul- 
tiply this by w ; and, for the sake of simplifying the pro- 
cess, put ^ for p + 4 m — and n for ? -f + m), 


rw* 

9W- — 

then will ^ — ■ be a quantity which varies as the effect 

n + — w 


varies, and w^Kich, indeed, when multiplied by ,e/y denotes 
(he effect itself. Putting the fluxion of this equal to no- 
thing,' and rewlucing, we at length find 

w = —>/{ — + --r-) r- 

y- ' r 


Cor, When r =: r, and M = if we re.^tore the values 
of n «ind the expression will become w = -f- 2m t 

-i - (P + 1^/0- 


PIIOPOSITIO!^ Til. 

Given {he fengih I and ani^/e e of ‘ elevation of an inclined 
plane bc ; io find the lent* th l of anoi her inclined plane Ac, 
along udi ch n ^iitn weiiiht w shad be raised ft ovi the hori^ 
zontal Une ab io the point c, in the IcuaI time possible, bij 
vieaiis nf anodie^^ piven weight p descending along the girm 
plane c u the twozeeigh/s being connected bj/ an inextensible 
thread pcw running uiicaijs parallel to the two planes^ 

Here wc inust, as a preliminary 
to the solution of this proposition, 
deduce expressions for the motion 
of bodies connected by a thread, and 
running upon double inclined planes. 

Let the angle of elevation cad be 
E, wliile e is the elevation cud. 

Then at the end of the time t, v 
will have a velocity v \ and gravity wo’Jd impress upon it, 

in the instant i following, a new velocity ^ sin pro* 

vided 


c 
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yjded the weight p were then entirely free ! Buti By theiJt|* 
position of the syslemi v will be the velocity which pfetkm$ 
in reality. Then, estimating the spaces t» the 4i^«ctipn CI^ 
as the body w moves with an equal velocify but in a contrary 
sensei it is obvious that, by applying the Sd Law of Motion, 
the decomposition may be made as follows. At the end of 
time ^ / we have, for the velocity impressed oh, 

.in e . i, where ^ ^ 

tg: sin € *t — i> .... . vt'lority df stroyed. ^ 

• %A C — w— « . . . effective vftloc. froitt c tnwardssilfh 
W. — u<>.^sin t .tfW ttin 1 . t, . . . . velocity destrtjycd. ^ 

If, thertefore, gravity impresses, during the time upon the 
masses p, w, the respective velocities sin t' . f — r, and g 
■sin E . if 4* the system wnll be in equilibrio. The quan? 
titles of motion being therefore equal, it will be 
p^ sin ^ — pi; = sin e . / -f wt>. 

Whence the effective accelerating force is i. e. 

V p sin e — w sin E 

= *r = X g, 

^ i * 

Thtis it appears that the motion is uniformly ^i4ed, rtild we 
readily find the equations for the velocity and space froxx^ 
which the conditions of the motion are determined : viz, 


V = ■ 


p sin <f — w sill E 


■ j^sin e -- w sill t 


P + w 


P + w 


The latter of these two equations gives > ■ , — 

* ° 'J4'(p sm <*— w sin e) 

But in the triangle abc it is ac : po : : sin ix : sin a, that is, 
I. : ^ : sin e : sin E ; hence ~ l = sin i?, and — / =: sin £ : 

in m 

V% being a constant quantity always determinable from the 


data given. And becomes 


s( 1* 4- w ) 

T 


Now when any 


quantity, as is a minimum, its square is manifestly a mini- 
mum : so that substituting for s its equal l, and striking out 

the constant factors, wp have =: a min. or its fluxiop 

Sii(n*- w/) - pi«L ^ TT • „ . 

as in all stmilnr cases, since 

the fraction vanishes, its numerator must be equal to 0; con- 
sequently 6pl^ — 2w/l - PL* = Q, PL =: 2w/, of t : / : : 
2w ; P. 

Cor. Since neither sin e nor sin b enters the final 
equation, it follows, that if the elevation of the, pJae» »c is 
not given, the problem is unlimited. 

Con 



XN MiicHiNixj: 

^ Cor. 5. When sin e =;= 1 * »c coincides with, the perpen- 
dicular ^nd the power p acts with all its intensity upon the 
Weight Tliis is the case of the present problem which 
has commonly help considered. 

' Scholium* 

This proposition admits of a neat 
geometrical demonstration. Thus, 
let CE be the plane upon which, if 
w were placed, it would be sus- 
tained in eq iiliOrio by the power p 
on ^ the plane cb, or the power p' 
hanging freely in the vertical cd ; 
then (Meehan, prop. 23) BC : cd : CE : : p : p' : w. But 
w is to the force wiih which it tends to descend along 
the plane ca, as ca to cd ; consequently, the weight p' is to 
that force, as ca : cE ; or the weight V on the plane bc, is to 
the same force in the same ratio ; because either of these 
weights in respective positions would sustain w on CE. 
Therefore the excess of P above that force (which excess is 
the power ac^leraling the motions of p and w) is to p, as 
CA fi to CA ; or, raking CH = ca, as eh to ca. Now, 
the motion being uniformly accelerated, we ha^e s oc ft% or 

oc : consequently, the the time in which AC 

is described by W', will be as ac directly, and as *— in- 
versely : and will be least when ~ is a minimum; that is 
when d" eh + 2cE, or (because 2 ce is invariable) when 

EH is a minimum. Now, as, when the sum of two 

quantities is given, their product is a maximum when thfey 
are equal to eacli other 5 so it is manifest^ that when their 
product is given, their sum must be a jyiinimuni wdien they 

are equal. But the product of ” “ eh is cb , and con- 

sequently given j therefore the sum of ^ and eh is least, 

when those parts are equal > that is, when em = CK, or 
CA =: 2cE. So that the length ot the plane ca is double 
the length of that on which the weight w would bc kept in 
eqnilibrio by p acting along CB. 

When CD and c b coincide, the case becomes the same as 
that Considered by Maclaurin, in his t^iew oj Newton's Phi^ 
io0phioal Discoveries^ pa#^183, Svo. edit. 


C 
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MAXIMUM IN 

PROPOSITlOxN IV. 

Let the given weight p descend along CB, and hy vieans of 
the thread rcw (running parallel to the planes J draw a 
weight w up the plane At’ ; it is required iojind the value qf 
w, 'when its momentum is a maximum^ the lengths and 
sitions of the planes being given. ( See the preceding fi \: .J. 

The general expression for the vel. is vvz- 
which, by substitut. Lfor sin and for sin E, becomes 

~(rL — w/) - 'v*/) 

V = gt This muL into w, gives igti 

which, by the prop, is to be a rnaxijnum. Or, striking ont 
the constant factors,—, gt^ then is ^ — = a max. Pat- 
ting this into fluxions, and reducing, we have p'l — 
y^H n 0, or w “ p \/( ’j -f_ 1 ) — p. 

Coi\ When the inclinations of the planes arSe equal, E and 
I are equal, and w = p — p — p x ( -v/S — 1 ) =r • i - 1 4'J:p ; 
agreeing with the conclusion of the lever of egna! anp ;, or 
the extreme case of the wheel and axle, i. c. the pulley. 


moposiTiON V. 


Giveii the radius n of a whtel^ and the radius ?•, of its 
axle, the weight of bothy Wy and the dtstance of the centre of 
gyration from the axis of viotiouy § ; also a given power p 
acting at the circumference of the wheel ; to find the. weight 
w raised hij a cord folding about the axlty so 'that its niomen^^ 
turn shall he a maximum. 


TJic force which absolutely impels 
the point a is p, while w acts in a 
direction contrary to p, with a force = 

-pj this tlxcrefore subducted from p, 

leaves p — — = , for the re- 

duced force impelling the point A, 

And the inertia which resists the com- 
munication of motion to the point a will be the same as if 

r%' + r^w + n^p 

the mass were concentrated in the point a (Me- 

ehan. prop. 50). If the former of these, be divided by th^ 
latter, the quotient is tlie force accelerating A: 

multiplying 
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multiplying this by we have for the farce 

wilicii accelerates the weight W in its ascent. Consequently 
the velocity of w will be = which multi- 

plied into w gives for the momentum. As 

this is to be a maximum, its fluxion will =0; whence. we 
shall obtain w - ^ 

Cor. 1. When r — i% as in the case of the single fixed 
puljey, then w= v'(2P*R^+CJlRPp*t£>4--^w*+P:£ii{^'')‘-. P, 

Cor. 2. When the pulley is a cylinder of uniform matter 
5 ii\ and the express. becomes w= [r^(2p®-|- ^ + 

— ~ p. 

Cor. 3. If, in the first general expression for the 

r i_ ' . ' 1 11 t Rri-w — r^w* 

inentiim ot w, a be put = R“p -f- ^ wc shall have — 

^ fi -t 

a maximum. Which, in fluxions and reduced, gives 

W = «'■»') -‘-i-a. 

Cor. 4. Jf the moving force be destitute of inertia, then 
%vi]l CL~ and w, as in the last corollary. 


PROPOSITION VI. 

Ijef a ffiven power r be applied to the circumference of a 
wherJ^ its radius K, to raise a weight w at its axlc^ whose 
radius is r, it is rcijuired to find the ratio of r and r when 
w is raised with the greatest momentum , the characters w 
and 2 denoting the same as in (he lust proposition. 

Here we suppose r to vary in the expression for the mo- 
mentum of w, - 7 “ ' And we suppose, that by the 

conditions of any specified instance, we can ascertain what 
quantity of matter q bhall make r"q zz which, in fact, 
may always be done as soon as we can determine The ex- 
pression for the work will then become ' ■ - -rr--~gl> The 
t ^ ^ vv'r 

fluxion of which being made = 0, gives, after a little reduc- 

, + p\q + w)]~pw 

tion, r= . 

Cor. A\dien the inertia of the machine is evanescent, with 
respect to that ofp + w, then is r == Rv'(l + — ) -‘ 1- 


PROPOSITION 
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PROPOSITION VII, 

In any machine whose motion accelerate^; ihe weight wM 
he moved with the greatest velocity^ ^he velocity of the 

poxcer is to that of the weighty 1 + P//(l + 1 » the 

inertia of the machine being disregarded. 

For any such m4chin« may be considered as reduced to t 
lever, or to a wheel and axle whose radii are R and r : m 

m" RT'F » 

which the velocity of the weight — ’^gt {prop, J) is to 
be a maximum, r being considered as variable. H ence then, 
following the usual rules, we find PR = r(w + v/ w“ -f pIv)- 
From which, since the velocities of the power and weight are 
respectively as R and r, the ratio in the proposition imme- 
diately flows. 

Cor, When the weight moved is equal to the power, then 
«i‘ R : : 1 + v'2 : i : : 2*4 142 ; 1 nearly, 

PROPOSITION vin. 

If in any machine whose mot mi accelerates, the descent of 
one weight causes anpther to ascend, and the descending 
weight be given, the operation being supposed continually re* 
pea ted, the effect will be greatest in a given time when the 
ascending weight is to the descending weight, as 1 to 1*618, 
in the case of equal heights ; and in other cases, when it is 
to the exact counterpoise tn a ratio which is always between 
1 to li and 1 to 2. 

Let the space descended be 1 , that ascended s ; the de- 
scending weight 1 , the ascending weight — : then would the 

equilil^rium require w ^s-, and ^ will be the force act- 
ing on 1. Now the mass reduced to the point at which 
the mass 1 acts, will be = :s: ~ j consequently the 

whole mass moved is e<juivalent to 1 + — , and the relative 

force is(l — space be- 

ing given, the time is as the roqt of the accelerating forc^ 
inversely, that is, as : smd the wholfe effect in a given 

time, being directly as the weight raised, and inversely as 
the time of ascent, will be as which must be a 

maximum. 
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, maximiim. Consequently’ its square must be a lAax* 
likewise. This latter expression, in fluxions and reduced, 
gives 52;=: -f los + 9) _ 4- 3]. 

Here if ^ = 1, w =r : hit if s be^dindaished withbut 

limit, a; = i if it be augmented without limit, then will 
V {s'^ 4- IOa’ 4- <)) approach indeiinitely near to s + 5# and 
consequently w = Whence the truth of th^ proposition 
is manifest* 


★ 


PROPOSITION IX. 


Xc/ f denote the absolute effort of any moving force ^ vchen 
it has no velocity; and suppose it not capable of m^y effort 
when the velocity is w; Let f be the t ffort ans'reriu 'g to the 
velocity Vj then^ f the force be unif orm^ f will be 

f(i - 


For it is the difference between the velpcities w and v 
which is eflicieht, and the action, being constant, will vary 
as the square of the efficient velocity. Hence "we shall have 
this analogy, : f : ; (w — 0/ : (w — v}* : consequently, 


F = 





'niough the pres'^ure of in animal is not actually uniform 
during the whole time of its action, yet it is nearly so : so 
that in general we may adopt this hy]iothests in order to ap- 
proximate to the true nature of animal action. On which 
supposition the preceding prop, as well as the remaining one, 
in this chapter, will apply to animal exertion. 

Cor, Retaining 'the same notation, we have W = 

This, applied to the motion of animals, gives this theorem : 
The utmost velocity with which an aniihul 7iot impeded can 
movc^ is to the velocity zvith which it moves whe?i impeded by 
a given resistance, as the square root of Us absolute fwxe, to 
the difference of the square roots of its absolute and efficient 
forces. 


PROPOSITION X, 

To investigate expressions by means of which the niaxu 
mum effect, in ^nachines whose motion u uniform, may be 
determined* ^ 


I, It follov^, from the observations made in art. 1 and the 
definitions in this chapter, that when a machine, whether 
simple or compound, is jmt into motion, the velocities of the 

impelled 
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inipelled ars J working points, are inversely as the forces vrhich 
arc in cqnilibrio, when ap, lied to those points in the direc- 
tion of their monon. Conseqae .tly, if / denote the resist- 
ance when reduced to the worfc.ng point, and Xf its velocity^ 
while F and v denote the force acting at the impelled point, 
and its velocity; we shall have --/i’, or introducing t the 
time, Fv/ = jvL Ilonce, in ail working 'inai/ifnes which 
have acqiiiral an nwyorvi motion^ the performmee oftheina-- 
chine equal in the moinenfum of luipuiae. 

XL Ijct F be the cfFort of a force on the impelled point of 
a machine when it moves with the vol )city v, the velocity 
being w when F = 0, and let the relative velocity w— vsrw. 

Then since (prop, ix) F = the momentum of iqi' 

pulse FV will become r: p . -^(w — w) ; because 

V w — lu Making this expression for fv a maximum, 
or, supjiressing the constant quantities,* and making w^(vv — w) 
a max. or its liiix. = 0, when u is variable, we find 2w — 
or ii -jVV. Whence v = w — w n w |w = jW. 

Consequently, when the rath (fv to v is given ^ by the 
construcihn oj the machine ^ amf the resistance is susceptible 
of variation^ we must load the machine more or less till the 
velocity of the imp died pointy is onc-ihird of the greatest ve- 
locity of the force; then will the work done be a maximum. 
Or, the work done hjy an animal is greatest y when the ve- 
locity with w^rich if moves , is one-third of the greatest vebcitjy 
with which it is capable of moving when not impeded, 

III. Since F = p— = p( in the case of the 

maximum, we have Fv r= ^'pv = 4p , = i^^pw, for the 

moii eiUinn of impulse* or for the work done, when the ma- 
chine is in its best state. Consequently y when the. resistance 
is a given quantity y we must make v : v : : : 4p ; and this 

structure of the machine will give the maximum effect 
= -,Vpvv. 

IV. ir wc enquire the greatest effect on the supposition 
that p only is variable, we must make it infinite in the above 
expression for the work done, which virould then become 

WF, or w— /, or w — Jty including the time in the formula. 

Hence we see, that the sum of the agentsi^ employed to move 
a machine may be infinitey while the effect is 'finite : for the 
variations of p, which are proportional to this sum, do riot 
influence the above expression for the effect. 


Scholium, 
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Scltoliiim, 

The propositions now delivered contain the most material 
principles in ^he theory of machines. The manner of ap- 
plying several of them is very obvious : the apj li<ation of 
some, being less manifest, may be briefly illustrated, and the 
chapter concluded with two or three obseV^ ations. 

The last theorem may be applied to the action of men and 
of horses, with more accuracy than might at first be sup- 
posed. Observations have been made on men and horses 
drawing a lighter along a canal^ and working several days 
together. The force exerted was measured by the curva- 
ture and weight of the track -rope, and afterwards by a spring 
steelyard. The product of the force thus ascertained, into 
the velocity per hour, was considered as the momentum. In 
this way the action of men was found to be very nearly as 
(w — v)^ : the action of horses loaded so as not to be able to 

trot was nearly as {w— v)''% or as (w — v)"^. Hence the 
hypothesis wIS have adopted may in many cases be safely as- 
sumed. 

According to the best observations, the force of a man at 
rest is on the average about 70 pounds ; and the utmost ve- 
locity with which he can walk is about 6 feet per second, 
taken at a mtecliuni. Hence, in our theorems, <p = 70, and 
W = 6. Consequently F ~ ~ 31 jibs, thx* greatest force 

a man can exert when in motion ; and he will then move at 
the rate of J-w, or 2 feet per second, or rather less than a 
mile and a half per hour. 

The strength of a horse is generally reckoned about 6 times 
that of a man; that is, nearly 4 20 Ib'^, at a dead pull. His 
utmost walking velocity is about 10 feet per second. There- 
fore his maximum action will be % o^420=: l8f>y lbs, and he 
will then move at the rate of of 10, or 3y feet, per second, 
or nearly 2 j miles per hour. , In both these inst.^nces we 
suppose the force to be exerted in drawing a weight along 
a horizontal plane ; or by raising a weight by a cord running 
over a pulley, which makes its direction horizontal. 

2. The theorems just given may serve to show, in what 
points of view machines ought to be coovsiderecl, by those who 
would labour beneficially for their improvement. 

The first object of the utility of machines consists in fur- 
nishing the means of gnir^g to the moving Jorce the most 
commodious direction ; and, when it can be done, of causing 
its action lo be applied immediately to the body to be moved- 
These can rarely be united but the former can be accom- 
plished in most instances > of which the use of the simple 

lever, 
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lever, pulley, and wheel and axle, furnish many exampl^^ 
The second object gained by the use of maclimes, 
'comiftodatmn ihS tdocifj/ the work to fc U[ 

the velocity mth which alone a naiui/^al pomer €kn act, " 

whenever the natural power acts witha c^taih velocity which 
caehnot be changed^ arid the work miast be performed With 
a greater velocity, a machine is intdrj^sed moveahle Wundf 
a fixed support, and the distances of tne impelled and Work- 
ing points are taken in the proportion of two giveh [ 
velocities* 

But the essential advantage of machines, that, in feet, whlc|£ . 
properly appertains to the theor^ of mechanics, consists haj 
augmenting, or rather in modif^ng, the energy of the mor- 
ing power, in such manner that it may produce effects of 
which it would have been otherwise incapable. Thus a man 
might carry up a flight of steps 20 pieces of stone, each 
weighing 30 pounds (one by one) in as small a time as he 
could (with the same labour) raise them all together by a 
piece of machinery, that would have the velocities of the 
impelled and working points as 20 to 1 ; atid,^ in this case, 
the instrument would furnish no real advantage, except that 
of saving his steps. But if a large block of 20 times 30, or 
600 lbs. weight, were to be raised to the same heigbjt, it 
would far surpass the utmost efforts of the man,nvithout the 
iutei-vention of some such contrivance. 

The same purpose may be illustrated somewhat differently 5 
confining the attention all along to machines whose motions 
is uniform. The product yb represents, during the unit of 
time, the effect which results from the motion of the resist- 
ance ; this motion being produced in any manner whatever. 
If it be produced by applying the moving force immediately 
to the resistance, it is necessary not only that the products 
Fv and fv should be equal ; but that at the same time F s= 
and V =a=;z? : if, therefoi#, as most frequently happens, /’be 
greater than r, it will be absolutely impossible to put the re- 
sistance in motion by applying the moving force immediately 
to it. Now machines furnish the means of disposing the pro- 
duct FV in such a manner that it may alwa^j^s be equal to^r, 
however much the factors of fv may differ from the anailp- 
g^bus fuctoi^ in fv ; and, consequently, of putting the system 
in motion, whatever is the excess off dyer f. 

Or, generally, as M. Prony remarks (Archi. Hydraul. art. 
504), machines enable us to dispose the factors, of fv/ ifi such 
a manner, that while that product continues the same, its fac^ 
toVs may have to each other any ratio we desire. for jn- 
slfance, ticae be pteci6us,the effect must be produced in a very, 
' ' ' short 



w^' 'j^bbuild have it ,c«^ihman<I*'Si force 

c^ihfo OT . |ktfo,Tdk)dty eftort, a mtiiSt 

ifo supply the . yelof^ty necessary for the intensity of 
the tece 1 % on %M c<tetra^y, the meeUinkt has odya iveafc. 
powey at his disposition^ but capabltririf a great velocity* \Z 
machine 'must be adopted Aat will condensate* by the yefo"* 
city the agent can cbmhiunicate to it, for the forC% ^nted,; 
lastly, if the agent is capable neither of: great effort, nor of 
great velocity, a convenient nlachine may still enable Mm to. 
accomplish the effect desired, and make the product w/of 
force, velocity, and time, as great as is requisite. Xhus, to„ 
give another example: Suppose that a inan, exerting his 
strength immediately on a mass of 2$ lbs, can raise it yeriti- 
cally with a velocity of 4 feet per second $ thc.same man acK 
ing on a mass of lOOOlbs, cannot give, k any vertical motion 
though he exerts hfe utmost strength, unless, he has recourse 
to some machine. Ijlow he is capable of producing an effect, 
equal to 25 x ,4 x it the letter / being introduced because, 
if the labour is continued, the value of t will not be inde- 
finite, but compri^d within assignable limits. Thus we have 
25 X 4 X ^ = 1000 X V X t\ and consequently v zz 
a foot. This man may therefore with a machine, as a lever, 
or axis in peritrochio, cause a mass of 10001b.> to rise iV of 
a foot, in the same time tliat 'he could raise 25 lbs ,4 feet 
without a machines or he may raise the greater weight as 
far as the less, by employing 40 times as much time. 

From what has been said on the extent of the effects which 
may be attained by machines, it will be seen that, so long as 
a moving force exercises a determinate effort, with a velocity 
ako determinate, or so long as the product of these is con- 
stant, the effect of the machine will remain the same : thus, 
under this point of view, supposing the preponderance of the 
effort of the moving power, and abs^acting from inertia and 
friction of materials, the convenience of application, See, all 
machines are equally perfect. But, from what been 
shown, <props. 9, 10) a moving force ma/f by diminfshing 
it» velocity, augment its effort, and reciprocally. There is 
therefore a certain effort of the moving force, such that its 
product by the velocity which comports to tliat effort, is the.^ 
greatest possible. Admitting the truth of the law assumed ' 
in the propositions just referred to, we have, when the effect 
is i ffi^ximurnt V = or f = j and these two values 
obtaining together, their product expresses the value 

of the greatest effect with respect to the unit of time. In 
practice it will always be advisable to approach as nearly to 
these values as circumstances will admit i for it cannot be 

expected 
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expect^ that they c;^ always be esactly. attained* Bnl # 
small variation will not be of much consequence : fbn by 
well-known property of those quantities which admit of .« 
proper inaximum and minimum, a value assuined at a mode* 
r|te distance from either of these extremes will produce no 
sensible change in the effect* ^4 

If the relation of p to v followed any other law than that 
which we have assumed, we should find from the expression 
of ihat lam values of p, v, &c* different from the preceefing* 
The general method however would be nearly the same* 
With respect to practice, the grand object in all cases should 
be to procure an umform mo/zcvi, because it is that from which 
(c^eteris paribus J the greatest effect always results. Every , 
irregularity in the mo^on wastes some of the impellingpower;. 
and it is the greatest olily of the varying velocities wJiich ia 
equal to that which the machine would Jicquire if it moved 
umformly throughout : for, white the motion accelerates, the 
impelling force is greater than what balances the resistance 
at that time opposed to it, and the velocity is less than what 
the inathine would, acquire if moving uniformly; and when 
the machine attains its greatest velocity, it attains it because 
the power is not then acting against the whole resistance. In 
both these situations therefore, the performance of the ma* 
chine is less than if the power and resistance were exactly 
balanced; in which case it would move uniformly (art.,1). 
Besides this, when tiie motion of a machine, and particularly 
a very ponderous one, is irregular, there are continual repe- 
titions of strains and jolts which soon derange and ultimately 
destroy the whole structure. Every attention should there- 
fore be paid to the removal of all causes of irregularity. 


CHAPTER XII. 

PBESStTRK OF EARTH ANP FLUIDS AGAINST WALLS AND 
FORTIFICATIONS, THEORY OF MAGAZINES, &C. 


PROBLEM I. 

To determine the Pressure of Earth against Walls^ 

When new-made earth, such as is used in forming ram- 
parts, &c, is not supported by a wall as a facing, or . by coun^ 
terforts and land-ties, &c, but left to the action ;of-hs weight 
3uid the weather » the particles loosen and separate frw each 

other. 



'nwWcfliga^ :Wli^' 
{^oe 9uitke ^ ' 

SMppoiseiJ^'ib.iiiaw a^yi^'t&a i3i3ti6 iiiic!i6ii{j6n'‘i^ 'Sisi&lSpi'' 
frow, iSir fMrfpe^fcttlap';, 'm 'li^iiJ' of «ifl, ’ 'fci' 

n^.^th' «jt .mouid ,- bi3ng'*a ii»ktdi^^'all'’ip9^ir 

gether, the natut^ jto|i||,is conunodly at atkcnil^alf aiight 

aogte, or 45 degrees } bta; clay add atiff loaih ^and af a g^eatw 


^ Tke eiagbiew 
therefore adapt his calculitioQs accbriia^y, * 

W hiive already gi^eh/t^^ 45 jtitatiq m VA 2, 
6^ «dttio3Q,^lfo general thlory abddeteitoinatidh bf^^lore^ 
vritli ^hlch the tri^glc of earth (whith Mo down i£ 
ne^-tup^e^ed) ' presses aphist the' w^' 'A.. -y,- 

on t!^ inost utt^tcepdbnafale priiicipte, 
acttejf perpendicularly dgaihst ae at K/ 
or y of the altitude ae abdve the foun- 
dation at E 5 the expression for which 

force was there i^pd, to be ^9 > 

where m denotes the ^specific ^avijy of 
the earth of the triangle abe.-*— it may be remarked; that 
was deduced from using the area only of the prolife, dr trani* 
vers© triangular section abE, ini^eadoftheprismitic solid of 
any given length, having that triangle for its basb. Aud ithe 
same thing is done in detetmining the pb#^er of the ?^all fo 
support the earthy viz, using only its prbfile or tt^versfe 
section in the same plane or direction as thb triaiigle a^e:. 
This it is evident will produce the same result as the sblidit 
themselves, since, being both of the same given lettgth, th«^ 
have the same ratio as their transverse sectionsi 



tn addition to this determination, we may here further ob- 
serve, that this pressure Ought to be difoinislted in proportion , 
to the cohesion of the matter in sliding down the inclined 
plan© np* Now it lias been found, by experiments^ f^that A " 
body requires about one-third of its weight to runve it; along 
a plane surface. The above expression must therefore be 
reduced in the ratio of 3 to 2 5 by which means it becomes 

for the true practical efifoacious pressure of the 
earth against the walL ' 


§%ce which occurs in .©expression of the ford© of 

theeaithi ^ equal to the sine trf the ^ aeb fo thf r^diu|. li 
ptit the sfoe^ot that ^ e; also put d = AE foe aiti1m4©. 
of ill© then the above expression of the foh:e, vi^f, 

Votiin. S 



PABSSipi 0? nvtm 

for tito phet^rpeiidfci^ pftssiiife «# 

tlie earth iigsdn^t tfie ^11. And if' that 1b^ is\ ^ h 
usually th<^ cate in common earthy then is ^ and the 
pressure bjstaaDues ^^ehn* 

pnonini^ it. 


To determine the Thickness of tVaU to support the Earth. 

In the first place suppose the sectaou 
of the wall to be a rectangle, or equally 
thick at top and bottom, and of Ihe same 
height as the rampart^ earth, like AtFG 
in the annexed figim. Conceive the 
weight w, proportional to the area 
to appended to the base directly be* 
tew the centre of gravity of the figure* Now the pressure of 
thltearth determined in the first problem, being in a direction 
parallel to ag, to cabse the wall to overset and turn back 
about the point p, the effort of the wall to oppose that effect, 
w^l be the weight w drawn into fn the length of the lever 
by which it acts, that is w x pn, or aeto X fn in general, 
whatever be the figure of the wall. 

But now in case of the rectangular figure, the area 0 £ ab 
K w^aXf putting n 3s A£ the altitude as before, and x = ef 
the reipiired thickness ; also in this case pn » ^bf xs 3 ^, the 
centre of gravity being in the middle of the rectangle. Hence 
then ax X is: :s=; fax^, or rather lax^/i is the eflbrt of the 
wall to prevent its being overttirncd, 71 denoting the specific 
gravity of the wail. 

Now to make this effort a due balance to the pressure of 
the earth, we put the two opposing forces equal, that 
iax^n ss |nVw, or ix^ft =: an equation which gives 

m te** the requisite thickness of the wall, just to 

sustain it In equilibrio. 

Carol. 1. The factor ae^ in this expression, isxz the line 
BH^wn perp. to the slope of earth be ; thereft the breadth 

ee hteotpes =s f aqv^-—, which conseq. is directly propOr- 

Itehal to tbo perp, Aa.— When the angle at k is r: 45*^, or 
ludf a rigM commonly the case, its sine c is sp 

*ttd the brea^ of the wall j?s= jet Further, when 
wait i$ of brick, its specific gravity is nearly the same as 




^ t * 

^ %j»4’y»*»it* rfacfc^ «• tpAoror on»« 
tbird a( HB nrhett the.fir«U i< of stone, of lib 

sfn«ti6<6 *«|H% tSbat es^h beii^g needy 4| that i% 
MS = a, wad « =s 2* ; then ✓2^= whic^ 

is -2^^ and the breadth^ = *3980 = ^ nearly. That is, 
the duckoess of the sto^ ecvU must be of its hei|^. 

i3Ptoni4iSM «i. i ^ , 

To ^termine the Thickness (f the WaU at the SoUmn, 
wAm its Sectm ss a Triangle^ or coming to ah JBc^e at 

tbiff cftiey of the wall aw 

is only half of whUt it was befbrci ^ » 
only fsAE X EE s=: ^ojt, and the weigm: 
wm^a^n. But now, the centre of 
gravity is at only j- of PK from the line 
AE, or p?i = |r« 25 \x. Consequently 
PN X w =e5 »4? X t^jrn C5 Thfe, 

as before, being put = the pressure of 
theearth, gives the equation t^n = or 

and the root x, or thickness ef =r aC'/^ ^ 

the slope of 45®. > « 

Now when die wall is of brick, or w 55 w nearly^ thisrf>e- 
comes 4r s£ a c: 55 w tV of the hei^t Dearty* 

Bat when the wall is of stone, ox mtx^n^A %i9^ ftih 

t^/~ =2 and the thickness x or ^ 

•365ii = nearly, or nearly 4 . of the height. 

PROBLEM IV. ^ 

Jb determine ifie Thickness oj the Wall at the Tap^ 
the Faee u mt Perpenduulary hui Inclmc^ the Ff^ont of 
a Fortifcatvon Wall muallj/ w. 

Here or represents the outer face of 
a fort, AEFO the profile of the wall, 
having AO the thickness at top, ef 
that at the bottom. Draw oh perp. to 
ejf; and conceive the two weights w, 
to be suspended from the centres of 
gravity of the rectangle AH and the tri- 
angle OHF, and to be proportional to their area^ respectitiiy. 
Th^ the, two momenta of the weights w, acting by W 
levers ph, fx, must be made equal to the j)res^ure of the 
earth in the dircaion pern, to ae. 

S Q, 




Now 








and, > ^ «*» » j5i*^+ 4? • ■ :#e, .jjpa, . 

^^€-«HN^';#T<^(l^,x;4w■^:i«t,>«^A«^=!ai^ 'aiid'lfee f*f4 

^;iS"4i^'. '^^1B } tbese Wo ,draW < I^m ra^W^’ ' 

i?»!,ie¥»ifaMff'iit».'Wf f iv!?' thf?, .two >»T«»’.»W* *■ - 

Wli^ *i?W<f*>-,'«»d X <¥f « WV + {aJ^i <We£ 

twoiXiax* + 4«*%7f W*’)” mujftlw =» 4t0m$ 

W ■la'*' j now adl* 

’^i-^'. copiplete tlw tW €(q;^lion 

becoaStix^-f^W^f-^Ilf the rortof which 

is <*; -l-lo «s ^vXtt + ■^)> andhehce x=»av'(TT +-^) — W 
iW^^the itoe EF 5= « ‘ ' 

Jwwi for » bnck ^B, m — n ne3rl7, and then the breadth 
4r:a Cv/^yC + i) — — J-a = *^890, or almost 

yi m Jiick waUs* — ^But in stone walls, — = J, and s ^ 


^ *1" * 1 5yiZ ^ nesurly, 

lb#tlie tMckness AG at top, ir|* stone walls, 

sakne manner we may proceed when the slope is 
sn^pOsM to any other part of the altitude, instead of | as 
uswal^e. Or a general solution might be given, by as- 

si^hig the tiuckness == part of the altitude. 


’ ' " kEM^KK. 

Thus then we have given all the calculations that may be 
m determining the thickness of a wall, proper to 
sttpppri ^he ^impart or body of earth, in any work» If it 
SitOjuld bbject^ that our deternlination gives only such a 
th^tiie^ of Walh makes it an es^act mechanical balance to 
the j^sstre or' p4^ «>f the earth, instead of giving the 

former a decided preponderance over the latter, as a security 
agmC aOy faSteiisj* accidents. To this w^e answer, th^ 
wftiit^las^^bpen'don^ is^ sufficient to insure stability, fbfthe 
M;^nS and circumstances. First, it isi usual to. 
build's^dml counterforts of masonryi behind arid tgaltist the 
% 9<^rtair^dfet^ces or int^ from one ^inather s which 

y^ryjmuth; to tW waU^ and. to resfet tSwji 

> ,^dly. - Wo 'Ohiitu^d ' lit) ntetude^i 

mewhat, by its weight, to the forees ur resfotafi)tii?e3#^ 



► 

%att. It h 

f# feab^jt awsilj^ its ^4^4! 

p0i3d«|^ throwil in 

tsmt mmoi of tfee wull as bi#fop» # 

assiired Istiitnlity. E6$|db these edVsmyi^S Ht tfaH ihAi 
carttsn conwiviiu:^ airc ailio iHiiaHy oAspleyei^ t-o |Uoiin)& 
the pressure of tm agamsrt it: eoeh^as i^Oidktiee ahd 
brehdiee» laid in the earthy to diminish its fere# and patdh 
against th# wall. Voi> all these reasons Iheh^ ^e^ldok^thd 
practice of maleing the Wall of the thkfcneai as aei%ned by 
our theory, may be safely depended on, and prc^ablj 
adopted ; as the additional ciftuitisStances, jttst men6tine4 
will sufficiently insure stability*; and|^ (eatpense Will be jtopi 
than IS incurred by any former theory. 

PROBLEM V. ^ 

To determine the Quantity of Pressure sustained by a S^ni 
or Sluice y made to yen up a Bedy of Water, ^ ^ 

By art. 3 13 Hydrostatics, vot 2, 6th edit, the pressure 
a fluid against any upright surface, as the gate of a slutce or 
canal, is equal to halt the weight of a column of the^uid* 
whose base is equal to the surface pressed, and its altitiMo 
tlie same as that of the surface. Or, by art. 3 1 4 of the same, 
the pressure is equal to the weight of a column of th# fluidf 
whose base is equal to the surface pressed, and its altituiie 
equal to the depth of the centre of gravity below the top or 
suriace of the water; which comes to the same thing as the 
former article, when the surface pressed is a rectangle, be- 
cause its centre of gravity is at half the depth. 

Ex, 1 . Suppose the dam or sluice be a rectangle, whc|»e 
length, or breadth of the canal, is 20 feet, and the d^pth qf 
water 6 feet. Here 20 x 6 n 120 feetij is the area of tte 
surface pressed ; and the depth of the centre of gravity beit^^ 
S feet, viz, at the middle oi the rectangle ; therefore 120 x 
3 = 360 cubic feet is the content of the column of watefr 
But each cubic foot of water weighs 1000 ounces, op 624* 
pounds ; therefore 360 X 1000 « 860000 ounces, or 22500 
pounds, or 10 tons and 100 lb, is the weight of the column 
of water, or the quantity of pressure on the gate or dam« 

BXk 2. Suppose the breadth of a caftial at the top, tW snr-^ 
fete of the water, to be 24 feet, but at the ttott?om only 10 
feet, the idepth of water befeg $ feet, as iiurtbelast exempl#: 
required the pressure cm e gate whkh, standin|{ ecttns the 
mah^^ms the water up ? 

Here 



pnEs^cmit 4 p iAltTit fluids 


Here the gatfe h tit ’form of t twtpeSM^W, 
having the mo*paralleJ sides tD, viz, 
gP rf 2^4, vitid CD ^ 16, and de^h 6 feet. 

Nbw, by metaj&uratioto, problem 3 toi. 3, 

5" CD) X 6«fe3t>3t disiio ^ area 
J>f thfe^ slai^ie, the same as before in^e Ist 
Isxatn^k : but the centre of gravity cannot 
Ue^so Ibw'liown as before, becauee tl& 
figure isNddet above and nanDtter below, 
the whbte dipth befog the samtw 

Kow, to defertpine th^ centre of gravity 
Tfe of the trapezoid ad, produce the tv'o 
sides AC, Bi), till they meet in also, draw Okx: and tu 
perp. to AB : then a||^ : cii : . ak : OE, that is, 4 r 6 : 12 : 
18 = GE j and Dr being = 6^ therdF. fg =: 12, Now;, by 
Statics art. 2^9 Vol. 2, ef = 6 =r jZG gives rthe centre of 
gravity of the triangle abg, and it =: 4 = -yrG gives r the 
centre of gratity of the tiiangle CDO. Then assuming k to 
denote the centre of ad, it will be, by art. 212 vol. 2, as the 
trap. AD : A CDG • : ir : IK, or A abl - A cdg : A CDO : : 
iV : tK, or by theor. 88 Geom. ge^-Gf* : cr* ; : if r 
that is l8* — 12^ to’ J 2*' 6r 3* — 2® to 2* or 5 : 4 : • if r= 4 : 
V ss ‘if s= J K ; and hence EK n 6 — 3f = =* V is the 

distance of the centre k below the surface of the water. ITiis 
drawn into 120 the area ot the dam-gate, gives 3 56 cubic 
feet of water = the pressure, ^ 336000 ounces =a 21000 
pounds r: 9 tons 80 lb, the quantity of pressure against the 
gate, as reijufoed, being a 15tb part less than in the lirst case. 

JSx, 3. Find the quan):ity of pressure against a dam or 
sluice, across a canal, which is 20 feet wide at top, 14 at 
bottom, and 8 feet depth of water ? 

. PROBLEM VI- 

T(f the Strangest Angle ^ Position of a Pair of 

Gates for the Lock on a CatHil or Biver* , 

Let AC, Bc be the two gates, meet** 
ing in the angle c, projecting out 
agalrtk the^pres$ure of the water, ab 
being thfebreadth of the canal or river. 

Now the preisure of the water on a 
gate AC, is the quantity, or as the 
extent or length^f it> ac. And the mechanical elfoct of that 
J^esBure, is As (he length of lever to the middle Ac, tar ^s 
AC itself. On both these accounts then the pressure is as 

' AC’- 


1 > 

C ^ 





AC*. the 

!N<W^ ipN^ittce AO to piee^ i9D» ferf* to it^ ia ^ } mi ^w 
|0 meet AB perpea(£^uh^ly ia b « , the^t by 

9i%^h '^AC : AB : ; AB : A|>| wbef^i ^ ieid ABbemg|ivfefl 
lengths^ AD is reci|)rocJ% as 4 C» or as A<f | 

that is, AD®* is as mistaace of lio g^ Aci , Bit tjhe i^e- 
sLstaace of ac.^s itet^eased by the jprfisswe of t& o^il^ i;;^ 
in tbe' direction BC- Kow the forcii ill BC is respiyed tdta 
the two BD, DC; the lattecf?f which, dc^, being p^allel to 
Afc, has no eflS^t upon it jTittt the former^ bd, acts perpn* 
dicularly on it. Therefore the i^ole efifective strength nr 
rrabit^ee of the gate is as the product ad* X bd# 

If now there be put ab =: a, and =*= then An*S!S AO* 
-*BD*rt:a*-<r*| conse<j. AD*X bdss^^- x*) 
for the resistance of eitlier gate. And, if we would have tjm 
to be the greatest, or the resistance a maximum, its flmnoiii 
must vanish, or be equal to nothing: that is, a*Je-^3^x «s 0} 
hence a* r:: 3*r% a* « a V-j- = v^3 — *'57735tf, the na- 

tural sine of 35“ 1 6' ; that is, the strongest position for the 
locjc gates^ is when they make tlie angle a or b == 35^ Iffp 
or the complemental 'angle ACE<,pr BeB=: 54f® 4f4', or the 
whole salient angle acb = 109® 28'/ 

'1 * 

Schotmm. 

Allied to this problem, are several other cases in mech^ics; 
such as, the action of the water on the rudder of a ship, in 
sailing, to turn the ship about, to alter her qoum ; and the 
action of the wind on a ship’s sailsji to impel her forward; 
also the action of water on the’ wheels of water-mills, nnd of 
the air on the sails of wind-mills, to cause them tq turn 
round. 

Thus, for instance, let 
ABC be the rudder of a 
ship . A BOB, sailing in the 
direction bd, the rudder 
placed ki the obliSjue posi- 
tion »c, and consequently 
striking the water in the 
direction cf, parallel to bd* Draw bf perp. BC, end b.C 
perp. to CF. Then the sine of the angle of incidence, of the 
direction of the stroke of the rudder gainst the water, will 
be BF, to the radius cf ; therefore the force of the w%r 
. against the rudder will be as bf% by art. S pa. 366 voh.^. 
But the force bf resolves into the two B<», of, m which the 
to tbe »hig’s modooi and 






PRESSUfIt' OHf'. 


jtp ,. H jfc^- farmr m, :b#ag 

aliigut a»<i ciiaR^' Aer coarse; But'S® i*® * : t® '• c% 
fcMse CF. : C8 ; t bp*!: o^e forcfe^pon the ru^ei^ -tio 

turki tbe;^i^,aboutf . .V 



«n|[l)B ^ i theriJtore ■ uie c^jitipiemeiitai ^ngie c ss 54*^ 44 as 
before, for the bbfifjuity of ^ rod^eri whoiji ^ 
efficacious, ' ' . ^ ‘ ^ 

The case wijl be aljl the sarhe m^ct to ike wind 
adh^g on the of ^ iisind*m,iU, or a sinpi vjs:, that^e 

joauk be set so as to ms^ an angle 44!' with. 

direction ^ the jwfo 4 1 at least at the bCguunDg of the mor’ 
tion, or dearly s 6 ^hen the velocity of ^he sad d but small 
in conrpari^n ^Ith that of the wind ^ but when the forniar 
is jpret^"cdhsiderable In reject of the, latter, then the angle? 
ought id be ppppprtionally, griper, to. have the best dpfecti afe 
shown in Miclaurin’s Fluxibhii* pa. 734, Bcc. 

A cbnsideratiou soirfewhat related to the same also, is the 
greatest effect produced on a mill-wheel, by a stream of water 
striking upop its sails or Uoat^bO|gda. The proper way ih this 
c^e seems tp boi to consider the .whole oftlxe water^s acting, 
omthe wheel, but striking it only with the relative velocity^ 
or the velocity with, whicj the water overtakes and strikee^ 
upon the wheel in motiph, or jthe difference between the ve^ 
locities ox the wheel gind the stream- This then is the power 
or force of the water; w-hich multiplied by the velocity of 
the wheel, the product pf the two, viz, of the relative velo- 
city and the absolute v^ocity of the wheel, that is {¥ -» 

Yv -- t/*, wiy be the effect of the wheel 5 ^ wh^e v dendtet 
the given yeipcity oC-the wjy^, and- » the required vdtecitgr 
of tM vriiei^h IS’ow, to make the effect t^*.a maadiimm# 
or the greatest, its l^kion i^ust vanish^ihat is v?> r* 2 syc^ sa % : 
hxifmey = or ike velocity of the whnel widhe equalrto 
'liilf;tii€jvclociry b¥^ sfre;|i% whenibe.efffept is the^^eat^; , 
ai|^ thi^agrees be^v^vith experiments. , ^ ^ 

, form^ way pf jsesolving this problm 
the water as striking the wheel with a force ^ the square of 
the reUtivp velocity this muldpli^d by the veteefibr of ' 

h«BCe 



' ‘Skr;/' ' 

o«tf *6 tfifi’ vekKat y -ttf ^eyiter, 

PBQB’tpM.-Yn, \ 

"fiidderniine "Form md' 

' ^In tlie 3^rac:ti{^.j|f en^ineejri'ng;,' with rcsjp'fe^rt 
of -the ^xt'mor shape^i$ tisijiliy Waae'-likii 

irj^ of a nouse> ^inng tWo. sloping sides, foiteihg t 
i^Bned plahcfi^, to ,tlifovv j0^^ rain, and meeting in 
llgle or ridji^ at tlie top; while the fetettbr t^reaehts .i 
tSu^^, rtiorS or less extended,- as the occasion may require j 
shaph, or tratisverse section, Jh tlie form of/;sonief 
afc^ both for strength and commoc^pus rtwm, for jrfaciog 
tWjpbwdor barrels. 'It has been usual to make this interior 
amt a semkircle. But, against this shi^pe, for isjkh pui^i: 
^e, I ttuist enter nty decided protest ; as it is an a^tcji tlk’" 
farthest' of any from dicing in eqfiilibrilim - fo itself^ and the 
weakest of any, by being unavoidably much thinner in onO 
part than in othets. Besides, itjs constantly found, that a|ter 
centering of scmi«;irculaf arches Is struck, and r^O’^^V 
they scSttie at the crown, and ri^o up at the flan^si cren witV 
a straight horizontal form and still much mbre^so, in 

powder magazines with a sf'^ing roof; which effocts are 
exactly what might be expected from a contemplation pf the 
true theory of archest Now this shrinking of the arches 
must be attended with other additioUal bad effects, by break- 
ing the texture of the cement, ^after it has beeii ih some d«- 
groe dried, and also by opening the joints of the vqussoirs 
one endi Instead of the circular arCh therefore we sliaH in 
this place give an investigation, founded on the , true prin- 
dples of equilibrium, of the only just form of the interior, 
which is pro}>erly adapted to the usual sloped roOf.. 

^^r tiil^ purpose, put a — i>K the 
tiiickRess Of^heaTcli at’ the top, x' ^ 
any ‘absciss of the required arch 
4in.C!^j « ssc kA thfe^cbrrespondmg 
absciss of'the.giveit exterior line.Ki, 

^d'^V'pi^ tir their equal ’ordi- 

, Then by the principles %f 
arches, in my trat;ts on that subject, 
it Is fonnd t^t ^ht'w.w =s: + x — 

« p supposing } a constant^ 

qUJtti#fyi>'»'nd wliere >s sonaq Certain quantitj^ to be deter- 
■ ■ Bbt KR OF « issafy, if rbe putTto ditoote 







FBESSI7|t1& OF BAK'TB AK0 FttTlDS 


the tangent of the given angle of elevation Ktm tofadte'!'; 
and then the equation is w = « + ^ 

Now, the fluxion of the equation ^ • 

and the 2d fluxion is w = >r ; there- 
ibre the foregoing general equation 

becoif^tes ^ 5 and honce tFw « 

the fluent of which gives w* c: L ^ ' ~ ^ 

^ : but at D the value of is r: n, and w n 0, the curve 
at t) being parallel to Ki ; therefore the correct fluent is 
»»*-«■■ = Hence then or > = j 

the correct fluent of which gives y =5 ^o. X hyp. log. of 

t0*f 

a 

Now, to detertninc the value of q, we are to consider that 
when the vertical line ci is in the position al or MN, then 
W ss Cl becomes a aj- or mn = the given quantity c sup- 
poae, zndy = aq or um =: A suppose, in which position the 

last equation becomes b =: i/n X hyp, log, — $ and 

hence it is found that the value of the constant quantity 
V'Ci, is i ' ; ' j which being substituted for it, in 

the above general value of y, that value becomes 

«/ - A V t.- A g _ 

^ - - < + - <.*) log ot c + v^(c*— fl«) — lug a * 

log. 01 — 

a 

from which equation the value of the ordinate pc may always 
be found, to eveay given value of the vertical cu 

But if, on the other hand, pc be given, to find ci, which 
will be the more convenient way, it may be found in the 

following manner : Put A rt Ipg. of n, and c X log. of 

then the ab^e equation gives cjf + a =s log, 

of 72; + (tsf ; again, put n = the number whose log. 
is cy + A 5 then » =: and hence SF = 


IJow, for an example in numbers, in a real cese lof this 

nature. 







fowling fi^re represent 

section <a a rngwine arch balanced in ail ks {mis, 01 sriuch 

tbe spaa or, width am is 5ft) feet, tiie pitch or hejgla ofiJls 

10 thickness at the crown i)E ss 7 feet, and the angle 

of the ri%c i^kb 1 12° 37', or the half of it lkd = 56^ 18?|, 

the ptapl^inent of w^ch,. or the elevation Kia, is 3S° 41',^, 

the tangent oi^^^ich is =s which will therefore be 

of if in ^ Wegoing inveaigation. The valneis o£ the 

<lthp:|etters wiHbe as f6?k)fw»,.viz,’tiK a:o=37; AnosAas t®} 

DOs'A = 10 * ALSS c=: lOf =e V i Arrlog. of 7 S* -SiSQSgOj 

' ■ ■■ 


i- X i4 ,fl *^— :-) 
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df' 2*^2()7 >3: ; + a ^ 

,;,B45p980 = log. qf n. From the general equation viz, 

ci^ wsz ~ ir + *as 5 uming y successively 

equal to I, 2, 3* 4, &c, thence finding 
the cbrrei^pdhdm^ values of cy + a or 
•0408;)£>l7 + -8450980, and to these, 
as common logs, taking out the corre- 
sponding natural numbers, t^hicht will 
be the values of then tlie above 
theorem will give the several' values of 
w or Cl, jfis they are here arranged in 
the annexed table, from which the 
jSgure of the curve is to be constructed, 
by thus finding so many points in it. 

Oiherwis0n Instead ? of making 7i 
the number of the log. c y + a, it we 
put m = the natural number of the log. 


Vnliifi/ 
or CP. „ 

Val. oX»‘ 
or ci. 

1 

7i©A9 

2 

T1343- 

3 

7*2806 

4 

7*5015 

5 

7-7888 

6 

8*1452 

7 

8*5737 

8 

, 9*0781 

9 

9*6628 


M)*3333 


ctf Only 5 then m = — ^,andawi— 

or by squaring, &c, — Qainw + £;» ig;** - and hence 

SPE? X to which the numbers being applied, tlie 

very same cemdusions resultj as in the foregoing calculation 
"mitzhle, •" 


PBOBLEM vin. , 

To wnstrucl Pemler Mffgazin^^^Uk a Parabolical Jreh* 

4 It has been shown, in my tract on the Principles of Arches 
of Bridges, that 4 parabolic arch is an arch oi equilibratlpn, 
when its extlrados, or ftirm of its exterio*- covering, is the 
Very same parabola as the lower or inside curve-* Hence then 
a parabolk ^h^ ^th for the inside and outer form, will be 
' '< ■ very 




sen 


THko^t ^£1^ ’infiiSbncE 


vikfy prc^JS^SfeSr s(fit<^ii#e of a puMrdWt^ 'itte'* 

the inside pataWlii; ^ape will be tety ctoiitViBOieitt'hs ttrtbdipt 
for stowigntimdly, the exterior parohOla, wraBief 

to the loser <^e^ will be pfoper enniUElilJO eaxvfiSfP tkd'i'idtf 
we^: Ddlr, the ^cture will be io perfect eooSibratiat 
' 4tKIy toe 'parabolic coree is easily cOhttrvttell^ 
fic erected, 


'oty as ‘before, a sz Kp, h «i: xio, 
h si jL<if g ss jjv, aW V =s pc <^4- at. 
Then, bp thenatdfo of the papibola 

ADC, 4* : . A ! rP i= i hence 

by njahiog J> 





comtaht. Then cif » 1 X <^is =: ^ constant ^gfU^a- 

tity ^ wliat it^s at the vertex i thet is^mk ever yw hupige, 
equal to KD. i 

Coaaequf atly kr c; dis , and since nr is pc^ k is evi-^ 
dem tkat ki is the same mri^bolic curve with ^>c^ and may 
be placed any height aboW tty alw^ays procbictng an arch Of 
eqniUbration^ and very commodious for powder magaxines« 


^ CHAPTER XIIL 

TllEOar Alto PRACTICE OR GUNNER^ 

In th^ 2d VoL of this cource have been given several pairw 
ticulM^ Testing to thi^ i?ubject. Thns^ ill props. 1^, 20^ 2l, 
pe tSf &C| given tfW that rdates to the parabbik theory 
of pr(;jjectllb5^ that is, the mathematical principles- which 
would take wee and regulate ^uch projects, if they were not 
impeded anodifettirbed in their motions by the air in which 
they moVe^ ftuh from the enormbu$ resistance of that me- ^ 
Imppetis, that^many military projectiles, especiafly 
the stealleT balls dischar^ wkh the higher velocities^ do 
no^ range ^ fet as a 20ih^rt bf what they wquld naturally" 
do in employ SJpace * That theory therefortf can only be nise- 
fui ki sOlne fwirbses, such a« in iht slower kind of motiOi%‘ ^ 
not? above the vildriliefe of 2, 3, or 4(10 feet per second,^ When ‘ 
the ttf the prqJefctHe differs but iltttt ^|krbApS fr«w tldlf * 

twrue 

Again, 




^ 8»,'»*^ tJwory'aud^' 

cawula^i)#;«‘f ex^nmi^,,invemie4;%’' 

MJ** Stbte®!, for ltoerrii«iiiB the true 4^igipeet)f Velpcitj wi|h.’ ' 
t)4ich .balls ■ ,arfe^^ct<^ w^', fUBS» : swih , a||f . 
pOiwd«y; .'•>1%ie.®a of-’^ l^pefunTOtj ,^5 ^naplf,.*’ 
batt,^^ii*iwei^ . iftto' a'.ye^'itege but -fliott^'le '•’bkK%. 
w^i^wSit^e &(ll"'y^oaty, tQcb33sequence"ol’,tlkat1>tew,''c^ ' 
b|i‘ ^ly observed and acc«rattely'ihi!^a«i^. ■ TJwni*- fhte 
tJ^stntli yeloci^^t^us obtained^ tl;^ gnait ane ofihy {wli;'as 
ii§mediately derived by this SAple ' proportion, ‘^iz^" as ^e 
weight of,ti«, b^» ifeiW sum of the weiglite of the -ball, 
adame block, so is the'ofoserved velocity of the last, to a 4th 
p w f i w tio aah whkh kehe yekidty of -the ^ell swghtt — It is - 
evi^nt that tWdsimple mode of experiment will be the scarce 
of i!aHUeirQtMi,iiseftil ptuici^^^ ?s results disraved from the 
experiinents thus made, .with .all ]iatigthg<<aBdttkeS' of 
-r^^ah kinds and sizes of hails ianft’other sh«, and wkh aH 
the vaiMUS sorts wd quantitiw of gunpowder } in short, the 
experiment will supply answers- to all enquiries in projecliles, 
excepting the exrisnt of their ranges; for it will even de- 
termine the resistance qf the air, by .WiJsing the bail to strike 
the block 'of wood at different distances from the gptn, thus 
showing the velocity lost by passing through those different 
spaces of air} all which. dreumstahees; are fully shown ift 
vols. 2 and 3 of my Tracts just published. 

Lastly, in prob- 17 on Forces, nearthe ei^ of volume 2, 
somercsults of the same kind of experiment are succcMfully 
applied to, determine the. curious circnmstances of the firk 
forye or elasticity of the air .resulting from fired gwpowder, 
and t^e .yelodty- with. winch. .it. .expaadt hselif. These are;, 
ciwumstances ,y?hfoh hfve never twfore beeh determined 
with any premoul Mr.. |l©bins, and other ;hitho«, it may 
be said, Iwve only guessed rather than, detemdned them, 
'fhw ingenious .phSosopher, by a simple .experiment,- truly 
showed that bythe firing of.a parcel of gunfowder, a qaaa- 
titytif ehi^ air was .disengagedagh**^* when- confined in 

the .piwder before .it wa*. firedi, 
wWjfetdxo.l&.iMtr-SfiO tiines alyonge^ the weiglu. or 
elM^^fOf tfie'ooinfflon atmosjp&tic air. He then heated , 
th««®a'®aprf of;aiiwte^n'd®6^®‘ red;.hot-ircmi( l»d - 1 

bJbre f wie^e heinfwred, riiat the first styet^-^sflMf 

, ‘ flamed 
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fltiaflted fluid, must be nearfj^' 1000 times tfie of tlwi 

mospfaere. But gues^f astllie -degi^e'-dF 

in ibe inHamed ifluidf ' cpnsdKfu^iiy' 

both wlikk in feet are found to-be mum it is 

that this assunied 'degree-^of strength 

V9^ that aufhet's experimer^s ; btttthis afei^uiin]^ 

itmay easil)^ be shcwiy could onlyb® owing the ihaedtawf ' 

of MS' owii fuither^xperimentsl and,* in' far' bettdf ' 

Opportunities Aan foil to the fot of Mr. IcobittSi we have ■ 

shown that inflarfied gtmpbwdef4j about douMe Hie Iti^fength 

that he has assigned to^ it, and th^t it e!9£pands itself lirith Hie 

vefafoity of about 5000 lebond. 

Iblly seiMiible of the ixiipWtande of experiments df this 
kind, iStjjt practised by Mr* Robins t^th musket bdls onlyj^ 
my endeavours for many years lirerd^dij^NCted to the pros^u- 
tion of the same, on a larger scalci wim cannon balls v and 
having had the? honour to be called ou to give my assistance 
at -several courses bf such experirrients, carried on at Wobl- 
wicliL by the ingenious offices of the Royal Ai|,iUery there, 
uilder the auspiOes of the hf ^^ers General of the Ordnance, 

I have assiduously attenddd^hem fof many years. The first 
of these courses was performed in the year 1775, being £ 
years after my establishment in the Royal Academy at that 
place: and in the Philos:, Trans, for the year 1778 I gave aO 
account of these experiments, vrith deductions, in a memoir,, 
which was honoured with the Royal Society’s gold medal of 
that year, lii conclusion, from the whole, the following im- 
portant deductions were fairly drawn and stated, viz. 

hv/. It is made evident by these experiments, that gun- 
powder fires almost instantaneously. 2dh/y Tlae velocities 
communicated to shot of the same weight, with different 
charges |af powder, are neatly as the square roots of those 
ebargesir , And when shot of different weights are fired 
wnth thesame chdrge of powder, the velocities communicated 
to them, are li^arly in the inverse ratio of the square roots 
of their So that, in general, shot which are 

of different Rights, and impelled by the firing of different 
charges of powder, acquire velocities which are ^irectly as 
the square roots df the charges of powder, and inversely as 
the square roots of the weiglits of the shot; &ihly^ It would 
thercfoipe be a great improttoent in artillery, occasionally to 
make use of shot of a long shape, or of hfeavfor miatter, m 
lead ; for thus the momentum of a shot, when disch^^d 
with the same 'charge of powder, %|^ld be indrea’^ed id t8h 
ratio of the square root of the weight of the shot j which 
would both augmeni proportionally tb» force of thebhw with 

which 
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wl^cl^ it wpuM and tj^e extent o£ the ipige to wkkh 
itj#ould go, r^0M' It would fi$p be an, improyementi to 
dimmkhi,tSe,i?^iii^ sii^ by thk ipeans* ope third . or 
niopfe <^dbe quantity of powdet^migbt be savecl When 

the MHprovetneiits ^fWianed in the last two articles are tcai-.; 
eider^ both taking place, it appears that ab®nt half the 
qm^tky ojf ppw^dr might be saved. But» important as thia 
s«iving may be^/^K)ear^ to he stall cxcejjfled by tfeat of the 
guns t for thus i%mall gna iiay be..niad| to.have the 
auid execution, of another of%wq or tiboree timet its s|5se in the 
present .fay, by di^arging a long ?ihot of 2 or 3 times the 
weight of its usual ball, or pound ^ot ;; ^a|id thus a small ship 
might employ shot as Ijeavy as ^t|to$e^6f tb# largest^^owir^. 

JFinally, as these experiments prove the legnlmions with 
Inspect to the weight^of powder and sho{, when discharged 
from tbcisame piece df ordnance 5 so, by making similar ex- 
periments with a gun yaried in its length, W cutting off froiq 
it a certain pa||:| before each set of trials, Ibe effects »and ge- 
neral rules for the different lengths of guns, may be with 
certainty detmnined by them," short, thp principles on 
whicli these experiments wer<^ m^tdh, are so fruitful in con- 
sequences, that, in conjunction With the effects of the resist- 
ance of the medium, they appear to be sufficient for answering 
all the inquiries of the speculative philosopher, as well as 
those of the practical artillerist. 

Such then was the summary conclusion' from the first set 
of experiments with cannon balls, in the year 1775, and such 
were the probable advantages to be derived from them. I am 
not aware however that any alterations were adopted from 
them by authority in the public service : unless wc are to 
except the instance of carronades,* a species of ordnance that 
was afterwards invented, and in some degree adopted m the 
public service ; for, in this instance, the proprietors^ thosfi 
pieces, by availing themselves of the circumstances fof large 
balls, and very small yi^indage, have, with small barges of 
powder, and at little expense, been enabled twpr^uce very 
considerable and useful effects with those ligtit pieces. 

The 2 d set of these experiments extended through most 
part of the summer seasons of the years 17S3, 1784, 178 % 
and some in 1786* The objects of this course were numer- 
ous, and various; but the prindpai article^as follow J U The 
velocities wdth which balls are projected by equal charges of 

S wdi^, frouQ, pieces of equal weight and calibre, but of dif- 
r^t lengths* 2. Thjg/elocities with different chaicgcs of 
powder, the weight ana length of the- guns being equal. 
3 * Xhqgi^tW vdocities due to the different kpgthsof guns* 
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to be ascertained by successively db^rge^ liB 

tlie bore should bejfiUed, <^r .tiJl the fhoid 

ig%m. 4%, ‘.effects, of the 

every thilbg;eW; being tV^auie* ’,,5. 

balls into- 'W^dc^ks of wood* 6: T'h^ rswigjp^^ s 

oi^baHs^;' to compare theu?^ whh^theirSm , 

-‘^iUtlug the .resistance^ of Utediup*, ;!?% 0 |f 

^fidiferenf dBgr-d|gof rameini^^f 0 ^* 
bf inherent, .degree^^pf windage^ 
vent 5 of d^mbers and .^titinmon^*, and _,fve 0 
cumsijauce necessary to be lpUoy?|i for^^the iri^prov^mo^ i* 3 ^f 
aiji^lery, '. - ' 

An artinle accomrt is given of the^ e3tperiment,% aifd l^ 
results deduced from them in my volume of T^a^ts. 
in nSGj some few circumstances only of which can be notll 
here. ' In this course, 4 brass gun^ %ere raplpyed, .very 
nicely bored and cast on purpose, of didVeht l|n^hs, but 
equ^l in all other Vespects, viz, in weight and boaJC^* *^bft ^ 
lengtiis of the bores, of the guns were, . ' 

the gun U Was If calibres, lehgth of inc. 

• . . n® 2, ' • 2(>;C|1iI:fes, ..... , : 

. • n® 3, . 30 calibres, . . *», , 

. . . n® 4, . 40 calibres, • ' * ^ 4^*2. 

the calibre of each being 2 ^^ inches, and the medhuii weight 
of the balls 16 oz. 13 drams. i !_ 

The mediums of hll the experimented velbcines of the 
balls, with which they struck the pendulous block of wood, 
placed at the distance of 32 feet ftona ^c muzzle of the gun, 
far several ’ChargeBk>f powder, were aSf in the following table. 


Table qf 

Inttial 

f'dociiieni ! 

Powder. 

ThteUoa^. , 

i 

N"* 1. 

N". 3. 

3 . ■ 



78P 

$B5 

920 

■ 970 

4 

uoo 

1180 

1500 

ISftO, 

S . 

13-10 

1445 

1590 

lem 

. ‘,8 . 

14'40 

1480 , 

nso 

IPfO 

i2 , 

1436 

1^40 

' « 


14 

♦ 

16oU 

. ; 

• 'v 

^ 16 

18 

• 

, . 

2000 

' * 

^200 


placifd m\the "is^ all faur;.fnns,i'^jhVbwtt^^ 

ber^^dcnpt^l^^ Vecon,d. . 




^ ovptsicti .V sfs 

it appear? iMWir % yelocitiw increase turith, the charges of 
powder, for each? ftah, and abo how they increase as rlw 
larger, M the sime charge, in every iibtance. 

By iniim^g the quantity of the charges ’continuaily,A^r 
each ^n, i<t %a« fouhcf that the velodties continued fo la- 
twsase tiSf Aey airriveil at.a certatq degree, difeent in esS 

IfOSI'j aft« ^ich, they oogistantly decreased again, till the 
tetee was with the.charge. Tife diarges of pdv> 

der wheti ti^'vnhcitiiM atriyed at their maxithuin or greatest 
state, w»e varfous, as might be' expected, according to the 
lengths ef the gunsj and the Weight of powder, with 
length k extended in the bore, and thefo;;ctional part of the 
llBte it occupied, are Hbown in the following table, of the 
chargesfor the greatest effect. b . , 



Length 
of the 
bore. ‘ 

The Charge. | 

Weight, 

oa. 

Length. | 

Inches. , 

wftWie. 

1 

■28-5 

12 

8'2 


2 

S(8*4 

14 , 

9-5 

tV 

3 

-St-T 

16 

iO-7 


4 

80-2 

18 

22*1 




Some few expetitne^ls in this course were made to obtain 
the ranges and times of flighty the mediums of which are 
exhibited in the following table. 


Guns. 

Pow- 

der. 

Ba 

Weight. 

Us. 

Diam. 

Eieva. 

gun. 

Time 

digixt. 

Range. 

First 

veloc. 


oz. 

oe. 

dr. 

mch. 


SCCh. 

feet. 

feet. 

2 

2 

16 

nil 

1*96 

45^* 

21*2 

5109 

863 

do. 

2 

16 

5 

1*96 

15 

9*2 

4.JS0 

868 

do. 

4 

16 

8 

r96 

15 

9*2 

4660 

1234 

do. 

8 

16 

12 

EE!3 

15 

14*4 

6066 

1644 

do. 

12 ' 

16 

12 

1*95 1 

^ IS 

15*5 

6700 

1576 

n® 3 

8 

15 

8 



10*1 

5610 

1938 


In this table are contained the following concomitant data, 
determined with a tolerable degree of precision j viz, the 
weights (##be powder ^ th<?weight and diameter of the ball, 
the inWid tw prbjwtfle velocity, the angle of elefatida df the 
VoL. III. T 8*®» 

















'W)^ if; Wi 




niSi^i^’bdier devatiqns, 3;n4.sq<^ffi^ 

easy, rules 'caseS'^.fll.j^ , ., _ ^ 

Kopipletion 

•«reAeii«i.'»)m •Ji«.irfen»d to 3(a03xw:^i^^ft]st^ 

■Mm jo£' 4 eaamqi|[ ^adodiier- inis^ .ei^ii^ 

■cotir|e of ikXperuoeatS:oa tbis ' 

to the poJ^, ■. . / '' ■ ■ , * 

was, liowlir^e bdb would , : ; 

peaet»teimo^lidblo<^of 'o;^ %-|* ; , 
sto «yoo^: fired mtl^diFoc- ,”o#4ef, 3 _4 .^M".: 

tion of the fibres. The an- ;- r— *— T" 
nexed tablet ^ws the remits 

ofa,f«w of the itrials that were IS'S , 21'2 

ms^ with the gun n®^ 3n3th> i ^ ^ 

the most fitequeot chzi^ of ' , .*0'S 

^, 2 , 4 ,and 9 <Hincesof^wder'} ; 20 - 5 , 

and the meduunsof the pene- ■”; . '■• , " 

i trations/as placed in the last Means 7 ( 15 j , 20 

line* su'e found to be 7 , 15 , « 

and 20 inches, with those chargb* , 7hese penetrations are 
.^jMSwly as, the nwinbers •■ •.,„... ,, ■ ■„, .^,,',,11. 

. ..c $rM 6, or 1, 2, 2 * but^the changes ofj|^wder ^ as 
2 , 4 , .8, or 1 , 2 , 4 1 so that the^ii^netratiiains are’ propor- 
tior<al to the ch.aa^ete$ far. as tp 4 ounces, but in 9 less ratio 
■at 8 dunces i nrheteas, by the theqry of peDetwion% the 


depths to be prc^rdotisd to the ch^^es, <y, wycp is 
^e same Uiing, as the squares of the v^ocnies. Sq thaS it 
■^iieeins the resisting , force, of the wood is not u^formlj|;<Qr 
i^nsaantiy same, hut that it increases, a htt^ sthh |he 
itaeneased velocity of the ball. This inay.}irobald7 he 
siooed by the greater quanti^ pf fibres driven .^%e the 
iaU.i whadunay thttsincrease thestaring apd 
' the> wood, and pevent the halfhem paietsatihg.sqtdl^as 
It otherwise ought do. ■ . 

' of thk seedhd.eoussoof ,«^e 

experiments, it appears that ail the dedoctiphs; ^ obptpva* 
;tkins'taa4e'On.'^e ^rmerpcnnaei a^ here,.txpt(i^aitd^5^ 
, ^jSbeoglheniBd, dbh 

■ ':i|aQs,'^ ehat!gi»'j^ 

''tl^',»elbc^; 4t-m^ bidi, •<d' 

■ ' ■■ ’'dnhrge 






m 


Jf'^g^W «»' '|he;g«ntt:i8^lpii^t^i‘''t^^ 
ifi;^lt;^/pi?<^@#t 5 oi» as‘‘tiie' 1 ^glb'df tfi^'fitui M ;' laife 
t6^ hem ife^^pSo^ttkiii 

m^^_'^lM>te'te l0i%"|«li^' ;tlto U'Mm fe, 

pi^ ^'i^<£^%-&}}|IP'4;>'i$j]tg‘‘i^ t|!i% % 4l|r 

of th^ 'empty*''#*!^' ■, ' "' ' 

^/iMppears* that ibe febdiy, 

»|gwasfis ^ th^ longer j though' tdb- 

af^ is hbt Very^miii m cojoipar&oO t^ ihof^as^e 

l^^the veTboitles bWng in a ratio somewhat less 4 h 2 ua that'Ofthe 


middle 'ratio"^w^^ the two. " 

16 ap^r^, from the ^ table of rat)ge$, ,tl^at4he range |ft** 
creases in a, much lower ratio than the Vbtocity* the gun ^nd 
elevation hfing: the same. Apl tlib i$ Compared with 

the proportion of the velocity at^li^hgth of gun in' 
paragraph, it k evident that we gain extreihely Ktil§ in the 
range by a great increase in^tbe l^ngth'of thte gun,rwith ^e 
same charge of powder. la fact the raige fc iaw^ 

5th root of the length of the bca*e 5 whtch is so Small an in** 
crease, as td amount <mly to .abfeut a 1th part m«ire ^ge'^ 6 t 
a double length of ^n*«f^From the same table it afco apjpiears^* 
that the tiftftb c^,|he ball’s fUgte is nearly the raiigej the 
gun and' eleyadoh being die same. . 

It has been found, fay these experimej|h> that np diiFe^i^^ 
is caused m the velothy, or tabge, by Wrying the Weight of 
the gun, nor b^ the use of ^ads, nor by diffifre^ deuces of 
ramming, ncnr bf firing the charge ^of powder in differs^t 
pahs ofiti^ Bot thfiik a very great difference in the velocity 
arises firosiii a small degree in the wiodage ; indeed with the 
usual established windage only, viz, about A- of the calibre, 
no less than between f and f of the ^powder escapes and is 
lost : lOid as the balb often smaller than the regulated 

size, |t that half the 


Jtt appears tod' t^t the rerfsdflfe'roiw ttf'Tifttbdj 'ttfBslis 
fir^ it, is JMJit CK^stiWt : aad mat the depths p^ettWd 
bf tfi^odfies w Eharfes,'afe toea^ 4'S'lto 



iheib i^dd ^bst'Other e^{iM^?idi«bjhi 
, ; . Ta that 
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balk afr|;»^arty di^wted from tke-j^tesci^ M * 14 '^ 
tk«y are projected l and that as mpch as 
jaraoge of e put^ or ^most of tbie rapi^., ,. ^ 

^We haVe ^Ibre adymed to a Sd set oF ei^^ipfats^ 
4tiU more knportaoce, with reject to the rieamoiQe of tlm 
,«eedium» than any of the &rtD^ I hpt, till tlie j^Ucatiob 
those experiments, we cannot avail ouixelves pf ,a)l the,^dui- 
icoveries they contain. In the jnean time *howOv^ we siaajr 
extrat^ liromthem ^e three ,&^wiiw tables of resistant^, 
iw three diffca-ept sizes halls, and iicw velocities betweeA 
ItX) £eet and 2000 fau pehsecoi^ of, time. « 



raoBLEiir i. 

7b detemme the Resistance of the Medatm ogainR a 
Rail if any other size, moving mth ai^ f, the VelocRies 
given in the foregoing Takes, > ' 

The analogy among the numl^ln ini all these tables is 
very remaihiable and uniform, the tame geiieral'laWsiHitmiog 
through them all. The same lews ere ids 9 >observ]^e as in 
the table' of resistances near the end of the 2d volume, , parti- 
cularly die ist and 2d mnarks immediateiy ifo]hmii^»that 

table, 











' W' hUhkihLnt. ■ * A 

regjsat^ces jncj-e«k$e lii d %i|^ pn)|K)ir-. 
pon thrill me f^uare of tbe vn^ocitiei, with the same 
and that the resistances aho increase Ih a tathet highef tittio 
the with different bodi^, bti< the same twelor 

latter casci viz, the ratios t^e tesistahtiss 
ofthe shrfaces^ or of tfaeisqtrares of the diameters, whiisll 
is the same thing, are so n^Iy aKke, that they may be con- 
sidei^d as egnal to each other in any cal<mfeitions relating to 
l^actice. For elcaffiple, suppose it wfere reqtil^ to 
deti^mine wotfld be the resistance qf the air against m 
24 lb ball discharged \rfth a velocity oPSobd feet per secoiid 
of lime.. Now, by the 1st of the foregoing, tables| th^ ball 
of r965 inches diameter, when moving with the velocity 
2000, suffered a resistance of 981b: then Since the resist- 
ances, with the #ame velocity, are as the surfaces ; and the 
surface* are a* the squares^of diamkers; and the diamer 
ters being r965 and 5*6, the squares of which are‘ .TS6 and 
31-86, therrfdreas 3*86 : 31*36 981b i 79^1bj that is, the 

24 lb ball would suffer the enormous resistance of 7961b in 
its flight, in opposition to the* direction of its motion { 

And, in general, if the diameter of any proposed ball be 
denoted by rf, and r denote the resistance in the I $t table 

due to the proposed velocity of the 1*965 ball i then — will 

denote the resistance with the same velocity against the ball 
whose diameter is or it is nearly which is but the 
28th part greater than the former. 

* 

PHOimBM II. 

' 4 

To assign a Jltdefor determining ild Resistance due to any ^ 
IndetermiTi^te^ Velocity of a Givm Ball, 

This problem is very difficult to perform near the truth, 
on account of the variable ratio which the resistance bears to 
the velocity, increasing always more and more above that of 
the square of the velocity, at le^st to a certain extent ; and 
indeed it appears that there is no single integi al power what- 
ever of theveibcity, or no expression of the velocity in one 
term only, that can be proportional to the resistances through- 
out. It is true indeed, that such an expression can be assigned 
by means of a, fractional power of the velocity, or rather one 

whose fpdex is a mixed number, viz, 2^’^ or 2*1 ; thus 

the mistance^'is a formula in one term only, which will 
answer to all the numbers in the first table of resistatices very 
nearly, and eotisequetitly, by means of the ratio of the squares 

of 







<&( tJjwJ of Hm Wls^ for any other halts whatever* 

Thi^ forinola Iheti^ thongh serving quite well Ibr some par- 
ticular teeSjrtaii^ br even for constructing a complet^^series 
or tablee^ Veialnattces> is not proper for thetise w problem^ 
fo whkh ffltntfcms and Agents are concerned, ob SidcotiJit of 
ilie tnixed number in tlie index of (fee Velocity 
We must tfaerefore havb recourse to an expression ih two 
therms, or a formula containing two mtegral powm of the 
veloc^^ tf and b, first and 2d powers, xfffected with 
geiiera} coefficients 'm and w, as rr the resist*^ 

«iee. 'Now, to deiWmmfe the general numerical values bf 
^e coefficients m and adapt this general ex- 

pression + fw Tz r, to'two particular cases of velocity^ 
at a convenient distance from each otha*, in one of thefoni- 
going tables of resistances, as the rirst for instance, Now^, 
Ster maMng several trials in this way, I have found that the 
two velocities of 500 and 1000 answer the* gj^eral purpose 
ibetter than any other that has been tried* ^us th^, em- 
ploying these twp cases, we must first make v tsi; 5O0, and 
r 55: 4| lb, 4ts cow^spMdllii resistance •, and then again v « 
1000, and T « 2rit8Ib, the resistance belonging to it': this 
will give two equations, by which the general value of m and 
of n will be determined Thus then the two equations being 
noo^m + 500n = 4-5, 
and WOO^m + l0007^ =:= 21*88; 
dividing the tst by 500, and the C 500 >+ n zz *00$, 

2 d by 1000, they are J J 1000m 4- w =s *02188 j 

the dif. of these is 500m = "0128&, 

and therefore div. by 500, gives m =r *00002576 ; 
hence n r: *00.9 500m =: *009 »- *01288 *00388 ssm. 

Hence then thip general formula will be *00002576v^ — 
’'00388^/ ^ r the resistance nearly in avoirdupois pounds* ip 
all ca^es or all velocities whatever. 


Now, 



^p, , VeJto/ ■ .mitifi^ • : 'lSil#feti< 1 r- 
tri^tii iW* th^or^^ ^ ^; i*»iit«*vV' 

instance m ib^ ' . '^t > 

,. ..., i^, 4 -^.If-/ . 

gU tie, %r^l ?.vilocitIe%"I^, ^ j ,, /, v^ |. 

‘ioo, i(H>,:^:m t$m>t:t^ . 300 
gi^e"tJie.^atte$|^c^den,t?^^^ ; , 40O . ' 2/57 1 , ^;$i ■ 
r,<>r.th'ereskt<j:npiK5,agm-t^,f^^ '500 '-4*50 - 

©□l«p' pf the ,wiex^^ jafelip* ^ 6^ : l%mhi i ' - 

tij^ir ij*elocatie«hdingih tieJm , 7fD . 

j ;aiid real exptti'-^ , •. ,g|^ * .' ,|.s*3g,.. 
tnenmd resistances are $et oppo- goQ.^ ^ \ i ^ 

4ite to thediin the 3d cwr hst . looQ 
cdlumn''!'of! the satne. . .%*'^the . :* ^ '' 

coicpparison of the numbfi|:$, in ’*1^00 ' ^ 9s^1,'S' . I 

these twocotiimns together, it^ 1300 Z&:49 ' 

seen that the«eareno where any H(;X) 45-06 

great ^tffrehce between them, uoo ^ 5Srl4 

being sometimes a little in <?x- 1^0^^ 5p-74 65*6,9 

cess, ^d again a little in delikti ,74’ IS J 

%^verysmalldi9erences;sothat, ' f aoo ;4l6*48 82*44 

on the whole, they will nearly j 900 8^*65^’ , 9()’44 

balance one another, in any par- <25000 95*2S 08 06 

tkular instance of the range of ^ ‘ 

flight of a ball, in all degrees of its velocity, ffoni the SM &t 
greatest, to the spiallest or last. Except ip^ the* first two ^ 
three numbers at the beginning of the table,' fiwr the velod^ 
ties 100, 200, 300, for which cases another theorem may be 
employed. Now, in these three velocities, as well as in all 
tliat are smaller, down to nothing, thp theorem 00001725^* 

=s: r tjie resistemce, will very well s^4e, as it brings out Jpr 
the first three resistances *17, and *68, an<f 1*554, diCmug 
in the last only by a very ,STOtU fr^ctiotu 

Coral. 1 . The foregoing rule *00002576tJ* — *00368t)=; r, 
denotes the resistance for the ball in the table, whose 
diameter is 1*065^ the square of which is 3*86, or almost 4 ; 
hence to adapt it to a ball of any other diameter d, we have 
only to alter the former in proportion to the s>c|uare$ of the 

diameters, by which it becomes ,^(*o6do 2576«>* — *00388 v) 

se (*0OCK)0667v® •00lt?)d* 5r CQ0000}v^--*001v)d% which 

k the j4sista^|^ for the W1 whose diameter is d, with the 
velocky®#,^^ ^ '* 

O^ol, 2. And, in a simSar maainer, to adapt the thetkem 
*Qm)t7iSv^ » f , for the smaller velocities, to ‘mf 

' .of" 
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of tall, we niu W it by tlie radb pf the siitfacs^t; 

bjr which it becomes ^00000^474^ V = r. 

We shaA soon take occasion to make some applkatidns in 
the, p$e of the faceting formulas, after considering th^ eiFects 
of such velocities in the cases of nonresistances. 

- ' . ' . ' , 

PBOBLEM 111 . . . 

To deten^ine the Height to which a Ball will rise^ wfmi 
d cannon Ptrp&ndieularly Upwards with a Given 
Vfdmity^ in a Nonresisting Mediim^ or supposing no Be- 
sisiancit in the Mr. " 

By art. 73 pa. l51 vol. 2, it appears that any body pro-* 
jectod upwards, with a given velocity, will ascend to the 
height due to the velocity, or.tlte he^ht from which it must 
naturally fall to acquire that velocity j and the spaces fallen 
being as the square of the velocities t also 16 feet being the 
space due to the velocity 32 ; therefore the space due to any 
proposed velocity v, will h® found thus, as 32^ ; 16 : : ^ 

the space, qr as 6 f : 1 : : : ^*5®’ = s the space, or the height 

to which the velocity v will cause the body to rise, independ- 
ent of the air's resistance. 

Exain. For example, if the first or projectile velocity, be 
2000 feet per second, bring nearly the greatest experimented 
velocity, ^then the rule s becomes -5*5: x 20(0^ = 62500 

feet = Bniles ; that is, any body, projected with the ve* 
locity 2000 feet, would ascend nearly i,2 miles in height, 
without resistance. 

Corot, Because, by art. 88 Projectiles vol 2, the greatest 
range is just double the height due to the projectile velocity, 
*• therefore the range, at an elevation of 45^, with the velocity 
in the last example, would be 28| miles, in a nonresisting 
mediuip- We shall now see wjhat the ciFects will be with 
the resistance ^pf the air. 

V , PROBLEM IV. 

To determine the Height to which a Ball pn^ecied Up^ 
wardSf asjn the fust problem^ will ascend j being Resisted bj/ 
the Atmosphere, 

putting JT to denote any variable ^and increasing height as- 
cended by the ball ; v its variable and decreasing velocity there » 
4 the diameter of the ball, its weight being w\ m 35^:00000^, 
' and n « “Wl ^the coefficients of the two teitns denoting the 
oi Then % cor, i to 

j , prob, 
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^511 be the resistapce of the air agaimt Ae 
aybirdopois pounds $ to whicb if thfe height of tJje bah be iiddt 
ed, then (77W^ — + will be the whale re&istaaice* to the 
balVs motion 5 this divided by the weight of the ball in 

motion, gives; i ±sy‘ the retard- 

ing force* Hence the general formula vv ^ 2gfjt (theor* 10 
pa. M2 vol. 2, edit. 6) becomes 2gx X 

making *v negative becatise v is decreashig, wl^re^=sl6 |t,| 
and hence ^ , 

w 1'v — « •bv 

^ ^ «tj)a* + ip ^gmd^ ^ 7? ‘ to * 

v’— ‘*“W + ---r 

“ ^ »M* :• ' - 

Now, for the easier finding the fluent pf this, assume 

n — ^ = Z} then v =: r 4* and r® = -p JL^s 4 ,:^, 

2oi 2m' ' f» . 

and vr £« 4 - ^35, and r* ^ and v® — ' 




»* 


== ^ J these being substituted in the abcvp value 

of Jfy it becomes ^ = 


Sgmd* 


71 ^ W 

4m’ md* 


2gm(i^ ' 




2jg‘w*ti* !&• -f 


putting P = and P% or p* + ?’ = ;^. 

Then the general fluents, taken by the 8th and i 1 th foUUt 
vol. 2 pa. ;:o7, give x = x [i log. {z*+y*) + ^ x arc 

to rad. g. and tan. c] - x [I- log. (v« - + £,)+ 

X arc to rad. g and tang, n — But, at the beginning 

of the motion, when the first velocity is v for instance, and 
the space is = 0, this fluent becomes 

^ = '°e- + -J- .X radius g 

tan. V — p]. Hence by subtraction, and taking v zz 0 for 
the end of the niodon, the correct fluent becomes 

^arc tan. v -• /» — arc tan^ ^ p to rad. g)]. 

But ^ part of this flujent, denoted by x linB of tbe 

tmo arcs to tarn. v<^p at>4**p» is dt— ys very^cnallin cbiiK 
' parison 



H 
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most teight to wjiick the ball will k^cend#^ when its motion 
ceai^) is ijtbpped^ pattlj by its own gti^vity> but chiefly 
fay the resist^ce of the air* 

®iti uoWi the nuifterical/taiueof the'geuor^^ coefficient 
» and the term because the mass of the ball to the 
eter is *52i6d^, if its specific gravity be s, its weight 
wUl be *j2Z6$d^ = therefore — zz *.5^36^^, and = 


7SS4(lsd^ this divided by 4g or S4\ it 1227 

for the value of the general coefficient, to any diameter d 
and specific gravity And if we further suppose tlie ball 
to be cast iron, the specific, gravity, or weight of one cubic 
inch of whichj is *26856 lb, it becomes 330dp for that coeffi^ 


cient 5 also lB540sd = 2 1090^? : 


w . u 

' and "~— 


]50. Hence 


the foregoing fluent becomes'330^/ x hyp. Jog. 

V«-t.luOv^ ei()90t? , , v«-ir>0v+'21090rf 

or com. log. 


tiloyod 


changing the hyperbolic for the common logs. And this is 
a general expression for the altitude in feet, ascended by any 
iron ball, whose diameter is d inches, discharged with any 
velocity v feet. . So that, substituting any values of d and v, 
the particular heights will be given, to wdiich the balls will 
ajwendu which it is evident wiU be fiearly in proportion to the 
diameter d. 


1. Suppose the ball be that belonging to the first 
table of resistances, its .W'dght being 16 o^. 13 dr. or 1*05 lb, 
and its diameter 1*965 inches, When discharged with the ve* 
locity 2000 feet, being nearly the greatest charge for any iron 
faali. The cafculation being made with these values of d and 
%the height ascended is found to be 2 920 feet, or iittlvmore 
than half a mile $ tboujgh foiind to be almost 12 miles wifch^ 
out the air’s jesisitance. And thus the height may be fouJi^d 
for any other diameter and velocity. , 

I I » ' ' ' . * , , 


2. Agflin^ibr the'S4lb ball, with the same veUir 

city 2000, jUx diameter bring 5*6 =: d. Here 76p<ib%4(85<$,' 

, V-lSOv+'SlOW ail 

aad. 1'50&®8 ; 


theref. 



4eref. r509S8 >e 43SII 

more tkan ii-mitev' -'■ ''^'^ Y':.4 

We may now ea^iae ^I|at will ^ h£ght 
considering the mistkn<?e ^ways as th;^ s(juareof tke 


fMOMiLUu y. , 

To (ktefmm the Bright mtndtd a Bdt ^r4^ci€d>m 
in the two foregoing problt^nsi supposing the liesutanceof 
the Mr to k m the Square ofthe^ Fekcity. ‘ 

Here it willke proper to commence Vith setertitig soate 
experimented resistance corresponding to a laediqm }^4 of 
velocity, between the first or greatest velocity and noting, 
from which to compute the other general resistances, by con- 
sidering them as die sqnar&. the velocities^, It is j^oper 
to assume a near medium velocity and its resistance, because^ 
if we assume or commence with the greatest, or the velocity 
of projection, and compute from it downwards, theresistoces 
will be everywhere too great, and the altitude ascended much 
less than just; and, on the other hand, if we assume or com- 
mence with a small resistance, and compute from it all the 
others upwards, they will be much too little, and the com- 
puted altitude far too great. But, commencing with a me- 
dium degree, as for instance that which has a resistance 
about the half of the first or greatest resistance, or rather a 
little more, and computing from that, then all com- 
puted resistances above that, will be rather too Uttle, but ^1 
tJiOije below it too great ; by Avhich it will happen, "that the 
defect of the one side will be compensated by the excess on 
the other, and the final conclusion must be near the truths 

Thus then, If we wish to determine, in this way, tfie alti- 
tude ascended by the ball employed in the 1st table of re- 
sistances, when projected by 2000 feet velocity ; we pefedve 
by the table, that to the velocity 2000 corresponds the re- 
sistance iJS.ibi the half of this is 49, to which resistance 
corresponds the velocity 1400 in the table, and the next 
greater velocity 1500, with its resistance 5 7:^:, which will'be 
properest to be employed herel Hence then, for any other 
velocity v, in general, it will be, according to the law of the 

squares of the velocities, as 1500® : v* ; : 57i : 

^00OO25$ti‘ =2 putting a =: -OOCKii^S^, which will denote 
the ait’s resistance mr any velocity very nearly, counting 
from ^ ' * ' ' ' 

let X denote the altitude ascended when the velocity 

'' ‘ . jg 
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Is w, and a> the weight of. the ball ; theiji ae above, 

{resistance h'om the air, hence aw® ^ w* the whole resistlh|[ 

force, and = f the retarding fo^ i 

therefore — wv = 2sfx « — j-j— y Sgk j 


and hence k = 


atp^ -f- zw 2g'« 



th6 fluent of which, by form S, is x h. log. (ly* + 4 

which when .r — 0, and v = v the fir$t or projectile velocity* 
.becomes 0 =5= x h. 1. (v® + " ) 5 theref. by subtract* 

ing, the correct fluent is .r =s x h. L . the height 

X when the velocity is reduced to v\ and when v sr 0* or the 
l^ocity is quite exhausted, this becomes x h. 1* 
for the whole height to which the ball will ascend. 


Ex. 1. The values of the letters being Ec^= 1*05 lb, 4^= 
cL vs •0d0025|-, the last expression becomes 643 X hyp. log. 

ir« + 4}266 -.0. , v« + 4l2rt6 . 

or 1484 X com. log. — tttt — • And here the ntst 
,412t>0 ° ^ 

vel. V being 2000, the same expression 1484 x log. ^ 

becomes 1484 x log. of 97*93 = 2955 for the height as- 
tended,. on this hypothesis ; which was 2920 by the former 
jirobkm, being nearly the same. 

Ex. 2. Supposing the same ball to be projected with the 
velocity of only 1500 feet. Then taking 1 100 velocity, whose 
tabular resistance is 27*6, being next above the lialf of that 
for 1500, Hence, as l l(X)* : v* : : 27*6 ; *00002373v^ zi av\ 

This value of a substituted in the theorem x In 1. 

4ga to * 

also 1500 for V, and 1*05 for it brings out x = 2728 for 
the height in this case. 

Ex. 3. To find the height ascended by the first ball, pro*» 
jpeted with 860 feet velocity- Here taking 600, whose te- 
sistimce 6*69 is a near medium; then as 600* ; 6*69 r : 1 : 

’0000186 =5 Hence ~ x h. L = 2334 the height; 

which is less than half the range (5100) at 4.5® elevationj but 
more than half the range (4100) at 15® elevatibn, in pa. 161 
vol. 2; being indeed jaearly a medium between the twOi 
‘‘ ' Ex^ 



or ooNKEHtir; 


2M 


Ex. 4. With the «aine j^all, and 1640 velocity. Assume 
}30O, whose re^i^taiicie 3413 i$ ir»6atriy a rtiedbm^ ^hfen as 

1200’ : 34- is : : 1 i -0<5oQ23'7 = «• ‘Henc« ~ x 

rr2H54; again less than, half the range (6000) by experiment 
in vol. 2| even with 1 5® elevation, 

Ex, 6,^ For any other ball, whose diameter Is d, and its 


weight thejresistance of the air being 


3-86 ““150000 




putting b 


1 


> the retarding force will be 


16OO0O 


thence — w s» —-i-J?, and 


> 

•» an d 


the cor. flu. 4rr: 


X h. 1. 


+ V} 


X h.h~— 


Aghd"^ + IP 4gb(fl 

for the whole, height when v = 0. Now if the ball be a S# 
pounder, whose diameter Is 5*6, and its square 31 "36 ; then 

id* as 5= ’0002091, and = -r^ S3 is 1794 j 

300000 A^gbd* iAld^ ' 

and = 836, and ^ 


01^', . 

therefore x n 1794 x h. 1. =.1794 x 3*57888?: 6420, 

being more than double the height of that of the small ball, 
or a little more than a mile, and very nearly the same as in 
the 2d example to prob, 4. 

PROBLEM VI. 

To determine the Time of the Ball's ascending to the 
Height determined in the last prob. by the same P rejectee 
V docity us there given. 


By that prob. x = ^ X 


• a? -a , V 

,ther.f=v«-^x : 


a 


the fluent of which, by form 11, is X arc to 

- w — t ^ w * , 

radius 1 tang . — - = ~ v' — x arc tan. or by cor- 




rection/ = X (arc twg. ~ 

® tj 

a 


v— 

a 

— sure tang^ 


V- 




the time in general when the first velocity v is reduced to 
*. And when v ziO, or the velocity ceases, this becomes 

t z: -^y/^ X arc to tang, — ^ for the time of the whole 


m 


iucenK 


Now, 








;i JJwr, » m.%9 ^.pn9^'V,« j»>00K 

i)«)0C)000* 

'JL 


',^'at 41266^ 

•SrS^^ifS-'itip'tsbigent, to^whlcii.' corTCOToiWs 'tfe’'sHt: 


pi' whose length is 1^44^6 » then >® 12Q3tl4 X 

’1'#^^ © 3= 'tih»'Wh4le tee’ibf'jttcsrtn*.:;' 

' ' , ' > ,< . ^ , 

Sii^kfk. The tilne of frmi^ iastehcl|ng' or dese^ii^'et 
tfaronfh riie sain^ %ight feet, that wSthom the «ir^ 

resistaaaq^# would be a»d tilt 

time of ascending^ tiU jjII the velocity, is lost, 
mencmg ^ith tl^ same i^elpiwty 20OQ» would be 

as £2% =: But the time of ascending freely throughT 

the saiD^ 29S5, couimencing i^ith the samo Veloo^ 
200p» Would be only l ^^seconds. 


' mOBlBM vix. 

To deiermine the savi^m in pnnfib. v, taking into the ue- 
count the Decrease Density in the Air as the Ball ascends 
m the Atmosphere^ 

hi tho preceding problems, relating to the height and time 
of balls ascending in the atmosphere, the decrease of deustty 
in the upper parts of it has been neglected^ the whole heigl^ 
ascended by the ball being supposed in air of the same den* 
sity as at the earth^s surface, ^t it is well known tliat the 
atmosphere mhst and does decrease in densitj^ upwards, in a 
veiy rapid degree ; so much so indeed, as to decrease in geo- 
metrical progression, at altitudes which rise only in arithme- 
tical progression ; by which it happens, that the altitudes 
ascended are proportional only to the lognritlims of the de- 
crease of density there. Hence it results, that the balls must 
be always less and less resisted in their ascent, with the same 
velocity, and that they must consequently rise to greater 
heights before they stop. It is now therefore to be consideieii 
what may he the difference resulting from this circunistance. 

Kow, the nature and measure of this decreasing density, 
of iiscents in the atmosphere, ha^ been explaiiied and detfer* 
n^ed in prop. 'IS, pa. 24?4, voL 2. . It is there shown, 
that' if b denote the aar’s density at the earth^^ eurjface, and 
d Its'demity at any altitride a, or .r ; then is x is ^3S5l X 

log. of in fej^ ’^hen the temp^ttfre bf the air & 

and 60000 X Ibg/^’ Ibl^ ihe temperature of freezing cdl4f 

we 



, -jT'.ir-r. , OintN W 


'iStf iioieW-'defre^|et#^ ''jj*,';" L 

out of log^tllunjf^ without be^^ieitroil^^ 

into the SQOaauto of the ball’s resutance^ii tnaiugeablf frattt, 

fttotly ^.^r.,lJ^iiU!f*'jiind i^lidoed 

^ lihe Sotrodoeti^ l» wc j^gatrithxHS^it. * b 

is^ tb'tlie ■'log'. iHoiwio^^t 

i^hsere n detiotes (he module '4fS4A94‘ii8 &c bf 
.^ik^puitbms. Butj we befdre found that »,=* 62000 x 

lit the log. which log, was d®oM bgi, ui 
egression just above, fbr the'noiftber Whose kSg. is f or 
substituting thertfOTe for I, bn (he^ expression 

X D, it gives the natural number sc h = ii,ot 

r ^ i n r; rf, tjie density of the air at the ?tltitu4e jT, ,pufc^ 

la+ii/ow * ' ' . '* 

ting D =« 1 the density at the surface. Now put 124000/? < 3 ^ 
neMy ^4000 c $ theot will he the density of the air 

^ C + X f 

at'^a^ny General heighi;.4%,> » ^ i'> 

But, In the .3th pi^b. it appears that denotes the re- 
sista/ice to die velocity'" v, or at the height or, for the density 
of air the same as at the surface, which is too great ili the 

ratio df c + ^ to c — r ; therefore w* X wilt be the 

resistanfce at the height to the' velocity, t?, wlier^ 0 ,=:: 

adding w, Ae weight dF thef ball, gh^tes 

av^ x ,|;~ + ® for the whole resistance, both frpm lh«' atr 

mi. the bal?s- mass ; eonseq*^ 21 x tvill denote 

the accdefsftiinLg forc6 of haft. Or, if iv^ include^ihe 
'-^fpr ,i'^'''jifrjtiEiw'i 4 ie'jfeci!<^ wh^chiWill#salc« 
dii7^^ice.in4)« j«sult(.but be a'greutde^stoj^er 
in’ the’Tnroce^'.'theh is ^ =;/■ the acceleratinji 


c~ii4'. ■ *Cf 

■ ‘ force. 
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fort^. Conseq. — ve zstSigfi = %* x .-^V- ”> 

and hence r; 

2c , -t-vw 


'««« 


o? by aivision, - 4.4“ 






*• + . 


Kow the fluent of the firat ’ side of this equation is e\U 
detitly — + 2c X h, L (c + x); and the<^eat ipsf |:Jhs^ jiatf^ 

tide, the same as in prob. 5* is ^ X h, 1. <# + 

fore the general fluential equa. is — x + 2c X h. L (c Th T)i» 

— X h*l. (c'-f Buti when x=*!tQ,. and 4P » v th^.imt4^ 

velocity, this becomes 0 + 2cx^h.Lc =s x h* L (v^ + i 
theref. by subtraction, the correct fluents are r*-*" + 2f x h. ^ 
X h. 1- when the first velocity / is dimi* 

iiiished to any less one sp ^ and when k is quite extinct, the 
sttte of the fluents becomes — x + 2c x h. 1 . — cz " x 

for the grea’^est height x ascended. 

' llere, in the quantity h, 1* the term x is. always small 
in. respect of the other term cj j^therefore, by the nature of 
Jdgai'khmsi the h.!. of ^“is nearly — ^ theref* 

dm above fluents become — x + s" — ^ “ 

x Now the latter side of this equation is 

the^sahie value for x ais was found in the 5th problem, which 
therefore put b ; then the value of x will be easily found 

from the formula ^>by a quadratic equation. Or, 

s|iU easier, and sufficiently near the truth, by substituting b 
for X in the numerator and the denominator of then 

b,, ^nd hence x =z or by proportion 

*S^ ^ 6 : 2c 4 ^ b :: b : X i that is, only increase the vdub of 
a;*!fo*ind by prob. 5, in the ratio of 2c — 5 to 2c + 6. 

Now, in the first example to that prob. the value of x pt 
b i^s there found = 2955 ; and 2c being ^ 108000, thertf. 
2c^b - 105045, and 2c + b = 110955, then as 105045 : 
110955 : : 2955 3121 the vahie of the hdght x in th|s 

caste^ being only or ^th part more than before. 



OF OUKKERT* 


m 


. jAisOf £ot tbe Stfa example to the^Aprob.'Vheire x was ^ 
0420; therefore as 2c‘— ^ : 2e + ^ as 105045 :H0955 : t 
€4^ : i57SO the heig}]^ ^seceded m thl^ example^ bei%,abo 
the 10th part more than before. And sa on, for any 
exan^les ; the value of 2<f being the constant number lOBOi^ 


. . /' N >nO|WLEM' VXH. ' 

3 V iki a Ball's Ascending, considering 

/ Ide Deemismg the Air us in ike kst prdSw ‘ 

’ The ftoxion of the tiitoe is / sn ’ But the general equa*< 
wf the flu^dofiS of the space x and velocity v, in the last 
prob.wAs 


^ ;;;rrn ;5 ther.^Ar:^: ^ x ^ — x — — • 

iJS + w 32 0— « «t>* w ^ 


•: 7 t 4' vf e-f-a -Av 

hence tor — — -^x — ■ . x - --—'. 

• 32 !c— ^ m?* -f ttf 


But X, which is ah* 
ways small in respect of c, is nearly =r i as determined in the 
last problem ; theref, may be substituted for with'* 

• ^ M ^ A * 

out sensible error ; and then t becomes st s-x. — 

92 c — 6 CO* 4 . 


Now, this fluxion being to that in prob. 0, in the consj^nt 
ratio of c — J to c 4 - A, their fluents will be also in tlie same 
constant ratio. But, by the last prob. ess 54000, and bxx^Qf5& 
far tlie first exan^ in prob* 5; therefore e b 5104$^ 
and c + A =r 569Si5, also, the time in problem 6 Was 9"'91 j 
therefore as 5104$ : 5fi955 : r 9''*91 ; 1 1*' 04 for the timeiia 
this case, being more than the former, or nearly 
9th part » which b nearly the double, pr as the 
of the difference, in the last prob. in the height ascended* 


FROBLEM IX. 

To determine the circumstances of Space, Time, and 
Fel&eity, if a Ball Descending thrtm^h the Atmosphere ly 
its oxm Freight, 

It is here meant that the Udls are at least a$ heavy as cast 
itwn, and therefore their loss pf weight in the air’insensiWe ; 
and tha^ thar motion commences by their own gravity from a 
state of rest. The first object of enquiry may be, Ae utmost 
degree pf veloqity any such ball acquires by thus descending* 
Np^ b is rntnffe^ tliat the ball’s motion is commenced, ana 
uniformly increased, by its own weight, which is its constant 
urging fpree^ being always .the same, and producing an equal 
iacTew. of vidocity in equal excappng for thedimiatr* 
tiop of motion by thf aira resistance* ft is also evident that 

Vot. in. V this 



99# mmM 

Ai«,resbt»nccibi^b|ipgi^^ nodjingtC^li^^ 

in sow rm<f» w'i^:r]be tereasi^g V^odty;.0f ^ 

a$ the itrgingftnSai is <?mistant(y^^t^^ mm\^ said 

£c»r^e, alw^)^6'ihai:easiiigy it mmt happen i£liat tte ikw wifl , 

at length hecome equal to the former : dafc hap^^ 

therci can afterwards be no further acceleration of the mor 

tion* the impelling force and the resistance bein^; equals ai^ 

the ball must ev,er after descend with, a inath^\ 

follows therefore tfta^, to answer thq ftrst en^pijRyf 

only to determine When pr what velocity of the 

cause a resistance just equal to its oWn weight. , . 

Now, by inspecting the tables riesistai^c^. . 

prob, 1, particular^ the l$t of the three, tables, the weight 
of the ball being l<)5lb, we pdrcetve that the resisjance in* 
creases in tbe^^d column, till 0*69 opposite tp 200 velocity, 
and 1*56 answering to 300 velocity, between which two the 
proposed r^istance L'05, and the ^eprrespondent ,vdop^» 
Bu 4 in two velodties not gfeatly different, the resist^ 
ai^ces are very nearly proporticgtid to the sq^uares of the ve- 
locities. Therefore, havihg given |he velocity 200 answping 
tq the t'esastance 0*6^i to find the velocity answering to the 
JE^^i^ance 1‘05, we ip^t say, as 0*69 : 1*05 : : 200^ : 

theref. v s= fi/6Q8TO zz 24-6, is the greatest velocity 
this ball can acquire ; after which it will descend with that 
velpcityunifonnly, or at least with a velocity nearly approach? 
ingto.S46« , 

^fhe same great^t or uniform velocity w 41 also be directly 
ftom me riile ‘060017251?* = r, near the end-of pro- 
blem 2, where r is the resistance to the velocity «>, by making 

1^3 for then v* =& =: 60870, the same value 

for as beforas 

But now, for any other weight of ball ; as the weights "of 
' incresise as the cubes of their diatnetds, and 

resistances^ beiOg as the surfaces, increase only as t|^ 
ortho fame, w&ch is one pbwer less; and tjbe resistances 
bdhg iaiso in this'^case, as the squares^ of the velocities, 
must therefoi^ increase the squares of the velocity in the 
ritft of tte^ diameters of the bflls^; that is, as l*iS6S : rf : i 

hiCTe i|ie Sib b^l, bdoiigiiiig ta tabli «£ 
renstancesj ir}u>se dlam^t««:l8=t2*80i<ta<wi 

«£% .(^^'jNib., 1 ;^ «i;tU demiid.’' ' Aitd' if tiflce'dil ' 

ineh^^i’iQ tbr 3d ' 

. ' • roHS'taifcw;' 



acqi|ir^*'^l|5r' . 


acgi|ireel*',l^' ^^’,1611)' 
b^‘,'Mnd'’wM'^itli'^r,;«^ ^grwaftjs' u^fttfi^T 4ea^^^,*„ 

'verity ^wijj' b«^j_ 

17^1 '‘icf’S'CH ‘isi Arfd'so'.on, for any" ptKer ^zb o£ iropi’' 

bkB, a8 hi ^e fbUowinig tiblei' ^''Whpre the firitf colusia co|i- 
taiiMfthl bfthe’b^' * '., ' ’ . '-'" ' . ■; ' V 


bkB, a8 hi fbHoWinig l^blei ^''Whpre the &M colusia co|i- 
tauttfthl irieil^ht bCthe’hallt' * ' ’ . "" '-'" ' . ’ ' \ ” 

in !b8j»-#e*#d'tfcMr ''' 

terstoibchen ttar'Sd^i^ ; y«|«.‘ " 

v^Udtm to ’^cll' , ‘ 

nearly approach, 

iM ther<afore l 1-94 644* 

terminal or last velocities, , 21S/ . 

with which th^, afterward ^ 1360 , 

descefid un^fornijs and the ^ . , 1482 / *, 

4th or last column the ^ 3^53 330 1701 

heights 4tie totho^e vetdScir ^ ‘1^58 ' 
ties, or the heights from 13 4*45 ^^70 ^139 

which the balls must descend 1^^ 34^ 

in vacuo to acqnire them. % 24 5;60 415 

it is manifest that the ^3 6* 1 7 43lS ^670 . ^ 

balls can never attain exactly 1 4'44 ' ' 

to these velocities in any 42 ''324f ‘ 

finite time or descent,, being ■ \ 

only the limits to Which they continually approach, withp^ ^ 
ever really reaching, though they arrive very nearly at the^ 
in a short space o£ tunej as will appear by the foUpwing?^\ 
calculation. ^ 


To obtain general expressions for the space dei^ended, a^ 
the time ^ the descent. In terms oi^ the velocity v : pqt r sS=: 
any space descended, t = its time, and t’ thi Velocity ac- 
quired, the weight of the ball .w == 1*05 lb. Now, by the^ 
theorem hear the e^nd of prob. 2, which is the proper rule 
this caseji the velodty being small, 'OOOOnSESz;* » cv* is the^ 
resistance due to the vriocityv theref w— ^?p*i«the 

force, and m/the accelemtiifg forc^ ; C^seq. W or 

^gfk =’ &gk % ' Md # «s X i»' cdrrfiet’ 

. „ , , , ■ .- " 4>;'. 

fluent of triucb} tbe'^ fotnS, is x as: ^ X i. b 

iJbo.4w<Mal®ito»4(P — dett«i^:Sif ' 

V r^rbaiiiMi'Q}'^^ |He yri|i^ 

tbe wbl^t cf the bail, wbicn the 
‘ ' U 3 uniform) 




VHKOKt ' jisffi' Ti6^ICB 

i^iijra^ as rbiriarked. We ikay liowe^ easilf mfgit 
o^f 'x ^litde lKtlwe ^ Tdodty liecotaci 
Of T^Ofi w liwbmes » «>. Tbuv •«*» if®* i: tKift 
i =a%9/S, asi^tt^ in th« begmiiii^ {H-ollleUL.’ jAlssu^ 
therefore v a little less than that greatest irelotitf, as 'fbr iiii> 
stxnm 240 : then this value of o suhStkuted in the g^eral 
4bi^iMa f<Mr X above deduced^ j^ves x « 1278 1 feet* f liule 
before the motion becomes unifom^ or when the velocity 
has^i»ed.,at 340^ its maBtnnm bemg 246. 

, toyuhe^nner is the span to be compated that will ho 
due to any bthyr veloci^ lew than the ipreatest or terminal 
velocity. On tte, Contrary, to hhd the velocity due to ^any 

proposed space x, hrom the fimnuk x = ~ x h. 1. 

Here x is £^en, to find n. ' First thefn “ = h.l. 

Aerefiwe the ntunber to the Iqrp. log. of which 
number call n j then h s } conseq. NZt> — hCo* s: w* 

' Rw = Kct?*, and v =: a general theorem 

for thf value of v due to any distance x. Suppose, for in-^ 

; s^cei JP is 1000. Now 4fg being = 64, a; ss 1-05, and 

« =s *00001725 ; thercf. 1*0514, and the natural 

ntnnber belonging to this, considered as an hyp. log. is 
, « w ; hence then v r: v ^— * w = 199, ,i$ the velo- 

chy due to the ^ce 1000* or when the ball has descended 
1000 leet. 

Aran, for li»iajaet oS descent : here f ss .4'$ . but 

„• 

’ u ^ ^ 

the Soe^ of which is -t- ✓ — • K h. !• ' * - '■ ■* — j general 

i * }) ® 

value e £ the iStnefrifaf any vtdise of the vefoaty.Oj which 
, value <^<‘fvkLen{^ increases at the .denominator Vtt ^ 

decreafies, or as the velocity v increases ; ahd consequently 
4pie hi infinity «d>en denominator, vanidwu* Vrhich 

is when v =: or ev* ast®, the fCsiskbCe equal to fhe 

'*haira«!ei«ht,’l)i^jlfhe'«tHn4',cito.;as when t:^. ,sj;ii|^ x .be- 
comes ^ve remarked, ^tlt* Hke as was dbne 

* ■ for 



» al^dS^e, ,we rasre it®* 

f$ t tofmgt^i}^ to .v^,,v^ oTw# less ttploia^s^ 
1^46, »[^.«on^(|ueati7 to, value ,of)^ as \iii^eo 
jfpr or x'ss’a;^!,^ at, dotertt^eji ,^1^0. N^-bf 

tubs^tt^ng $40 fptv«. in i|ie genial fomiua; 


/qs. 




Xii. !. 


,*/- 5 “ + * 

^ C 




jr^ k briOgtoor/ 8e,lg1’£7J ; so 


that It would ^be'tiearly ifif secetids w^eta the vdl6 tl ty |fe r l ' ^ 
'Mt 2*6, or a little kss than the maximum ft tndftlM a^|;ret» 
tfiz, 246, or When the spac^ descended is 

Also, to determine the time corresponding to the stee, 
when theidescent is 1000 feet, or the velocity 192 : feiid llat 

value of 


•uM)Ut 7 SS 


64 




Thot, 


y ' *' 


v'^ 


Hence 2'2479. X - 53 - 1 = e"'64, the tjme of descendmg 1000 

feet, or when the velocSty U 199. ^ 

See other speeuhtions on this proWem, in thdid ^olitoet 
prob. 22, as determined fronci theory, viz, without USillijf l!h« 
experimented resistance of the air# 


FBOBLBM Xe 


To determine the Circumstances cf the Motion^^a BaB 
projected Horhontally in the Air; abstracted from jits I'riv 
tkal Descent by its dravitation* 

Putting d for the diameter, aiid the wri^ft rf ihif ball, 
V the velocity of projectioq^^^and v the velocity of^;th© ball 
after hjaving nioved through' the s]^e x. Then^ by corol. 1 
to pr<A. 2, if the velocity is considerable, such as usual in 
practice, the resistance of the bsdl, moving with the velodty 

V, is {mv^ -- «P>P| and therelore is^liie retair^ve 

{0ttQf*f henee the* common formula h 


SSlJr K 


- 


thwef. A ±.‘ ^ 









ruho^r m> rRAPTicB 


^loutjr v»it%ieomes jl ^ %* ^ ||e 

l^i^ndral fonatil4 for the distance passed over in tirni^ 

v*l<i(»tf,\. ‘ 

^w»Ar to aMlication, let it be required first,* JpjMliliSBr-' 
ii^ Sdlmat spaw a S^lb baU Will have its vekKityif(||ueed 
f!i^ nso feet to 1500, that is, losing 2S0 feet of its first 
Here, d 9^*6, teas 24, v es 1780, and « » 150^; 

sdM Jsajfil©. Hitecej^jiS: 35m, then x * 3S87'* x 




X h.l. 


:3S87*4 X h-l--}^ 


1350 

IB76 ibety the space passed ot^r when the ball bu lost 280 
feet of its motion.* • 

Again, to find with what velocity the salKe balMU nKove, 
l^er having desflribed 1000 feet in its flight. 7h^<f^ve 

i^eprcmitxor 1000 = 3587*4 x h. = SjSS,?'^ 0 * 

fi. , .1630 10000 , , 1B30 . . ... 

”• k TTHso* Tr-uo‘> but thcnumber the 

“ 7 P*JoS* 335 ^is 1*7416 = N suppose; then N =? TTiSo’,^^ 

m VisS = 1630, or NO 9 1630 4 UOn, and « sa 4- 

550 =«g 936 -f 150 ss 1086, the \clocity when the tellrjws 
ni^itfedtlOOO feet* # * 

J(hd a theor. for the time of describing any^space, 

or dSstj^yiiig any velocify ; Here i=B ■— s:. x 

tE»flui^t,of which, by the is / ^ ^ T 

^ ~ sSp ^ 

^ hlt*^) 9 i>t^hyp. }tjg. 

«stjrelocit3Ji_&^l2(0 far ^ 

i^valiaejae h^foi^. 

Sll 

id what hmfr ttii?veipc4 i«&icea to l|«r8 tfito 

• heacq 


— , and by ftj|N*^iaiQ 



... , m- 


^ %ehyp-^|#WcliU-1099} %n 23*tT«;>S 


^'*628, t$^'tin»e required. ^ ■■ Vs.-i* 

•flltiifeTafltfotiier ej^ple, 1^ it be required 

be reduced to lOOQ,or 78ftde»tt05^ji«S^' 

' W'JS^'OOO, aUd alithe other quantities as Before. 

\-\so ® isijo : I(«)0__I630 , , f Ilw4.iwi! 

Twso ^ TTlso ^ iiio"' ists* H* 

^)7»42j*tberef.23*fll6 x •0-7449 = ^''-78#Mtliejl^roug!^ 

On the oJiher Baqd» if it be required -^.fifid WE^unU-Be ' 
the vdikyy after the ball has been in motion durshfe al^ fiia^ 
tune*^ juMose 2secondS) ’wd must reverse the <A)Ctt»tlbii 

> .=■ 2" being = lEJ * ■ T “ “* • 

. V'tb-ef-SW = -osseaeli the bn>- leg.;^, 

» the number answeHfcg to which is 1'98725 

u - tSI) ^ . \y&'C 

, il^jSsq,* tihat is, N = • T‘ nvo - i 

... -1 150nv ^ 290290 ' 

* HOtr, and o = swioF- 

city at the end of 2 seconds. 

The^foregoing calculations serve only for the high^>«i^'^ ; 
cities,-rach as exceed 200 or 300 feet per 'second oif,iBmepi * 
But, for 'tl^ose that are below 300, the ruje h si|HJ^as(l|ie 
resiltifcce ii then, by cor. 2 prob. 2, ;00000447^'* ac|y, 
^^<j€nates the diatneter of any ball. 

employm^e same notation as before, ^ 

3^J 


W'* "IT 

aWnt'.^^ich is X I 




, ^qw, ;lor 'in *Wxample, swBpose the fiml , 

^ pc V, and tljje last v =: 100, for * 







THEORT mo RRACTICK 


And conversely, to find what velocity will romalii afteir 
parsing over ally space, as 4000 feet, the fitst velocity bem|; 

V = 200, Here the hyp. leg. of 7 » 

~ -IVlid, the natural number of whida is 2‘1120»’ 

tliat is, snia 5= ,^-i therefore v=-^= ■|^=9**7»tb* 
velocity. 

Again, for the time t : since i- = X -.^jtjherefbr* 

< s: the correct fluent of which is 

' = ^ (7 " ^ -r®®* % 

if V * 300, and t- = lOOi then ~ ; th^ 

^^yor 53^0 X — =: 33"|^ =: if, the time of reducing the , 
500 velocity to ICO, or of passing over the space 5fi7$ feet# 


And, t^versing, to find the veldcity f, answering^ to any 


Since / == 
585t)v 


given time t: 

/-i- — -^^/theref. v 
\v V ' 

and V 2= 300 ; then v = 

113 , the velocity saught. 


ZUCf ? ^ ^ V 


tv * 

53 :y()v 


- ) = 5350 X 

Here, if t be given 3= ZQ\ 


W 

536(1 -i- ‘^000 ii35 


X 300; 


52100 

' 7 m 7^' 


Cor&L The same form of theorem, x = X b. L 

as .above, U brought out for small velocities, will alto serve 
for the higher ones, if we e«0ploy tl?e medium reiistance be^ 
tv(een the two proposed velocities, as was done in prob. 5- 
Th«3i 3S in the first example of this problem, where the two. 
Telocities ^re 1780 and 1500, the resistance doe to the velo- 
city 1700, in the first table of resistances, being 74-13, siy ae 
1700* : 1780* : : 74*13 ; 81‘27, the resistance due to tbe ve^ 
locity l7H0i then t!^ mean between -81 ^^j: 7 and 57*S5, dhe 
to 1500 velocity, is 6y 26, or rather take Again, at 
^65*7 : V k * : ; 1646, the velocity due to the ihe- 

dium resistanqe 69i^ /^ence^as in. orob. 5, as 4646^ 

69| ; 00002565V* ;?= suppose et?*, 4He Sreswtsmre due to any 
velocity between HBaarid 1 500, for tbe 1*05 Jb bilK And^ 
as r965* : 5 6* : : uv^ : WOpOSSSI;?* 3 : 5a* sup-; 

pQsei.thc resistance due to the same Wodty with the "24111 

bidl* Th-refore ^ 3=/, 4nd wi « S!|/> == 



m 


§9f' 

i ^ tlig correct fluent of whicli is i x lu L ^ ^ 

X h. h -2?=^ 4 X fl. i ^ = 5600 X -171 148 ==616 the 
veU)city fipugbt* ^ 

l»ROBLERr XI- 

To determine the Ranges of Projectiles in the Air* 

To deterrnine, by theory, the trajectory a projectile' iS&m 
acribes in the air, is one of the most difficult problems the 
whole course Of dynamics^ et^en when assisted bjr all the ex^ 
periments that have hitherto been made on this branch of^ 
photos ; and is indeed much too difficult for this ptace^ Iti 
the full extent of the problem ; the consideration of .it must 
therefore be resei ved for another occasion, when the nahire 
of Ae air’s resistance can be more amply discusseth £vem 
the smutions of Newton, of Bernoulli, of Euler, of Borda* 
&c, -&c^ after the most elaborate investigations, assisted by all 
the resources of the modern analysis, amount to no more 
than distant approximations, that are rendered nearly useless, 
even to the speculative philosopher, from the assumption of 
a very erroneous law of resistance in the air, and much more 
so to ihe practical artillerist, both on that account, and fi*om 
the very intricate process of calculation, wliich is quite inap- , 
plicable to actual service. The solution of this problem re*^ ; 
quires, as an indispensable datum, the perfect determination 
by experiment of the nature and laws of the air’s resistance 
at different altitudes, to balls of different sizes and densities, 
mewing with all the usual degrees of celerity. Unfortunately 
however, hardly any experiments of this kind have Been 
made, excepting those which on some occasions have been 
published by myself, as in my Tracts of 1786, as well as in 
my Dictionary, some few of which are also given in the 2d 

of , this course, art, 105, with some practical inferences*. 
And though' I have many more yet to publish, of the same 
kind, much 'more extensive and varied, I cannot yet under^ 
take to -pronounce that they are fully adequate to the pur# 
pose. in hand* ^ ^ 

AU that can be. here done then, In the solution of the 
present problem, besides what is delivered in the 2d volumOil 
IS to collect together isome of the practical roles, founded 
partly m theory^ andpartly on practice. 1 . In the first place 
th^Ut }t.|hay'>er^maAeds the initial or first velocity of 
a ball may be directly cpi^puted by prob. 1 7,* ne^ the end 
of dtiV 2d volume i haviiig given the dimensions of the piece, 



THfiOW f^aAsCTlCK 


tlie of the ball, and the charge of powder. Or othei^*^ 

Wscj the same maybe made ont from the table <yf experi- 
mented nmges and velocities in pa. 161 of that i^OJttme, by 
this rule, that the velocities to diflireht balls, and different 
charges of powder, are as the square roots of the weights of 
the powder directly, and as the square roots of the weights 
of the balls inversely. Thus, if it be enquired, with what 
velocity a 241b ball will be discharged by 8ib of powder. 
Now it appear^ in the tsible,' that 8 ounces of powder discharge 
the 1 lb ball with 16^0 feet velocity ; and because 8 lb are = 
128i ounces; therefore by the rule^ asj -v/f ; -v/^^eV t • 1640 : 
1640-^/41 ^ ^^40 V'l* = 1339, the velocity sought. Or 
Otherwise, by rule ip. 1^2 of the 1?d vol. as v'24 : v' 10 : : 
1 600 ; J 306, the same velocity nearly. But when the charges 
bear the same ratio to one another as the weight of the balls, 
that Is when the pieces are said to be alike charged, tlien the 
velockies will be equal. Thus, the 1 lb ball by the 2 oz charge, 
being the 8th part of the weight, and the 24 Ib hall, with 3 lb 
df powder, its 8th part also, v/ill have the same velocity, viz, 
866Teet. Jn like manner, the 1230 tabular velocity, an- 
swering to 4oz of powder, die 4th part of the ball, will 
equally belong to the 24 lb ball with 6 lb of powder, being its 
4th part, and the tabular velocity 1640, answering to the 
8 oz charge, which is 4 the weight of ball, will equally be- 
long to the 24 lb ball with 1 2 lb of powder, being also the i 
of its weight. 

2. By prob. 9 will be found what is called the terminal 
Telocity y that is, the greatest velocity a ball can acquire by 
descending in the air; indeed a table is there given of the 
several terminal velocities belonging to the different balls, 
with the heights, in an annexed column, due to those veloci- 
ties in vacuo, that is the heights from which a body must fall 
in vacuo, to acquire those velocities. 

S. Given the initial velocity, to find the elevation of the 
piece to have the greatest range, and the extent of that range. 
These will be found by means of the annexed tatde, altered 



GUHNEBT. 


|i:pm Pfpfeasor 

th«; .EKtc]^qtei»siia Uri- ’ 
md ipupded .ojn 
an. appro:!piiis^tion of. Sir!. 

ia the firj&t column,, multi- 
plied by the iewmiaal velo- 
city of the ball, give the 
initi^ velocity i an4„the 
numbers , in the last co- 
lumn, being multiplied by ' 
the height, give the great- 
est ranges; the middk co- 
lumn showing the eleva- 
tions to produce those 
raises, 

ib use this table then, 
divide the given initial ve- 
locity by the terminal ve- 
locity peculiar to the ball, 
found in tliie table in prob. 
9, and look for the quo- 
tient in the first column 
here annexed. Against 
this, in the 2d column will 
be found the elevation to 


Tabu of Xkvathm the 

Greatest Range. \ j. l 

Initiftl vel. 
dif. by V. 

Eievatiott. 

jdiVf , 
by 

0-6910 

44‘ 

0' 

0’39]4 

0-9445 

43 

U 

0-5S50 

1-1980 

42 

so 

0*7767 

1-4515 

41 

45 

0*9724 

1*7050 

41 

0 

1-1661 i 

1*9535 

40 

15 

, l*3Sd«' 

2-2120 

39 

30 

1*5535 

2-4655 

38 

45 

i-7472 ■ 

2-7190 

38 

0 

1-9409 

2-9725 

37 

15 

2*1.346 

3*2260 

36 

30 

2*3283 

3-4795 

35 

45 

2*52^0 , 

3*7330 

35 

0 

2*7157 , 

3*9865 

34 

15 

, 2-9094 

4*2400 

33 

30 

3-1031 

4*4935 

32 

45 ’ 

3-2968 

4*7470 

32 

0 

3-4905 

5*0000 

31 

15 

3-6842 


give the greatest range ; and the number in the 3d cplumn 
multiplied by the altitude due to the terminal velocity, 
also found in tlxe table in problem 9, will give the range, 
nearly. 

Ex, 1 , Let it be required to find the greatest, range of a 
241b ball, when discharged with 1640 feet velocity, and the 
corresponding angle to produce that range. By the table in 
prob. 9, the terminal velocity of the 24 lb ball is 415, and its 

altitude 26S1 ; hence 3^95, nearly equal to 

3*9665 in the 1st coluran of our table, to which corresponds 
the angle 34® 1 6% being the elevation to produce the greatest 
range j and the corresponding number 2*9094, in the 3d 
colpmn, multiplied by 2691, gives 7829 feet, for the greatest 
iWge, being nearly a mile and a half. 

Exam* 2. In like manner, the same ball discharged with 
the velocity 36p feet, will have for its greatest range 3891 
feet, orheaflyl of a mile, and the elevation producing it 
39* 55\ 

These examples, and indeed the whole table in the 9th 

problem 
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problem, are only a4ap^:ed to the use of cannon Btn 

tt is not usual, and indeed not easily practicaUet to dischar^ 
cannon shot at such elevations, in the Bribsh service^ tl^ 
practice being the peculiar oiEce of mortar sheikh On this 
account then it will be necessary to make out a table of ter- 
minal velocities, and altitudes due to theim for the difierent 
si 2 ?es of such shells. The several kinds of these in present 
use, are denominated from the diameters of tlieir mortar 
bores in inches, being the five following, vir, the 4*6, the 
h*8, the 8, the 10, and the IS inch mortars, as in the first 
column of the following table. But the outer diameters of 
4he shells are somewhat smaller j to leave a little room or 
space as windage, as contained in the td column* 


Table of diviemions^ fiCc, of Mortar Shells^ ^ 

Biam- 

of 

mortar 

Biatn. 

of 

shells 

Wt. of 

filled 

Weight 
of ecjiial 
solid 

Ratio of 
shell to 
solid 

i'erininal 

velocity 

AU.fl 

cUie ^ 
?eidc. 

iodie, 

4-e 

5^8 

B 

10^ 

13 

inches 

4*5^ 

5*72 

7*90 

9*84 

12*80 

IN 

9 

18 

47 

9U 

201 

lbs 

12| 

2Si 

67 

110 

286 

1*42 

1*42 

1*42 

1*42 

1*42 

feet 

314 

352 

414 

462 

527 

feet 

1$41 

lyse 

2G78 

3333 

43i0 


The 3d column contains the weight of each shell when the 
hollow part is filled with powder ; the diameter of the htd-' 
low is usually -/a- of that of the mortar : the weight of the 
shells empty and when filled, with other circumstances, may 
be seen at Quest. 53, pa. 265, \ol. 2. On account of the 
vacuity of the shell being filled only with gunpowder, the 
weight of the whole so filled, and contained in coluoin 3, k 
muw less than the weight of the same size of ^lid iron,,apd 
the corresponding weights of $juch equal solid balls are con- 
tained in col. 4. The ratio of these weights, or the latter 
divided by the former, occupies the 5th column. 

Kow because tlie loaded pr filled shells are of less specific 
gravity, or less heavy, than the equal solid iron balls, in the 
ratio of 1 to 1*42, as in column 5, the former will have less 
power or force to oppose the resistance of the air, in that 
same proportion, and the terminal or greatest velocity, as 
determine in the 9th prob. wiU be correspbndently le?s« 
Therefore, instead of the rule there given, viz, 115*5 \/d, for 

that velocity, the rule must now be 115*5 1 41*3 
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m 

dl^uxi^ter of tbe shell being d ; that the terminal velcv 
oities will bq less in the ratio of to 175*5, Now* 
competing these sevei^al velocities this rule> to ail thedif^ 
ferent>diainetersi they are found as placed in the ^th coL^ 
and 7th or last column are set the altitudes which 

would produce velocities, in vacuO^ as computed from 

this theorem .—. ' 

I - 1 , r €4 - 

Having now obtained; these terminal velocities, and their 
producii^ filtitudes, for the shells* we can, from them and 
the fprmier table of ranges and elevations* easily compute tile 
^greatest range, and the corresponding angle ofe^levation, for 
any mortar and shell, in the saipe way as was dpne for; the 
balls in this problem. Thus, for example, to find the^reat- 
estrange and elevation, for the 13 inch shell, whenpmj^tod 
wi|h the velocity of 2000 feet per second, being nearly the 
greatest velocity that balls can be discharged with. Now* 

^OOO 

by the method before used, •— = 3*796 ; opposite to this, 

found in the first column of the table of ranges, corresponds 
34** 49' for the elevation in the 2d column, and the nutiiber 
5S*764 in the 3d column ; this multiplied by the altitude 4340* 
gives 11995 feet, or more than miles, for the greatest 
range. 

This however is much short of the distance which it is said 
the French have lately thrown some shells at the siege of 
Cadiz, viz, 3 miles, which it seems has been effected by 
means of a peculiar piece of ordnance, and by loading or fill- 
ing the cavity of the shell with lead, to render It heavier, vnd 
thus make it fitter to overcome the resistance of the air. Let 
m then examine what will be the greatest range of our 13 
inch shell, if its usual cavity be quite filled wiQi lead wln^n 
discharged, with the projectile velocity of 2000 foet. ' 

Now the diameter of the cavity, being about of tjiat of 
the mortar 13, will be nearly 9 inches. And the weight, of 
a globe of lead of this diameter is 139*3lb; which added to 
fS7*8, the weight of the shell empty, gives 3271b, the whole 
weight of the shell when the cavity is filled with lead, which 
wras found ^BG when supposed all of solid iroti, their ratio or 
quotient is ‘BIBS, Then, as before, the theorem will be 

1,75*5 = 1S7“3 'i/d for the terminal velocity ; which* 

V when rf=: 12‘3, becomes 670 for the terminal velocity ; 
tborefoxe ifs producing altitude is ^ 7014. Then, by 

, the «ame method as before, ^ a 2*9354 which number 
/ . found 
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fow4 m lie first cdunaiSt of the tabfeof raiS|g^ 
ttiimher in the ZicoL ii 31^ 15' the ele^ibn of liepiece;'* 
aodin the 3d c<^o^'^}%iniiidq^d by t50|i3 ' 

feet, or nearly StKtiks. Sothatonr IJlncksheliii l^harg^ 
at an elevation of about 37-f degreesj 
distaxiee mentioned by theiFrenth^ when ^filled 
they can he projected with so much as 2000 foet Vi^locity, or 
upwards. This hpwever it is thought caimot possibly be 
efected by our mortars % ' and thit it is therefore pr«^We the 
French, to give such a velocity to those shefis, must haw 
contrived some new kind of i^e cannon on the occasioift.' ' 
Having shown; in, the preceding articles and probleisd^i^* 
how> frq^m our theory of the air's resistance, can be foutid,' 
first the initial or projectile'vdiocity of shet Wd shells $ 
the terminal velocity, or the greatest velocity a ball c^ at^ 
quire by descsendmg by its own weight in the air $ 3dly,the 
height a ball will ascend to in the au*, being ptt)jected 
cally with a gi vim velocity, also the time of that; j 4?l4ilys 

the greatest hari,2ontai ranges of given shot, projected with a 
given velocity^ as also the particular angle of elevation of 
the piec^ to produce that greatest range. It remains then 
now to enquire, what laws <ind regulations can be given re* 
specting the ranges, and times of flight, of projects made at ' 
other angles of elevation, 

Relating to this enquiry, the Encyclopaedia Britannlca 
mentions the two following rules : 1st. Balls of equal den* 
sity, projected with the same elevation, and with velocities 
which are as the square roots of their diameters, will describe 
similar curves. This is evident, because, in this case, the 
resistance will be in the ratio of their quantities of motion 5, 
therefore all the homologdus lines of the motion will be in 
the proportion of the diameters.’' But though this may be 
nearly correct, yet it can hardly ever be of any use in prac- 
tice, since it is usual and proper to project small balls, not 
with a less, but with ^ greater velocity, than the larger ones. 
2dly) the other rule.is, If the initial velocities of balls, pro- 
jected with the same elevation, be in the inverse subduplicate 
ratio of the whole resistances, the ranges, and all the homo- 
logous lines ill their track, will be inversely as those resist^ 
ances/' This rule will come to the same thing, as having 
the initial velpci^es in the inverse ratio of the diameters, as 
distant^perhaps from fitness as the former. Two tables are 
next given in the same place, for the comparison of ranges, 
and projectile velocities, the numbers in which appear to be 
much wide of the truth, as d^ending on very erron^us 
efieets of the resistance. Most ofihe accompanying remarks^ 

however. 
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howeveri ue itigenfou$> judicious^ and phitoaophital, 
and very justly recommending the making and recording of 
good experiments dti tiie ^ranges and tunes of flight of pro*^ 
jecte» of various rize$> made with difiereat velocities^ and at 
variomt angles of eievatbn. 

besides the above» we find mle$ hid down% |fr. Robins 
and Mr. Simpson, for computing the circumstances retetiug 
to projectiles as affected by the resistance of the air. Those 
of the former respectable atttlior, in his ingenious Tracts on 
Gunnery, being founded on a quantity which he calls r, 
(answering to our letter a in the foregoing pages), 1 find to be 
aLpaost uniformly double of what it ought to be, owing to his 
improper measures of the airV resistance j and therefore thd 
conclusions derived by means of those rules must needs be 
very erroneous. Those of the very ingenious Mr. Simpson, 
contained in his Select Exercises^ being partly founded on 
experiment, may bring out conclusions in some of the cases 
not very incorrect $ while some of them, particularly those 
relating to the impetus and the time of flight, must be very 
wide of the truth. We must therefore refer the student, 
for more satisfaction, to our rules and examples before given 
m voh 2 pa, 162 &c, especially for the circumstances of dif- 
ferent ranges and elevations. Set, after having determined, as 
above, those for the greatest ranges, founded on the real 
measure of the resistances. 


H 
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CHAFIER XIV. 

rEOMISCtrCVS problems, as exercises in mechanics, 

STATICS, DTKAMICl, HYDROSTATICS, HYDRAVLlCSi 
PROJECTIIiES, &C. &C. 


PROBLEM U 

Let AR and Ac 6e two inclined planes ^ whose common alH* 
tude AD is given = S4ffeet ; and their lengths such^ that d 
he<roy hdy i> 2 seconds qf time longer in descending through 
AB than through ac, by the force rf gravity; and if two balhf 
the me weighing % ana thither 2tb^ be connected by a thread 
and laid on thf planes^ the thread sliding freely over the ver* 
itx A, they will mutufg^ sustain each other, 2uerc the 
length of the two planes f 

The lengths of planes of the same height being as the 
times of descent down them (art. 133 vol. 2), and also as the 
weights of bodies mutually sustaining each other on them 
(art. 122), therefoi'e the times must be as the weights \ hence 
as 1 3 the difierence of the weights, is to 2 sec. the di£P» of 
C 3 * 6^ see ) 

times, : : J g ! 4, I tbe times of descending down the two 

planes. And as >>^16 : v'64 ; : 1 sec. : 2 sec. the time of de-** 
scent down the perpendicular height (art. 70) , Then, by the 

laws of descents (art. 1 32), as 2 sec. : 64 feet • ■ ^ 4 5^* ! } 

feet, the lengtlis of the planes. 

Note. In this solution we have considered 1 6 feet as the 
space freely descended by bodies in the 1st second of time, 
and 32 feet as the velocity acquired in that time, omitting 
the fractions Vt h Tender the numeral calculations 
simpler, as was done in the preceding chapter on projectiles, 
and as we shall db also in solving the following questions, 
wherever such numbers occur. 

Another Solution by means of Algebra, 

Put X the time of descent down the less plane; then 
will T + 2 be that of the greater, by the question. Now 
the weights being as the lengths of the planes, and these 
again as the times, therefore as 2 ; 3 : : x ; a? -f 2 5 hence 

2«T + 
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Sx + ^ suad X z i sec, “Tben le»g^ of tbe 

planes are found as in the last proportion of dh* former 
solution. ^ I - ,'{ > V 

PROBLEM £• 

an eldjstic hall fall fr^rn th h^igkl sf above, the 

flam of the Ikormh, and impinge 'on the har4j^^ace of a 
plane inclined to it in an migk of {Bdegreei; it uti^ired to 
find lehat part of the Mrife^ so that after re^ 

flection^ it may fall pi die horitontal plane^ at the greatest 
distance possible beyond the koUom of the inclined plane ? 

Here it is manifest that ' 
the ball njust strike the obi- 
lique plane continued on a 
point somewh^i^e below the 
horizontal plane ; £pr other- 
wise there could be no maxii- 
mum. Therefore let bc be 
the inclined plane, cdg the horizontal ti>nc, B the point on., 
which the ball impinges aftqc falling from the point A, begi 
the parabolic patb, E its vertex, a tangent at B, being 
the direction in which the b^M is reflected j and the other 
lines as are evident in the flgure. Now, bjr the laWF of re- 
fleaion, the angle of incidence abc, is equal fo the angle of 
reflection hbm, and therefore this latter, as well as the femcri 
is equal to the comple,£nent of*,the A 9 inclination of the 
two planes ; but the part IBM is =: Z. 0, therefore the angle 
of projection *HBI is cr the comp* of double the C| and 
being the comp, of hbk, theref.- z* hbk = 2 Ac. • Now, put 
az: BOzz Aio the height above the horizontal li^e, t =3 tang. 
4PBC or 75® the complement of tlic plane's inclination, r =3 
tang. HBi or A H=:(iO®the comp* of2 AC, SAubi 

z; 120° the double elevation, or rzsine qf 4 A C| also 4 ?skA» 
the impetus or height fallen through, 'fheni . 

m ss 4KH 3 = ;by the projectiles prop. 24 * 

. t BK=3r.x i 

lco=»t X BD z; 


by ttigbnometry. 


also, KD Bie - jBPi=; isrjc - .v p a, and kb » 4bi rr 
then, by the parabola, V'BK. • V"i>K : i KK X 

= v'[-^,w - (-| ,-T = 

2 fiv'( 0 X — b^x^), purtfog ^ = sine of 2 f c = sine <?f |P“- 
Hence cd = CD 4* dp A rc = fa + ± 2b \^(^a,v — * 4^) 

a maximum, th^^ ^fluxion of which made zzO^ ant the ^qui- ' 

tifu. n^ucedf gjves * ^ *4* 

V®!,. 111 . X + ff 
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4- If, and the double sign dt answers to the two roots or va-r 
lues of r, or to the two points o, O, where the parabolic path 
cuts the horizontal line cg, the one in ascending and the other 
in descending* ^ 

Now, in the present case, when the ^ c n 15% f = tang, 
75*' 2 + v' 3, r s=; tan. 60’ = 5 =f sin. 60** sli -J. v'S^ i 


sin. 'so* = n = j +■ / = 2 -h 4 ^ f then 100, and 




«* ^ +6^3 . r _ « V, / , a.. y »• 

= — 52 ~ ; theref.x= -- X (I ± 




;) 


= iOOX (1 ± {-✓ = 100X(1±-99414):=199-4H. 

or '586 ; but the foniier must be taken. Hence the body 
must strike the inclined plane at 149’414 feet below the ho-* 
rizontal line ; and its path after reflection will cut tlie said 


line in two points ; or it will touch it when x = Hence 
also the greatest distance ca required is 826*9915 feet. 

Carol, If it were required to find CG or /.r — /a + sx ± 
2b^(os — g it given quantity, this equation would 

give the value of x by solving a. quadratic. 


PROBLEM 3. 

Suppose a ship to sail from the Orkney Islands^ in latitude 
59* 3' norths on a n. n. e. course^ at the rate of 10 miles an 
hour; it is required to determine how long it will be before 
she arrives at the pole, the distance she will have sailed, and 
the difference of longitude she will have inade when she arrives 
there ? 

Let ABC represent part of the equator ; 
p the pole \ Amrp a loxodroinic or rhumb 
line, or the path of the ship continued to the 
equator ; pb, pc, any two meridians indefi- 
nitely near eacli other ; nr, or mt, the part 
of a parallel of latitude intercepted between 
'them. 

Put c for the cosine, and ^ for the tangent 
of the course, or angle nmr to the radius r ; 

Am, any variable part of the rhumb from the equator, V j 
the latitude urn its sine x, and cosine y; and AB, the 

dif. of longitude from A, = z. Then, since the elementary 
triangle mnr may be considered as a right-angled plane tri- 
angle, it is, as rad. r : c zz sin. Z. rnrn :: *vzz mr : w zz mn 

:: V : theref. Cv zz rw, ot v,zz^-~ zz by putting i 

fbr the secant of tlie Z. nmr the ship^s course. In like man- 
ner. 
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tier, if ^ be any other latitude, and v its coirespotidiog length 
of the rJiumb } then y ^ and hence v — i? r x 

td 

^ or 0 rr by putting nriv— the distance> and rf:=w*— siv 

the dif. of latitude j which is the common rule* 

The same is evident without fluxions : for since tjie /. mm 
is the same in whatever point of the path Awrp the point in 
is taken, each indefinitely small particle of Amrr^mustbe to 
the corresponding indefinitely small part of uw, in the con-* 
stant ratio of radius to the cosine of the course ; and there- 
fore the whole lines, or any corresponding parts of them, must 
be in the same ratio also, as above determined. In the same 
manner it is proved that radius ; sine of the course : : dis- 
tance : the departure. 

Again, as radius r : t — tang, fimr ; : nr = rnn : nr or m/, 
and TLsriyi: i b : PW 2 : : « = bc : hence, as the extremes 

of these pro pOr lions are the same, the rectangles of the means 

must be e^ual, viz, z: /ov = ~ because =:= ^ by the 
property of the circle ; ther^ff. jc = ^ = T~i> general 

y T —^x 

fluents of these zre z = t x hyp. log. + c; which 

corrected by supposing 2 = 0 when jr z: cr, are z = / X (hyp. 
v'r'^ - ^yP’ Jog- } but r X (hyp. log. 

— hyp. log, is tiy^e meridional parts of the dif. of the 

latitudes whose sines are jr and </, which call by then is 
3 zz the same as it is by Mercator^s sailing. 

Further, putting ni = 2*7 1828 the number whose hyp. log. 
is 1, and 72 = — ; then, when z begins at a, m” = and 

theref. = r x - » r — — : hence it appears that 
as m", or rather 71 or z increases (since m is constant), that x 
approximates to an equality with r, because decreases 

or converges to 0, which is its limit y consequently r is the 
limit or ultimate Value of .r ; but when jr z: r, the ship will 
be at the pole , theref. the pole must be the limit, or eva- 
nescent state^ of the rhumb or course : so that the ship may 
be said to arrive at the pole after making an infinite number 

revolutions round it ; for the above expression ^ va* 

nishes when n, and consequently is inhnite, in which cas. 
.r U = r. 

Now, 


X2 



S(H( raoMudtrovs 

.... ^ - :N . 

Now, from the equadcm^ = — s •jri •* « 

when d =1 SO® 57^ the comp, of the given hu B9^ 3"^^ and C a» 
«ine of 67® SO' the' comp, of the course, D will be 2010 
geogr;iphical miles, the required ultimate distance j whtch^ 
at the rate of 10 miles an hour, MU be passed over in 801 
hours or S| dzjs. The dif. of long, is shown above t4 be 
infinite. When the skip has made one revolution, she MB 
be but about a yard from the polej considering her as a point- 

When the ship, has arrived infinitely near the pole, she will 
go round in the manner of a top, with an Infinite velocity 5 
which at once accounts for this paradox, via, that though she 
make an infinite number of revolutions round the pole, yet 
her distance run will have an ultimate andi definite value, as 
abpve determined : ^ for it is evident that however gres^ the 
number of revolutions of a top may be, the space passed over 
by its pivot or bottom point, while it continues on or nearly 
en the same point, must be infinitely small, or less than a 
certain assign^le quantity. 

P&OBLEM 4. 

-f current of water is discharged by three equal openings 
4>r stiikesj in the following shapes : the first a rectangle^ the 
second a semicircle^ Q7id the third a parahoht having their 
altitudes equal, and their bases in the same horixontal line^ 
and the water level with the tops of the arches : on this sup^ 
position it is required to show what may be the proportion of 
the quantities discharged by these sluices. 

Let TB be half the parallelogram, Avc 
half the semicircle, and avd half the pa- 
rabola, that is, the halves of the respective 
sluices or gates. Put a=AV the common 
altitude, and c r: *7854 : then is ca^ the 
area of each of the figures j also ca^AUj 
« = AC, and ^ca st a d j also put jr = vp 
any variable depth, and Then, the water discharged, 

at any depth x, being as the velocity and aperiture, and the 
velocity being in ail die figures as therefore X 

and x^x x pr, and x^x x p«, or eax^-x^ and 
and |c a x xx^ are proportional to fhe fluxions of the quan- 
tity of water discharged by the said figures or sluices re* 
jpectively ; the correct fluents of which, when x rr u, are 

and r- 7), ahd the 2d fluent bang 

found by art* 12 pa* 225 of this vol. Hence the quantiu^ 

of 





pf dfetharge(^ by A^jrcctartgle, tlTie,$emicirqte> alkd the 
are re^f eetivdy aJ |e, :^( 8 , »/U -* 5? ) <?r 

«$ l,itt«d^(av^3r-7),aRd |,:or as I, md 1*09847, and 14*‘ 

r' ‘ ' ^ WOBI.EM 5., 

^ , TSe initial velocity/ of a '$Ui b&H (f cmt trotiy which is j^ro-* 
Jecied in a direction pcrpendiculaT to the horiioni being mjh 
posed VZOO feet per second: tmd that the rt&istante (f 
7npdm(n is constantly as the square of the Dehcity^ and every • 
Cohere of the same densUy: required the time y fight ^ and 
the height to which it will ascend. ’ 

jinewer* By problems 6 and 6 , of the last chapter,, the 
ascent will he found 5337 feet, and the time of the ascent 
28 secdnds, 

PROfiLEM (>, 

To determine the same as in the last que^ion^ supposisig 
the density of the atmosphere to decrease in as^ding ajter the 

usual way f 

Ans. By probs. 7 and 8 , the height will be 5614 feet, * 
and the time 34 seconds^ 

PROBLEM 7. 

It is required to find the diameter of a circidar parachute^ 
by means ofwhiefi a man of i50tb iveight may descend on the 
earthy from a balloon at a height in the atr^ with the ve- 
locity of only \0 feet in a second of time f being the velocity . 
acquired bl/ a body freely descending through a space of only 
1 foot 6 |: inches, or oj a man jumping down from a height ^ 
18|. inches: the parachute be mg made of such materials and' 
thickness, that a circle of it of 50 feet diameter, weighs only 
3 SOlb, and so m proportion ?nore or less according to the area 
of the circle. 

If a falHng body descend with a uniform velocity, it mnst 
necessarily meet with a resistance, from the medium it de- 
scends in, equal to the whole weight that descends* Let x 
denote the diameter of the parachute, and a rr ‘7854 ; then 
will be its area, and as 50® : x* : : 150: the weight 

of the same, ^ which adding 1501b, the man^s weight, the 
sum will be the whole descending weight. Again, 

in the table of resistances at pa. 375 near the end of vol. 2, 
we find that a circle of 4 of a square foot area, moving with 
10 feet velocity, meets with^^a resistance pf ‘57 ounces tr 
j^75lb 5 «tnd the resistances^ with the same veiocily, being 
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as tlie surfaces^ therefore as f : : : ax* : •SlSliaX* ta; 

*16783x® the resistance of the air to the parachtrte, to whith 
the descaiding weight must be equal ; that is, «« 

^ 15 hence ‘i0788x' = 150, or x* =: 1390*5, and 
hence x = 3 : 37-^ feet, the diameter of the parachute required- 


FROBLSM 8. 

To determine the effects of Pile^Engines. 


* The form of the pile-engine, as used by the ancients, k not 
knbwn. Many have been invented and described by the 
moderns. Among all these, that appears to be the best which 
was invented by Vauloue, as described by pesaguliers, arid 
was used at piling the foundations at building Westminster 
Bridge. Its chief properties are, that the ram or weight be 
raised with the least expence of force, or with the fewest 
nien V that it fall freely from its greatest height ; and that, 
having fallen, it is presently laid hold of by the forceps, and 
so raised up ^o its height again. By which means, in the 
short^.st time, and with the fewest men, or the least foi ce, the 
most piles cun be driven to the greatest depth. 

Belidor has given some thcoi y as to the effect of the pile- 
engine, but it appears to be founded on an erroneous prin- 
ciple : he deduces it from the laws of the collision of bodies. 
But who does not perceive that the rules of collision suppose 
a free motion and a non-resisting medium ? It cannot there- 
fore be applied in the present case, wdiere a very great re- 
sistance is opposed to the pile by the ground. We shall 
therefore here endeavour to explain another theory of this 
machine. 


iSince the percussion of the weight acts on the pile during 
the whole time the pile is penetrating and sinking in the 
earth, by each blow of the ram, during which time its whole 
force is spent j it is manifest that the effect of the blow is of 
that nature, which requires the force of the blow to be esti- 
mated by the square of tJie velocity. But the square of the 
velocity acquired by the fall of the ram, is as the height it 
falls from 5 therefore tfie force of any blow will be as the 
height fallen through. But it is also more or less in propor- 
tion to the w eight of the ram ; consequently the effect or 
force of each blow must be directly in the compound ratio of 
both, viz, as aw, where w denotes the weight, and a the alti- 
tude it falls from; or it will be simply as the altitude^, when 


the weight w is constant. ^ 

Again, the force of the blow is opposed by the mass of the 
pile, and by the consistence of the earth penetrated by the 
* point 





iit 

of the pile, and also fey the friction of the earth against 
the surface or sides of the pile that have penetrated below the 
surhice. Consequently the effect of the blow, or the depth 
penetrated by the piiC} will be inversely in the con>pound 
ratio of -these three, viz, inversely as vitf^ where pi denotes 
the mass of the pile, t the tenacity or cohesion of the earth, 
and /the friction of the sUrfaoe penetrated in the earth. But, 
in the same soil and with the same pile, m and t arc both 
constant, in which case the' depth of penetration will be in- 
versely only as /’the friction. On all accounts' then the pe- 
netration will be as or simply as " only, for the same 
weight and pile and soil. 

To determine the dqiih sunk hj the pile at each stroke of the 

ram. 

After a few strokes, so as to give the pile a little hold in 
the ground, to make it stand firmly, the bl(|jv5 of the ram 
may be considered as commencing, and causing the pile to 
sink a little at every stroke, by which small successive sink- 
ings of the pile, the space the ram falls through will be suc- 
cessively increased by these small accessions, and the force of 
the successive blows proportionally ina*eased. But these, on 
the other hand, arc resisted and opposed by the friction of 
the part of the pile which has been sunk before, and which 
also sinks at each stroke ; and as the quantities of these rub- 
bing surfaces increase in a greater ratio to each otheri than 
the heights fallen through, that is, the resisting forces in- 
creasing faster than the impelling forces, it is manifest that 
tlic depths successively sunk by the blows must gradually 
decrease by little and little every time ; which is also found 
to be quite conformable to experience. Thus then the suc- 
cessive sinkings will proceed gradually diminishing, till they 
become so small as to be almost imperceptible. 

Now it was found above that y is as the penetration by 

any blow of the ram, by the same pile in the same soil, that is, 
as the height fallen directly, and as the resistance or friction 
in the earth inversely. Let a denote any other and greater 
height, by an after stroke, and f its friction; also p the pene- 
tration by the former blow, and p that by the latter, which 
must be the smaller : then, by the foregoing principle, 

-y : ^ : p ; p 5 hcnce a : A : : f/>, which is a general 

theorem. 


But 





JJut ROW, with r^$pecl thy® qowthy of,frictiim Wf- 

htowi though it he tiot kaoWjo^froai e3L|)^ith«ut th^tt the frip-i^i 
tion is esawrtty proportional to the robbing e^rfecet therj^, ^ 
great reason to l^ieve that it mus^ be «t Ijpast Mry. pearly 
so: there is,. also equal reason to c?ondude that the efffecl. 
or resistance from that rubbing surface must, be needy or’^ 
exactly as the length of jipace it moves over^^ thht. is by tfce 
penetration of the pile by any blow. Now* if d denote the 
depth, of the iwle in the gtt)un<f before any new Wow isstpusfc 
by the ram, and b the depth or penetration produced bf the' 
blow, them the length of the rubbing surface will be d 
for, the length of the rubbing surface is only d at the begin- 
ning of the motion, and it is f/ + 4 at the end, of k, the me-* 
dium of the two, or d |-5, is therefore the duiC length of 
the surface, and the space or ddpthjt moves ovei^is there- 
fore the whole resistance from the friction is (d-\- ^b)b. If 
D then denote any other depth of the pile in the earth, and 
4' the next penetration, then (d -f will be its friction/ 
Substituting now b for p, and b' for p, also d + ^b for fy and 
D + ib' for V) in the general theorem « : A : i/t : Pp, it be- 
comes «2 : A : : (d-f i4)4 : {v^lb')b\ for the general relation 
between the heights fallen and the resistance and penetration. 

This tlieorem will very cont^eniently give the series of ef- 
fects, or successive sinkings of the piles, by the blows of thfe 
ram. Thus, after the pile has been properly fixed, or indeed 
driven to any depth in the earth, denoted by d, then to give 
a blow, the ram falls from the height a + d, and thereby 
sinks the pile the space b suppose : hence, for the next stroke, 
the fait will he <2 +.d -f 4 = a in the theorem above, and 
0 -}- *// = b + -l4', the next penetration or sinking being 
b' ^ theref a -f d : n + d + 4 : : (d -r f 4)4 : (d + 4 + 14')4 , 
a proportion which gives the quadratic equa. 4'*-f I3i4'(d+4)=s 

^ which is 4' ^ — (d+ 4) + 


vm + 0’ + ‘-ii— X (2^ + m = 


a + d -j- b 
u ^ d 




nearly, or indeed = ^"^'4 nearly, because 4 is small in com- 
parisou with a + d, 

Now^ for an example in numbers, suppose a zz 5 feet st 
€0 inches, d = 10, 4 = ii, that is a zz ^0 the . height of the 
ram above the top of the pil(^ before this enters the ground; 
d = 10, after being fixed in the ground; md the 

sinking by the next Wow: then ^^4 5 = 

the 





tlMsiMtlt'oteft. Next, fiutostk^cifeg?' 
d -f f«M* df i/ for the * 
^ die^m 5^*48 foi* tiie liext 
sinking, W the iifem viate of b\ 
And $0 on cJoftfeintiaHy, by^ which 
means the sixties of the soccessiye 
cfiiitesj5rO*idi]^ values of the^letters 
will be as in the margin, Idle last 
cotemn showing the several suc- 
cessive sinkings of the pile by the 
reputed strokes of the ram.' 


Jues pf < 

d 

b 


10^ 

3 

2-65' 

, ixr . 

2 , -65 

2-49 ■ 


2-49 

S>-32 

18-,14 

2^32 


20-46 

&c. 

219 ' 

2*08 


Svholitim, Thus then it appears, that the effect of . any 
ob^fation of pile-driving may be determined. It is manifoit 
also that the greater a is, or the higher the top of the machmo 
is where tht^ram falls from, above the top of the pile at first, 
the greater will be every stroke of the rain, and consequently ' 
the fewer the strokes necessary to drive the pile to the requi- 
site depth. But then every stroke will take a longer time, 
as the ram will be both longer in falling and longer in rais- 
ing : so that it may be a question whether, on the whole, the 
business may be effected in the less time by a greater height 
of the machine, or whether there be any limit to the height, 
so as to produce the greatest eftect in a given time. 

To answer this question, let x denote the indeterminate 
height from which any weight w h to fall, Z the time of 
raising it after a fall, which time is supposed to be as the 
height JT to which it is raised, also fn the given time of pro- 
ducing a proposed effect ; then -- the time of the weight 
falling j therefore + 3 : — the whole time of one stroke ; 

conseq. ■ . > • ; — or — ; is the number of strokes made in 


the given time m, and hence the whole force or 

effect in the time w. Now this effect or fraction increases con- 
tinually as a’ increases, because the numerator increases faster 
than the denominator, since the former increases as r, while 
in the latter though the one term z increases as 3r, yet the 
other term only increases as the root of s. So that, on 
the whole, it appears that the effect, in any given time, in- 
creases more and more as the height is increased. 
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PROBLEM 9. 

7^> determine how far a many who pa&hcs witjkjhe force 
if lOOlh, can force a sponge into apiece of ordnance y whose 
diameter is $ inches y and length lOfeely w/ien the barometer 
stands dt SO inches i the vent ^ or tcuch^holcy being stop pedy 
and the sponge having m windag^y that isy Jiitmg the btyre 
quite close ^ 

A column of quicksilver 30 inches high> and 5 in diame^ 
terj^ is 5^ X 30 X '7854* n 589-05 inches; which, at 8*102 02 
each inch, weighs 4772-48 oz or £98*28 lb, which is the ptes- 
sure of the atmosphere alone, being equal to the elasticity of 
the, air in its natural state ; to this adding the 100 lb, gives 
398*28 lb, the whole external pressure. Then, the spaces 
which a quantity of air possesses, under diflcreat pressures, 
are in the rcciproc?.! ratio of those pressures, it will be, as 
398 28 : 298*28 : : !0 feet or inches i 90 inches hearly, 
the space occupied by the air ; theref. J £0 — 90 = 30 inches, 
is the distance sought. 


PKOBLEM 10. 

To assign the Cause of the Dejkction of Military Projectiles, 

It having been surmized that, in the practice of artillery, 
the deflection of the shot in its flight, to the right or left, 
from the line or direction the gun is laid in, chiefly arises 
from the motion of the gun during the time the shot is pass- 
ing put of the piece ; it is required to determine what space 
an 18 pounder will recoil pr fly back, while Uie shot is passing 
out of the gun ; supposing its weight to be 4800 lb, that of 
the carriage 2400 lb, the quantity of powder 8 lb, the length 
of the cylinder 1 08 inches, that of the charge 13 inches, and 
the diameter of the bore 5* 13 inches; supposing also that the 
resistance from the friction between the platform and carriage 
is equal to 3600 lb ? 

It is well known that confined gunpowder, when fired, 
immediately changes in a great measure into an elastic air, 
which endeavours to expand in all directions. Now, in the 
question, the action of ibis fluid is exerted equally on the 
bottom of the bore of the gun and on the ball, during the 
passage of the latter through the cylinder ; the two bodies 
therefore move in opppsite directions, Vith velocities which 
are at all times’ in the inverse ratio of the quantities of matter 
moved. Now let x be the space through which the gun re- 
coils; then, as the charge occupies 13 inches of the barrel, 
and the semidiameter of the barrel is 2^565, the space moved 

through 





$13 


through by the ball wheia it qiait$lhe piece, is 108 — 13 -- 
2*^65 — AT == 92*4i$5 ^ X : and as the elastic flpid expand* 
in both directions, tbfe quantity which advances towards the 
muzzle, is to that which retreats from it, as 5 — a to a: ; 

8i .92 435- r ^ , .. 

conscq. and X B are the quantities of the 

powder which move, the former wdth the gun, and the latter 
with the ball ; besides these, the weight of ball that motres 
forwards being 1 8lb, and of the weights and resistaruS^ back- 
wards 4*800 + 24-00 4- 3600 r: 108001b, hence the whole 

weights moved in the two directions are 10800 4- and 


^ , 92-455-j ^ 99W8+8C , 2403 31 -8r , 

■18 + ' 9 -i. ' ; 3 - r 8. or or as tie 


92*435 


92*435 


numerators of these only. But when the time and moving 
force are given, or the same, then the spaces are inversely 
as th<j quantities of matter; therefore x : 92'^35 — r : : 
2403*31 — 8jr : 998298+ or by composition, .r : 92 435 : : 
2403'31-8.t’: J 000701’ 31, and by div. .r : 1 : : 2103*3l~Sa?: 
10826, theief. I0826r=:2403*31 - Sa, or 10B34xr:2403-SI , 
and hence x ^ *2218 inch ^ of an inch nearly, or the re- 
coil of the gun is less than a quarter of an inch. 

Hence it may be concluded, that so small a recoil, straight 
backwards, can have no effect in causing the ball to deviate 
from the pointed line of direction : and that it is very pro- 
bable we are to seek for the cause of this effect in the ball 
striking or rubbing against the sides of the bore, in its passage 
through it, especially near the exit at the muzzle ; by which 
it must happen, that if ihc ball strike against the right side, 
the ball will deviate to the left ; if it strike on the left side, 
it must deviate to the right ; if it strike against the under 
side, it must throw the ball upwards, and make it to range 
farther ; but if it strike against the upper side, it must beat 
the ball downwards, and Cause a shorter range : all which 
irregularities are found to take place, especially in guns that 
have much windage, or which have the balls too small for 
the bore. 


PROBLEM 11. 

hall of lead of 4 inches diavieier^ is dropped from the 
top of a tower y of G5 yards hig/i^ and falls into a cistern fall 
of water at the hot tarn oj the tower y oftos^ yards deep : it u 
required to detcrviine the I hues off^limg, boih to the surface 
and to the bottom of the water. 

The fall in air is 195 feet, and in water 60-f feet. By the 
common rules of descent, as V'le : v/ 195 : 1 ts 

3-49 



319 




3*49 seconds, thsi time<tf}{d<»cendtng in aifii And as Vl^ •' 
Vld5 ;: 33 j 8^495 as 111*71 feet, th* vdocity at the end 
«f that time., pt smit wbkh the ball enters the water. • 

. , ii ' . V I' ' : 'ij 

Again^ by prob, 22 of vol. 2| art. 2| tbe sj^e X byp. 
log, of or rather X hyp. log. «f Velocity 

b^iilg decreasing, and ^ greater than tf) =s ^ K coin* log, of 
where n = 1 13HS the density of lead, n :;s lOO^ Aat 


of water, a zz 


250d( N — *») , 


6 = 


5 n 


t ss: 111*71 the Yetecity 


on * 

at entering the water, and d the velocity at any time after-^ 
wards, also d the diameter of the ball = 4 inchesj and m s: 
2*30258,5 the hyp, log. of 10. 

Hence then n = 11325, n = 1000, k — n » 10325, d =: 
4 I , - n) S5r» . 10325 

la then a = — 3^“ = “ilKm— 


ZI 293|, and 


, Sn On 9000 15 I , 

^ 8 rfK ^ 8 n 90600 15 i “** lo * 

therefore s « 601 zz ~ x log. of 

4 O v^'-a 


AUoc = 111*71; 

_ , if -a 

= 5m X log. 


This theorem will give s when v is given, and by reverting, 
it ,Will give V in terms of s in the following manner. 


Dividing by 5r;j, gives 


■— = log. of = JW, by putting 


M = ; therefore, the natural number is 10"^ =: — 

9m » ' D* *. 


hence v* « ~ and v = V{a -h which, by 

substituting the numbers above mentioned for the letters, 
gives V zz 17’ I for the last velocity, when the space s = 
60-|, or when the bull arrives at the bottom of the water. 

But now to fjnd the time of passing through the water, 
putting / any time in motion, and s and v the correspond- 
ing space and velocity, the general theorem for variaible forces 

gives ^ But the above general value of s being ^ X 


hyp. log. or 5 x hyp. log. “r“» therefore its fluxion 

— lOuW ' * 3 ■ — lOw ! rt ^ r 

s , conset). i or — = *~ — , the correct fluent of 

i*a * tt ' * V or 


which is X hyp. log. (^“ X = if the tipie, 

which when v 1 7* 1 34, or s — 60|., gives 2*6542 seconds* 
fear the time i>{ descent through the water. 
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ihk&BtJm ■ 

^ejfuired to iphat mtjst be the dkme^^ )^ k 

wattr-wheeii so m U ‘rieei^i 0te greiaiest ^ectffm a ^iteaiti 
^ma^er of 12 f&et fall f 


In the case of m undershot wheel, 
put the height of the water ab == 1J2 
feet = Of and the radius bc or cD of 
the wheel =: sr, the water falling per- 
pendicularly on the extremity of the 
radius CD, at D* Then AC or ad cr c;r, 
and the velocity due to this height, or 
with which the water strikes the wheel at d, will be as 
t/{a-^x\ and the effect on the wheel being as the velocity 
and as the length of the lever cd, will be denoted by 
i*y{a^x) or x/(ax^ — which therefore must be a maxi- 
mum, or its square — a maximum. In fluxions, 
2axx^Sx^x = 0 ; and hence r = 4 ^ r; 8 feet the radius. 

But if the water be considered as 



conducted so as to strike on the bottom 
of the wheel, as in the annexed figure, 
it will then strike the \^heel with* its 
greatest velocity, and there can bc no 
limit to the si:£e of the wheel, since the 
greater the radius or lever bc, the 
greater will be the effect. 

In the case of an overshot wheel, 
« — 2ar will be the fall of water, %/{a ^ 2x) 
as the velocity, and X'/ia — or 
— 2.r^) the effect, then ax^—2x^ 
is a maximum, and 2axx—63^x = 0; 
hence x r: 4a = 4 feet is the radius of 
the wheel. „ 



But all these calculations are to be considered as independ- 
ent of the resistance of the wheel, and of the weight of thA 
water in the buckets of it. 


PROBLEM 15. 

What angle must a projectile make with the plane of the 
horizon^ discharged with a given velocity v, .so as to describe 
in its fight a parabola including the greatest area possible f 

By the set of theorems in art. 92 pa. 156 voL 2, for any 
proposed angle, there can be assigned expressions for the 
hori2ontal range and the greatest height the prqjeaile rises 
to, that is the base and axis of the parabolic trajectory. Thus, 
putting s and c for the sine and cosine of the ai^^te of dota- 
tion ; 





Slf 

tbn j then, by the first Ifee of those theorems, the velocity 
being t), the horizontal range r is =r j and, by the 4th 

or last line of theorems, the greatest height H is =; V. 
But, by the parabola, y of the product o{ thei bafee or range 
and the height is the', area, which is now required to be the 
greatest possible. Therefore k x H ::: :k intist 

be a maximum, or, rejecting the constant factors, a maxH 
mum. But the co.sine of the angle whose sine is is 
V'( 1 ; therefore s^c zz iV(l *-* ““ the 

maximum, or its square / — s’ a maximum. In fluxions 
Sn^s — 8a’^ 5' 0 :r y — 4y* ; hence 4.v^ r: 3, or s* rr and 

s zz iV A ^ '8660254, the sine of 60**, which is the angle of 
elevation to produce a parabolic trajectory of the greatest 
area. 


PROBLEM 14. 

Suppose a cannoji were discharged at the point a ; it is 
required to determine how hi^/i in the air the point c must 
be raised above the horizontal line ab, so that a person at c 
letting fall a leaden bullet at the moment of the cannon's 
explosion^ it may arrive at b at the same instant as he htars 
the report of the cannon^ but not till of a second after 
ilu sound arrives at b : supposing the vt ioevy of sound to be 
iMOfett per second, and that ike bullet falls freely without 
any resistance from the air ? 

Let X denote the time in which the 
sound passes to c ; then will x — • rVi be 
the time in passing to u, and x the time 
also the bullet is falling through cb. 

Then, by uniform motion, 1 140x3= a c, 
and I UOx— 114=: ab, also by descents 

gravity, ; x* : : 16 : 16x* = bc. J'hen, by right-angled 
triangles, ac*— ab% that is 1 140V® — 1 1 40V*— 

4^4 X lJ40.r 4- 114®, hence 224 x J140x— 16V* =: 114% 
or lOld’Sx — x*’ = 50*7'7, the root of which equa, isx=? 10*03 
seconds, or nearly 10 seconds j coiiseq. BC = = 1610 feet 

nearly, the height required. 

PROBLEM IS. ^ 

Required the quantity, in cubic feet, of light earth, neq^s» 
sary to form a l^nk on the side of a canal, which will Just 
support u pressure of water 5 feet deep^ and .100 feet hng* 
Ami what, will tfie cpriioge of the earth cost, at the rate of 
) shMing per ton f 
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This questipn may be considered as 
relating either to water sqstained by a 
solid waih or by a bank of loose earth. 

the former case, let abo denote the 
wall, sustaining the pressure of the water 
behind it. Put the whole altitude aB 
= tf, the base bc or thickness at bottom 
= by any variable depth ad = x, and 
the thickness there de = y. Now the cTOCt whidi any nutn- 
ber of particles of the fluid pressing at have to break the 
wall at B, or to overturn it there, is as the number of particles 
AD or x, and as the lever bd = « — jr ; therefore the fluxion 
of the effect of all the forces is (a — x'^x = axx — the 
fluent of which is wdiich, when r =: n, is for 

the whole effect to break or overturn the wall at b ; and the 
effects of the pressure to break at B and D will bc as ab’ and 
AD^. But the strength of the wall at d, to resist the fracture 
there, like the lateral strength of timber, as the square of 
the thickness, Hence the curve Hne aec, bounding 

the back of the wall, so as to be every where equally strong, 
is of such a nature, that is always proportional to or y 

as and is therefore what is called the semicubical parabola. 

Now, to find the area ABC, or content of the wall bounded 
by this convex curve^ the general fluxion of the area^ir be- 
comes r^'x^ the fluent of which is \x^ =: = ^xi/y that 

is I of the rectangle ab x BCj and is therefore less than the 
triangle abc, of the same base and height, in the proportion 
of to or of 4 to 5. 

But in the case of a bank of made 
earth, it would not stand with that 
concave form of outside, if it were ne- 
cessary, but would dispose itself in a 
straight line ac, forming a triangular 
bank abc. And even if this were not 
the case naturally, it would be proper 
to make it such by art ; because now 
neither is the bank to be broken as with the effect of the 
lever, or overturned about the pivot or point c, nor docs it 
resist the fracture by the effect of a lever, as before ; but, o\i 
the contrary, every j^oint is attempted to be pushed horizon- 
tally outwards, by the horizontal pressure of the water, and 
it is. resisted by the Weight or resistance of the earth at any 
part, DE. Here then, by hydrostatics, the presiure of the 
water against any point D, is as the depth ad ; and^in the 
triangle of earth adb, the resisting qUinti^ in DE U as de, 

which 
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'Vtiuch 15 also to AD by siimlnr IriaDgles^ So 

that, at every poini J> m the 4epth, tte pi^e»titre of the WiMjwp 
and the mistance of the soil, meam #xi« tmngular 
form, inct:easD4h th^ same propm^mk and and th# 

earth :s(rill everywhere ixnituaUy balance each other, iim mj 
as B, the thickness BC of earth be taken each as to 
balance the pressure of the water at b, and then the stra%lM: 
line* AC be drawn,* nj, determine the miter sh^ of thet earth, 
" All the ear#i that is afterwards placed against ike side AC, lor 
a convenient breadth at top for a walking path, &c, will dso 
give the whole a sufficient security. * 

But now to adapt these principle^ to the numeral calcnla^ 
tion proposed in the question ; the pre^Slire of water agaiast 
the point B being denoted by the side ab == 5 feet, and the 
weight of water being to earth as 1000 to 19$4, therefore as 
1984 : 1000 ; : 5 : 2*52 — BC, the thickness of eartb which 
will just balance the pressure of the water there ; hence the 
area of the trian|de abc si |^ae x bc :5: 2i- X 2*32 = 6*3 ) 
this mult, by the length $00, gives 1890 cubic feet for the 
quantity of Wth in the bank ; and this multiplied by 1984 
ounces, the weight of 1 cubic foot, gives, for the weight of it, 
3749760 ounces = 23486C&$ == 104*625 tons j the expense 
^f which, at 1 shilling the ton, is 51. 4s. 7idt 

PROBLEM 16 . 

A p€r$m stiandif7£ at the dhtance of \{) feet from the boU 
tom of a wally which is supposed perfectly smooth and hard^ 
desires to ^ know in what direction he must throw an elastic 
ball against it, with a velocity of 80 feet per second, so that^ 
after rejldtlmifrom the walt^ it may fall at the greatest dis<^ 
lance possible from the bottom, on the horizontal plane, which 
is below the hand discharging the ball f 

In the annexed figure let dr 
be the wall against which the 
ball, is throwjD, from the point 
A, in si|ch a direction, that it 
shall describe* the parabolic 
curve AE before striking the 
wall, Wd afterwards be so reflected as io describe the curv^ 
EP. Now If '1^ be the tangent at the point E, to |he curve 
hM described before die reflecdon, and ef the tangent at the 
Wle poji 4 |;jt-^ <;»rye which the ball will describe after re- 
angle ref be =5? ces ; and if the curve 
M be ^oduced, so AS toJwe g^f for its it will«neet 

4% jf^qced III tosSciitg BC cz Aq, amd the curve ae will be 
V, , ' ' similar 
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similar and equal to the portion be of the parabola bep, but 
turned the contrary way^ Conceiving either the two curves 
AE and EP, or the continued curve bep, to be described by 
a projectile in its motion* it is manifest that, whether the 
greater portion of the curve be described before or after the 
ball reaches the wall pR, will depend on its initial velocity, 
and on the distance ac or nc, and on the angle of projection. 
The problem then is now reduced to this, viz, To find the 
angle at which a ball shall be projected from b, with a given 
impetus, so that the distance dp, at which it falls, from the 
given point d, on the plane dp, parallel to the horizon, shall 
be a maximum. 

Now this problem may be 
constructed in the following 
manner : From any point E 
in the horizontal line dc, 
let fall the indefinite perp. 

EG, on which set off E u 
the impetus corresponding 
to the given velocity, and bi =: the distane'e of the hori- 
zontal plane below the point of projection ; also, through r 
draw AP parallel to dc. From the point b set off bp = be 
-f LI, and bisect the angle ebp by the line bh : then will Pir 
be the required direction of the ball, and ip the niuximum 
range on the plane ap. 

For, since the ball moves from the point b, with the velo- 
city acquired by falling through EB, it is manifest, from p. 256 
vol, that DC is the directrix of the parabola described by 
the ball. And since both b and P are points in the curve, 
each of them must, from the nature of the parabola, be as far 
from the focus as it is from the directrix ; therefore b and 
r will be the greatest distan'ce from each efther when the focus 
F is directly between them, that is, when bp = be -h cp. 
And when bp is a maximum, since bi is constant, it is ob- 
vious that IP is a maximum too. Also, the angle fbh being 
:= EBH, the line bh is a tangent to the parabola at the point 
E, and consequently it is the direction necessary to give the 
range iP. . 

Co?\ 1. When b coincides with i, ip will be = bp = 
EE + El = 2 ei, and^the angle ebh will be 45® : as is also 
manifest from the common modes of investigation. 

Co7\ 2. When tJie impetus corresponding to the initial 
velocity of the ball is very great compared with AC or bC 
(fig. 1), then the part AE of the curve will very nearly coin- 
cide with its tangent, and the direction and velocity at a may 
be accounted the same as those at e without any sensible 
Vol. hi. Y 
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error. In this case too the impetus be (fig. 2) will be very 
great compared with bi, and consequently, b and i nearly 
coinciding, the angle ebh will differ but little from 4'5°. 

CalcuU From the foregoing construction the calculation , 
will be very easy. Thus, the first velocity being 80 feet = x?, 

then (voL 2 pa. 156) = 99*48186 == be the im- 

petus j hence ei fp =■ 10 1*9 8 186, and bp = be + ei ~ 

20 1*463*72, Now, in the right-angled triangle bip, the sides 
BI and BP are known, hence ip = 20T4482, and the angle 
IBP =89'' 17' 20": half the suppl. of this angle is 45° 21' 20'^ 

= EBH. And, in fig. 1, ip ID == 201*4482 — 10 =r 
191-4482 = DP, the distance the ball falls from the wall after 
reflection. 

PROBLEM 17. 

Fnmi what height above the given point a must an elastic 
ball be suffered to desceyid freely by gravity ^ so tkat^ after 
striking the hard plane at b, it may be rejected back again 
to the point a, in the least time possible from the instant of 
dropping it ? 

Let c be the point required ; and put Ac = Xj and 
AB = <7 ; then -|-a:)is the time in cb, 

and i'V'cA = \Vx is the time in ca: therefore a 
+ ‘^) — i is the time down ab, or the time 
of rising from b to a again : hence the whole time of 
falling through CB and returning to A, is i\/{a-\- x) 

— wdiich must be a min. or 2 {a + x) — ^/x b 

a minimum, in fluxions — ^ — • — rr— = 0, and hence 
sc = that is, ac = |ab. 

PROBLEM IB. 

Given the height of an inclined plane ; requhed its lengthy 
so that a gi^pn power acting on a given weight, in a direr- 
tion parallel to the plane , may draw it up in the least time 
possible. 

Let a denote the height of the plane, x its length, p the 
power, and w the Weight. Now the tendency down the plane 

avi' 

. ato . ««J - • r 1 ^ 

IS = — , hence p — — ^ = the motive force, and 

^ accelerating force f ; hence, by the theorems 

for constant forces, pa. S42 vol. 2, /* = A =r must 

' r ^ $J ^x^aw)c 

b<5‘ 
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* * • t’* 

be a mininaum, or a min. ; in fluxions, 2[pj^ “~(iw)xx 

— px^x =:= 0, or px =; 2aWy and hence p : w i: 2a : x : : 
double the height of the plane to its length. 


PROBLEM 19. 

A cylinder of oak is depressed in water till its top is just 
level with the surface , and then is suffered to ascend ; it is 
required to determine the greatest altitude to which it will 
rise, and the time of Us ascent,* 

Let a = the length, and b the area or base of the cylinder, 
m the specific gravity of oak, that of water being 1, also x 
any variable heiglit through which the cylinder has ascended. 
Then, a — x being the part still immersed in the water, 
(a — .* ) X (> X 1 (^a—x)() is the force of tlie water upwards 

to raise the cylinder ; and a x b x m = ahm is the weight 
of the cylinder opposing its ascent ; therefore the efficacious 
force to raise the cylinder is {a — x)b — ahm ; and, the mass 
being al)7n, the accelerating force is 

{a -~x)h-^iit>ni a—x — am an-^x ^ 

atm am *am 

putting n 1 — 9n the difTerence between the specific gra- 
vities of water and oak. 

Now if X) denote the velocity of ascent at the same time 
when .V space is ascended, then by the theorems for variable 

• , 30 

forces, vv x (anx — xx), therefore 

32 ^afiv Y® 

— X (2anx — a-), and v zz 8^'^— : but when 

the cylinder has acquired its greatest ascent, v and =i 0, 
therefore 2anx — x^ = 0, and helice x = 2an the part of the 
cylinder that rises out of the water, being = T5a or of 
its length. 

To find when the velocity is the greatest, the factor Cafix 
, — in the velocity must be a max. then 2anx = O, 

'|nd X = an, being the height above the water when the ve- 
locity is the greatest, and which it appears is just equal to the 
4alf of 2an above found for the greatest rise, when the up- 
ward motion ceases, and the cylinder descends again to the 

J mc depth as at first, after which it again returns ascending 
before ; and so on, continually playing up and down to 
the same highest and lowest points, like the vibrations of a 
pendulum, the motion ceasing in both cases in a similar man- 
ner at the extreme points, then returning, it gradually acce- 
lerates till arriving at tlic middle point, where it is the 
greatest, then gradually retarding all the way to the next 

Y 2 extremity 
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extremity of the vibration, thus making all the vibrations in 
equal lime*;, to the same extent between the highest and 
lowest points, except that, by the small tenacity and friction 
See of the water against the sides of the cylinder, it will be 
gradually and slow ly retarded in its motion, and the extent 
of the vibrations decrease till at length the cylinder, like the 
pendulum, come to rest in the middle point of its vibrations, 
where it naturally floats in its quiescent state, with the part 
na of its length above the water. 

The quantity of the greatest velocity will be found, by 
•nbstituting m for .r, in the general value of the velocity 

8 , when it becomes = ly'a very nearly, 

the value of 77i being ‘925, and consequently that of « == 1 


To find the time t answering to any -space Jr. Here 
^ ~ z: — TT- ; «= X " 7 ^ ;r, and by the 1 Sth 


8 ^- 


^U(fX • 


32 


^ma 


form the fluent is t x A, where a denotes the 

circular arc to radius 1 and versed sine — . Now at the mid- 


dle of a vibration x is na. and then the vers. — = ~ = 1 

na na 

the radius, and k is the quadrantal arc = 1*5708 ; then the 
flu. becomes x 1 *5708 = *17 1-5708 = *267 

for ihe time of a semivibration ; hence the time of each whole 
vibration is *534 v/a = which time therefore dependr. 

on the length of the cylinder a. To make this time = 1 
second, a must be ( y very nearly = 3 J feet or 42 inches. 
That is, the oaken cylinder of 42 inches length makes its 
vertical vibrations each in 1 second of time, or is isochronous 
with a common pendulum of 39-}- inches long, the extent of 
each vibration of the former being inches. 


% 
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Required to determine the quantity of matter hi a sphere^ 
the density varying as the nth power of the distance from 
tiie centre ? 


Let r denote the radius of the sphere, d the density at 
its surface, ff = 3*1416 the area of a circle whose radius is 1, 
and X any distance from the centre. Then will be the 
surface of a sphere whose radius is .r, which may be consi- 
dered by expansion as generating the magnitude of the solid \ 
therefore will be the fluxion of the magnitude ; bus: 

as 



^Komscvovn sxsiieisB$. 


sei 


as r" : x* : \ d the density at the distance jt, therefore 
X ~ ^ fluxion of the mass, the 

liuent of which - , when jr = r, is — the quan^ 

(f2-h5)r»^ ' « + 3 ’ ^ 

tity of the matter in the whole sphere. 

Coro/. 1 . The magnitude of a sphere whose radius is r, 
being j-ar\ which call m ; then the mass or solid content will 

be X Mf and the mean density is 
n + i> ' 'n + 3 


CoroL 2, It having been computed, from actual experi- 
ments, that the medium density of the whole mass of the 
earth is about times the density d at the surface, we can 
now determine what 'n the exponent of the decreasing ratio 
of the density from the centre to the circumference, sup- 
posing it to decrease by a regular law, viz, as r"i for then it 

will be {d s= and hence == — 4* So that, in this 


case, the lawof decrease is as r or as ~ , that is, inversely 
as the f power of the radius. 


PROBLEM 2u 

Required to determine wh'>re a body^ morving down the 
convex side of a cycloid, will fiy off and quit the curve^ 

Let AVEB represent the cy- 
cloid, the properties of which 
may be seen at arts, 14*6 and 
ll7 vol. 2, and VDC its generat- 
ing semici cle.^ Let E be the 
point where the motion com- 
mences, whence it moves along the curve, i^ velocity in* 
creasing both on the curve, and also in the horizontal direc- 
tion DF, till it come to such a point, F suppose, that the 
velocity in the latter direction is become a constant quantity, 
then that will be the point whore it will quit the cycloid, and 
afterwards describe a parabola fq, because the horizontal ve» 
locitv in the iatter curve is always the same constant quantity, 
by art. 76 vol. 2. 

Put the diameter vc=:rf, vh = (7, vi =5=jr; then VD=: 
and ID = \^{dx — ,r^). Now the velocity in the curve at F 
in descending down f F, being the same as by falling through 
m or ;f — a, by art. 13y, will be =: 8v^(x — ^)5 but this ve- 
locity 
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Jocity in the curve at F, is to the Jiorizontal velocity there, 
as VD to ID, because vd is parallel to the curve or to the 
tangent at F, that is : : S^/^x — a) : 

8^/<> a) ^ which is the horizontal velocity at p, 

v« ^ 

v^here the body is supposed to have that velocity a constant 
tjuantity; therefore also \/(x — a) x a/(^ — ‘3,), as well as 
{.V — a) X (cZ— jr) = + dx ^ ad — x“ is a constant quan- 

tity, and also ax + dx — 3^ \ but the fluxion of a constant 
quantity is equal to nothing, that is ax dx — 2xx = 0 = 

+ rf — 2Xy ?ind hence x = -f = VI, the aritinnetical 
mean between VH and vc. 

If the motion should commence at V, then x or vi would 
be = and i would be the centre of the semicircle. 

PROBLEM 22. 

1/ a hodiif heg'm to move from a, with a given velocity^ along 
the quadrant of a circle ab; it is required to show at what 
point it will fly off from the curve. 

Let D denote the point where the 
body quits the circle ADR, and then de- 
scribes the parabola de. Draw the or- 
dinate DF; and let ga be the height 
producing the velocity at A. Put ga =</, 

AC or CD =: r, AF ^ .r j then the ve- 
locity in the curve at d will be the same 
as that acquired by falling through gf 
or a+Xi which is, as before, 8 V (a -hx); 
but the velocity in the curve Is to the horizontal velocity as 
Jill to vin or as cD to cf by similar triangles, that is, as 

r :r --X :: + a) : 8y/(.r + a) x which is to 

be a constant quantity where the body leaves the circle, 
therefore also (r— -fa) and (r — x)^ x (a: f n) a con- 
stant quantity ; the fluxion of which made to vanish, gives 



Hence, if a = 0, or the body only commence motion at a, 
then X = j-r, or af = ^ac when it quits the circle at i>. But 
if n or Otf were = or |;Ac, then r-^ 2a = 0, and the body 
would instantly quit the circle at the vertex A, and describe 
a parabola circumscribing it, and having the same vertex A. 



problem 
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PROBLEM £3. 

To determine the position of a bar or beam ab, being sup^ 
ported in e^iiitibrio by two cords ac, bc, having their tivo 
ends fixed in the beamy at a and b. 

By art. 210 vol. 2, the position 
will be such, that its .centre of gra- 
vity G will be in the perpendicular 
or plumb line cg. 

Corol, 1. Draw gd parallel to 
the cord AC. Then the triangle 
CGD, having its three sides in the 
directions of, or parallel to, the three 
forces, viz, the weight of the beam, and the tensions of the 
two cords AC, BC, these three forces will be proportional to 
the three sides rc, gd, cd, respectively, by art. 44 ; that is, 
CG is as thp weight of the beam, gd as the tension or force 
of AC, and cd as the tension or force of bc. 

Corol. 2. If two planes eaf, hiji, perpendicular to the 
two cords, be substituted instead of these, the beam will be 
still supported by the two planes, just the same as before by 
the cords, because the action of the planes is in the direction 
perpendicular to their surface; and the pressure on the planes 
will be just equal to the tension or force of the respective 
cords. So that it is the very same thing, whether the body 
is sustained by the two cords Ac, bc, or by the two planes 
EF, HI ; the directions and quantities of the forces acting at 
A and B being the same in both cases. — Also, if the body be 
made to vibrate about the point .C, the points A, B will de- 
scribe circular coinciding with the touching planes at A, 
B ; and moving the body up and down the planes, will be 
just the same thing as making it vibrate by the cords ; con- 
sequently the body can only rest, in either case, when th^ 
A:entre of gravity is in the perpendicular CG. 

PROBLEM 24. 

To determine the position of the beam ab, hanging by one 
cord ACB, having its ends fastened at a a?id b, and sliding 
freely over a tack or pulley fixed at p. 

G being the centre of gravity of the beam, CG will be per- 
pendicular to the horizon, as in the last problem. Now as 

th? 
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the cord acb moves freely about the point 
c, the tension of the cord is the same in 
every part, or the same both in ac and BC. 

Draw CD parallel to ac : then the sides of 
the triangle cgd are proportional to the 
three forces, the weight and the tensions 
of the string ; that is, CD and DC are as 
the forces or tensions in CB and ca. But 
these tensions are equafl 5 therefore cD = DG, and conseq. 
the opposite angles dcg and dgc are also equal: but the angle 
DGC is =s: the alternate angle acg ; theref. tlie angle acg ^ 
BCG ; and hence the line cc bisects the vertical angle acb, 
and conseq. Ac : CB : : ag : gb. 

PROBLEM 25. 

To determine the position of the beam A b, moveable about 
the end b, and sustained by a ffiven xveight g, hanging by a 
cord A eg, going over a pulley at c, ana fixed to the other 
end A. 

Let w = the weight of the beam, 
ana o denote the place of its cen- 
tre of gravity. Produce the direc- 
tion of the cord ca to meet the 
horizontal line be* in D; also let 
fall AE perp. to BE : then AT. is the 
direction of the weight of the beam, and DA the direction of 
the weight g, the former acting at r. by the lever bg, and 
the latter at A by the lever Tja 5 theref. the intensity of the 
former is xo x bg, and that of the latter g x BA ; but these 
are also proportional to the sines of their direction 

with AB, that is, of the angles bal, and bad *, therefore the 
whole intensity of the former is w x x sin. bae, and of 
the latter it is g x BA x sin. bad. But since these two 

forces balance each other, they arc equal, viz, w x bq x sin. 
bae — g X BA X sin. BAD, and therefore za : g :: BA X sin. 
BAD : BG X sin.'^BAE, OT w X BG : g X BA : : sin. BAD : 
sin. BAE. 




PROBLEM 26. 

To determine the position of the beam AB, sustained by the 
given xmghts niy by means of the cords Acm, ed«, going 
over the fixed pulleys c, d. , 


Let 
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Let G be the place of the centre 
of gravity of the beam. Now the 
effect cf the weight vi, is as m, 
and as the lever ag, 'and as the 
sine of the angle of direction a ; 
and the effect of the weight w, is 
as 97, and as the lever tjg, and as 



the sine of the angle of direction n but these two effects 


are equal, because they balance each other ; that is, x AG 


X sin. A = « X BG X sin. B ; theref. 7?i x AG : n X BG : : 


sin. B : sin. A. 


PROBLEM 27 . 

To determine tiu: 'position of the two posts ad and be, 
supporting the beam ab, so that the beam may rest in 
equilibrio. 

Through the centre of gravity 
G of the beam, draw cg perp. to 
the horizon; from any point c 
in wliich draw cad, cbe through 
the extremities of the beam; then 
AD and BE will be the positions 
of the two posts or props re- 
quired, so as AB may be sustained 
in equilibrio; because the three 
forces sustaining any body in such a state, must be all directed 
to the same point c. 

CoroL If OF be dra wn parallel to cd; then the quantities 
of the three forces balancing the beam, will be proportional 
to the three sides of tlie triangle cgf, viz, cg as the weight 
of the beam, cF as the thrust or pressure in be, and fg as the 
thrust or pressure in ad. 

Scholium. The equilibrium may be equally maintained by 
the two posts or props ad, be, as by the two cords Ac, Bc, 
or by two planes at a and b perp, to those<ords. — It does not 
always happen that the centre of gravity is at the lov^est place 
to which it can get, to make an equilibrium; for here when 
the beam ab is supported by the posts da, eb, the centre of 
gravity is at the highest it can get ; and being in that posi- 
tion, it is not disposed to move one way more than another, 
and therefore it is as truly in equilibrio, as if the centre was at 
the lowest point. It is true this is only a tottering equili- 
brium, and any the least force will destroy it ; and then, if 
the beam and posts be moveable about the angles a, b, d, k, 

which 
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which is all along supposed, the beam will descend till it is 
below the points d, e, and gain such a position as is described 
in prob. 26, supposing the cords taxed at c and D, in the fig* 
to that pro^. and then g will be at the lowest point, coming 
there to an equilibrium again. In planes, the centre of gra- 
vity o may be either at its highest or lowest point, Apd 
there are cases, when that centre is neither at its highest nor 
lowest point, as may happen in the case of 4 >rob. 24. 

PROBLEM 28. 

Sitpposivg the beam ab hanging by a pin at b, and Ijying 
onjhe wall ac ; it is required to determine the forces or 
pressures at the points a and b, arid their directions. 

Draw AD perp. to ab, and through 
G, the centre of gravity of the beam, 
draw GD perp. to the horizon ; and 
join BD. Then the weight of the 
beam, and the two forces or pres- 
sures at A and b, will be in the di- 
rections of the three sides of the 
trmgle ADGj or in the directions 
of, and proportional to, the three 
sides of the triangle gdh, having 
drawn gh parallel to bd •, viz, the weight of the beam as gd, 
the pressure at A as hd, and the pressure at B as gh, and in 
these directions. 

Bor, the action of the beam is in the direction gd j and 
the action of the wall at A, is in the perp. ad ; conseq. the 
stress on the pin at n must be in the direction bd, because 
all the three forces sustaining a body in equilibrio, must tend 
to the same point, as d. 

CoroL 1 . If the beam were supported by a pin at A, and 
laid upon the wall at b ; the like construction must be made 
at B, as has been done at a, and then the forces and their 
directions will be obtained. 

Carol. 2. It is all the same thing, whether the beam is 
sustained by the pin B and the wall Ac, or by two cords be, 
AF, acting in the directions db, pa, and with the forces 
HO, HD. 

PROBLEM 29^ 

To determine the Quantities and Directions of the Forces^ 
excited by a heavy beam ab, at its two Extremities and its 
Centre of Gravity y bearing against a perp. rmll at its upper 
end B. 



From 
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From B draw Bc perp. to the face of 
the wall BE, which will be the direction 
of the force at b *, aUo through G, the 
centre of gravity, draw cgd perp. to 
the horizontal line ae, then cd is the 
direction of the weight of the beam j 
and because these two forces meet in 
the point c, the third force or push A, must be in CA, directly 
from c ; so that the three forces are in the directions cd, bc, 
CA, or in the directions CD, da, Ca ; and, these last three 
forming a triangle, the three forces are not only in those di- 
rections, but are also proportional to these three lines 5 viz, 
the weight in or on the beam, as the line cd 5 the push against 
the >vall at B, as the horizontal line ad •, and the thrust at 
the bottom, as the line 

Some of the foregoing problems will be found useful In 
different cases of carpentry, especially in adapting the framing 
of the roofs of buildings, so as to be nearest in equilibrio in 
all their parts. And the last problem, in particular, will be 
very useful in determining the push or thrust of any arch 
against its piers or abutments, and thence to assign their 
thickness necessary to resist that piish. The following pro- 
blem will also bc of great use in adjusting the form of a 
mansard roof, or of an arch, and the thickness of every part, 

as to bc triiiy balanced in a state of just equilibrium. 



PROBLEM 30. 

Let there he any number of lines ^ or bars, or beams, ae, 
BC, CD, DE, Kc, all in the same rcrii cal plane, connected to- 
gether and freely moveable about the joints or angles A, b, 
"c, D, E, yU'] and kept in equihbrio by weights laid on the an- 
gles : It is required to assign the proportion of those weights ; 
as also the force or qmsh in the direction of the said lines ; and 
the Imhonial thrust at every angle. 

Througli any 
point, as d, draw 
a vertical line 
ci'ong See-, to 
which, from any 
point, as c, draw 
lines in the direc- 
tion of, or paral- 
lel to, the given lines or beams, viz, Cfl parallel to ab, and cb 
parallel to bc, and ce to de, and c/*to ef, and to fg, &c ; 

also 
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also CH parallel to the hori7^onj or 'perpendicular to die ver- 
tical line adfj[y in which also all these parallels terminate. 

Then will all those lines be exactly proportional to the 
forces acting or exerted in the directions to which they are 
parallel, andof all the tliree kinds, viz, vertical, horizontal, 
and oblique. That is, the oblique forces or thrusts in direc- 
tion of the bars AB, BO, CD, DE, KF, FG, 

ire proportional to their parallels ca, cb^ cd, ce, c/, •, 

and the vertical weights on the angles b, c, d, e, f, &c. 

are as the parts of the vertical . ab^ 6d, m', ^J\ f §9 

and the weight of the whole frame a b c d £ f G, 
is proportional to the sum of alf the verticals, or to also 
the horizontal thrust at every angle, is eVery where the same 
constant quantity, and is expressed by the constiint horizon- 
tal line CH. 

Dt:v}oni>traiion, All these proportions of the forces derive 
and follow immediately from the general well-known pro- 
perty, in Statics, that when any forces balance and keep each 
other in equilibrio, they are respectively in proportion as the 
lines drawn parallel to their directions, and terminating each 
other. 

Thus, the point or angle b is kept in equilibrio by three 
forces, viz, the weight laid and acting vertically downward 
on that point, and by the two oblique forces or thrusts of the 
two beams ab, cb, and in these directions. But ca is parallel 
to AO, and cA to bc, and ab to jd^c vertical weight ; these 
three forces are therefore proportional to the three lines ab^ 
ca, c6. 

In like manner, the angle c is kept in its position by the 
weight laid and acting \ertically on it, and by the two oblique 
forces or thrusts in the direction of the bars bc, cd ; conse- 
quently these three forces are prop<»rtional to the three lines 
bUf cbj CD, which are parallel to them. 

Also, I he three forces keeping the point D in its position, 
are proportional to their three parallel lines, CD, ce. And 
the three forces balancing the angle E, are proportional to 
their th^ee parallel lines rj\ ce, cf. And the three forces 
balancing the angle F, are proportional to their three parallel 
lines c/, eg. And .so on continually, the oblique forces 
or thrust in the directions of the bars or beams, being al- 
ways prrportional to the parts of the lines parallel to them, 
intercepted by the common vertical line ; while the vertical 
force.'i or weights, acting or laid on the angles, are propor- 
tional lo the parts of this vertical line intercepted by the two 
lines parallel to the lines of the corresponding angles. 

Again, with regard to the horizontal force or thiast : since 
^ the 
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the Ihw? BC represents, or is proportional to the force in the 
direction DC, arising feom the weight or pressure on the angle 
D; and since the obliq^>e force PC equivalent to, and re- 
solves into, the two dh, hc, and in those directions, by the 
resolution of forces, viz, the vertical force DH,.an4 the hori^ 
zontal force H€ ; it follows, that the horizontal force or thrust 
at the angle d, is proportional to the line ch j and the par| 
of the vertical force or weight on the angle n, which prd* 
duces the oblique force pc, is proportional to the part of the 
vertical line dh. 

In like manner, the oblique force c^, acting at c, in the 
direction CB, resolves into the two hc ; therefore the 
horizontal force or thrust at the angle c, is expressed by the 
line CH, the very same as it was before for the angle D ; and 
the vertical pressure at c, arising from the weights on both p 
and c, is denoted by the vertical line bn. 

Also, the oblique force r/c, acting at the angle B, in the 
direction b a, resolves into the two <7H, Hc ; therefore again 
the horizontal thrust at the angle B, is represented by the line 
CH» the very same as it was at the points c and D i and the 
vertical pressure at b, arising from the weights on B, c, and 
P, is expressed by the part of the Vertical line flfH. 

Thus also, the oblique force c^, in direction db, reives 
into the two ch, h^, being the same horizontal force, witn the 
vertical He ; and the oblique force c/, in direction ef, re- 
solves into the two ch, and the oblique force qj?*, in 
direction FG, resolves intnthe two CH, ng y and the oblique 
force cgi in direction fg, resolves into the two CH, and 
so on continually, the horizontal force at every point being 
expressed by the same constant line ch i and the vertical 
pressures on the angles by the parts of the .verticals, viz, an 
the whole vertical pressure at B, from the weights on the 
angle b, c, d : and 6 h the whole pressure on c from the 
weights on c and D ; and dh the part of the weight on D 
causing the oblique force DC i and He the other part of the 
weight on D causing the oblique pressure DB ; and H/ the 
whole vertical pressure at s from the weights on D and E s 
and Hg the whole vertical pressure on f arising from the 
weights laid on D, £, and F. And so on. 

So that, on the whole, an denotes the whole weight on 
the points from D to A i and Hg the whole weight on the 
points from D to g ; and ag the whole weight on all the 
points on both sides ; while />D, Dtf, f/, Jg express the 
several particular weights, laid on the angles b, c, D, e, f. 

Also, the horizontal thrust is everywhere the same con- 
stant quantityi and is denoted by the line ca. 


Lastly, 
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Lastly, tlie several oblique forces or thrusts, in the 
tions AB, BC, CD, DE, EP, FC, are expressed by, or are pro- 
jx)rtional to, their corresponding parallel lines, ca, c6, cD, 
C€y c/; C^. 

Carol, L It is obvious, and remarkable, that the lengths 
of the bars ab, bc, &c, do not aflfect or alter the proportions 
of any of these loads or thrusts ; since all the lines ca^ ci, abj 
&c, remain the same, whatever be the lengths of ab, bc, &c. 
The positions of the bars, and the weights on the angles de- 
pending mutually on each other, as well as the horizontal 
and oblique thrusts. Thus, if there be given the position of 
DC, and the weights or loads laid on the angles D, c, B ; set 
these on the vertical, dh, d6, ba^ then cJ, cagive the direc- 
tions or positions of CB, BA, as well as the quantity or pro- 
portion CH of the constant horizontal thrust. 

Carol, (2. If CH be made radius ; then it is evident that 
ua is the tangent, and ca the secant of the elevation of ca or 
AB above the horizon *, also ni is the tangent and c/> the se- 
cant of tlie elevation of cb or CB ; also HD and cd the tangent 
and secant of the elevation of cd j also ne and ce the tangent 
and secant of the elevation of qc or de ; also nf and c/ the 
tangent and secant of the elevation of ef ; and so on ; also 
the parts of the vertical aby /;d, denoting the weights 

laid on the several angles, are the ditfcrences of the said 
tangents of elevations. Hence then in general, 

1st. The oblique thrusts, in the j|.irc(!!lions of the bars, are 
to one another, directly in proportibn as the secants of their 
angles of elevation above the horizontal directions ; or, which 
is the same thing, reciprocally proportional to the cosines of 
the same elevations, or reciprocally proportional to the sines 
of the vertical angles, a, by d, e^ fy gy &c, made by the ver- 
tical line with the several directions of the bars •, because the 
secants of any angles are always reciprocally in proportion 
their cosines. 

The weight or load laid on each angle, is directly pro- 
portional to the difference between the tangents of the ele- 
vations above the horizon, of the two lines which form the 
angle. 

The horizontal thrust at every angle, is the same con- 
stant quantity, and has the same proportion to the weight on 
the top of the uppermost bar, as radiu-S has to the tangent of 
the elevation of that bar. Or, as the whole vertical agy is to 
the line ch, so is the weight of the whole assemblage of bars, 
to the horizontal thrust. Other properties also, concerning 
the weights and the thrusts, might be pointed out, but they 
are less simple and elegant than the above, and are therefore 
^ omitted ; 
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omitted; the following only excepted, which arfe inserted 
here on account of their usefulness. . 

CoroL 3. It may hcfjice be deduced also, that the weight 
or pressure laid on any angle, is directly proportional to the 
continual product of the sine of that angie and of the secants 
of the elevations of the bars or lines which form it. Thus, 
in the triangle ftcD, in which the side Id is proportional to 
the weight laid on the angle c, because the sides of any tri- 
angle are to one another as the sines of their opposite angles, 
therefore as sin. O : ci : : sin. icD : 6d 5 that is, is as 

X ci ; but the sine of angle d is the cosine of the 

Hill. 11 ^ ^ ® 

elevation dch, and the cosine of any angle is reciprocally 
proportional to the seennt, therefore Ad is as sin. Acd x sec. 
t)CH X cb •, and cb being as the secant of the angle Ach of 
the elevation of Ac or bc above the horizon, therefore Ad is 
as sin. Acd X sec. Ach X sec. dch ; and the sine of Acd 
being the same as the sine of its supplement BCD ; therefore 
the weight on the angle c, which is as An, is as the sin. BCD 
X sec. D('H X sec, Ach, that is, as the continual product of 
the sine of that angle, and the secar\ts of the elevations of its 
two sides above the horizon. 

CoroL 4. Further, it easily appears also, that the same 
weight on any angle c, is directly proportional to the sine of 
that angle bcd, and invepely proportional to the sines of 
the two parts ucp, dcp, into which the same angle is divided 
by the vertical line CP. For the secants of angles are reci- 
procally proportional to their cosines or sines of their com- 
plements : but BCP = cAh, is the component of the eleva- 
tion Ach, and dcp is the complement of the elevation dch ; 
thengfore the secant of Ach x secant of dch is reciprocally 
as the sin. bcp x sin, dcp ; also the sine of Acd is = the 
sine of its supplement BCD ; consequently the weight on the 
angle c, which is proportional to sin. Acd X sec. Acn X 

sec. DCH, is also proportional to , wheh the 

whole frame or series of angles is balanced, or kept in equi- 
librio, by the weights on the angles ; the same as in the 
preceding proposition. 

Scholium. The foregoing proposition is very fruitful in 
its practical consequences, and contains the whole theory of 
arches, which may be deduced from the premises by sup- 
posing the constituting bars to become very short, like arch 
stones, so a.y to form the curve of an arch. It appears too, 
that the horizontal thrust, which is constant or uniformly the 

same 
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same thrcmghout> is a proper mea'^ing unit, by means of 
which to estimate the other thrusts and pressures, as they 
are all determinable from it and the given positions ; and the 
value of it, as appears above, may be easily computed from 
the uppermost or vertical part alone, or from the whole as- 
semblage together, or from any part of the whole, counted 
from the top downwards. 

The solution of the foregoing proposhion depends on this 
consideration, viz, that an assemblage of bars or beams, being 
connected together by joints at their extremities, and freely 
movable about them, may be placed in such a vertical posi- 
tion, as to be exactly balanced, or kept in equilibrio, by their 
mutual thrusts and pressures at the joints ; and that the effect 
will be the same if the bars themselves be considered as with- 
out weight, and the angles be pressed down by laying on 
them weights which shall be equal to the vertical pressures 
at the same angles, produced by the bars in the case when 
they are considered as endued with their own natural weights. 
And as we have found that the bars may be of any length, 
without affecting the general properties and proportions of 
the thrusts and pressures, therefore by supposing them to 
become short, like arch stones, it is plain that we shall then 
have the same principles. 'and properties accommodated to a 
real arch of equililwration, or one that supports itself in a per- 
fect balance. It may be further observed, that the conclu- 
sions here derived, in this proposition and its corollaries, 
exactly agree with those derived in a very different way, in 
my principles of bridges, viz, in propositions I and 2, and 
their corollaries. 


PROBLEM 31 . 

If the ^holc figure in the last problem be inverted ^ o> 
turned round the horizontal line ag as an axis, dill it be com^ 
pletely reversed^ or in the same vertical plane below the first 
position y^each angle d, d, Kc, being in the same plumb line; 
and if weights 1, m, w, which are respectively equal to 
the weights laid on the angles b, c, d, k, f, of the first figure, 
be now suspended by threads from the corresponding angles 
by £, d, e/f, of thelower figure ; it is required to show that 
those weights keep this figure in exact equilibrio, the same as 
the former, and all the tensions or forces in the latter case, 
whether vertical or ho^nzontal or oblique, will he exactly equal 
to the com*spo7tding forces of weight or pressure of thrust 
in the like directions of the first figure* 


This 
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This n^JcessarUy hajfflens, from the equality of the weights* 
and the similarity of the positions* and actions of the whole 
in both cases, '^Thus, from the equality of the corresponding 
weights* at the like angles, the ratios of the weights, 

&c, in the lower figure, arc the very same as those» ubf 
bDy ©H, He, &c, in the upper figure; and from the equality 
of the constant horizontal forces €H, €h, and the similarity 
of the positions, the corresponding \erti^al lii^es, denoting 
the weights, are equal, namely, ab = ab^ bo bd^ PH =5 ^ 
&c. The same may be s;ud of the oblique liqes also, ca^ ck^ 
&c, which beii^ parallel to the beams a£, bc^ &c, will denote 
the tensions oftheaf, in the dweetion of their length, the 
same as the oblique thrusts or pushes in the upper figures* 
Thus, all the corresponding weights and actions, and posi*^ 
tions, in the two situations, being exactly equal and similar* 
changing only drawing and tension for pushing and thrust- 
ing, the balance and equilibiium of the upper figure is still 
preserved the same in the hanging festoon or lower one, 
Scholium, The same figure, it is evident, will also arise, 
if the same weights, i, k\ ^ t2, be suspended at like dis- 

tances bty &c, on a thread, or cord, or chain, &c, having 
in itself little or no weight, tor the equality of the weights, 
and their directions and distances, will put the whole line, 
when they come to equilibrium, into the same festoon shape 
of figure. So that, whatever properties are inferred in the 
corollaries to the foregoing proK will equally appjy to the 
festoon or loNver figure hanging m equilibria. , . , " 
This is a most useful princide in all cases of equilifcriumSi 
especially to the mere juactJtm mechanist, and enables him 
in 'an experimental way to resolve problems, which the best 
tnathematicians have found it no easy matter to effect by 
Vot. ni. Z mere 
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mere computation. ?ajc thi^ ^ wmple mA eaiy w«jr lie 
obtains the sh^pe of^ ©quilibi^ted arcfe m *li<i thus 

also he readily obt^bs the posmom <« the f aftc^rs frame 

of an ecjuUibrated curb or mansard ruof^ a single ^st$mce of 
"wrhjch may serve to show the eitteut andsnses te which it 
may be applied Thus, if it should be fequhed to make a 
6irb frame rocif hating a given 
tridth aE, and Consisting of foor 
rafters ab, bc, on, de, which shall 
eSihe/ be equal orb any p^en pro- 
drtion to each other. There can 
e no doubt but that the best form 



nf the roof will be that which pots 

all its parts b equilibno, so that there maybe no unbalanced 
parts which may require the aid of tics or stays to keep the 
frame in its position Her^ the mechanic has nothing to do, 
hut to take four like but smMl pieces, that are either Oqital 
or b the sabe given proportions as those proposed, and cOn-# 
hect them closely together at the joints a, b, c, n, E,by pbs 
Of strings, so as to be freely moveable about them , 
suspend this from two pins a, e, 
hmed t« a horizontal line, and the 
Chain of the pieces will arrange 
hmejf b tinch a festoon or form, 

B^cde, that all its parts will come 
to^rest in eqqflbno* Then, by 
inverting the ftgure, it will ex- 
hibit the form and frame of a 
curb roof a^y^e, which will also 
he in equilibrio, the thrusts of 
the pitces now balancing each 
hHwr, in the same manner as was done by tlw mutual pulls 
or tensions of the hanging festoon abede. By varying the 
distance (Wf of the points of suTOcnsion, moving them nearer 
to, or farther off, the chain will take diftetentr forms ; then 
the frame abCoe may be made similar to that form which 
has the most pleasing or convenient shape) found aboye as % 
modeh 

Indeed this principle is exceeding fruttfol in its pjractkal 
confleqacnices. It is easy to ^perceive that it ^ntai^s fhe 
whole theory of the constniction of arches: for each itone of 
an ireh msty be consider^ as one of the rafter# or bf anas in 
the foregoing frames, siqcc the whoi® h sustained tgr thn 
mete principle of equilibration,, and the ine|hod, in m 
catiomwill afford sorne elegant and simple solution# m the 
ihdst difficulc eases of th^s wpoiiunt ^ 

^ fmbum 




JbengtAf knithif Pk^ 
liiShr /An^^ tfiir <S&tf&y 4 ^ontmue (he mfhep ^ A 
reemi^ ekm N8 W 1%^ ef (i^ Itmir 

Cinsfe the C^Ufvier u the Stnmge^ Later0y. 

Smce the me^im4e ol tl^e two circles m jponsftar^; tht 
area of the soM space, incladad between wit tvrq mtm* 
feroices, win be the same, whatever be the posithm tf tlif 
inner circle, that is, there is tbe'same nueober of fibres tb 
broken, and in this respect the strength wiU be always the 
same. The strength then can oniv vary according to tl:^ 
tntuation of the centre of ^avity or the solid part, and thif 
again vdfl depend oti the mace where the cylinder ipnst fir^ 
break, or on the manner in which it is fix^a. 

Now, by c^r. 8 art. 25 1 v. % 
the evUnder is strongest when 
the hollow, or inner circle, 

IS nearest to that side where 
the fracture is to end, that i$, 
at tfie bottom when it breaks 
first at the upper side, or when 
the cylinder is fixed only at 
one end as in the first figure. 

But the reverse will be the 
case when the cylinder is 
fixed at both ends ; and con- 
sequently when it opens first below, or ends diove, as 4n tiwi 
2d ^ure annexed. 

PROBLEM 33. 

To determine the Dimensions qf the Strongest JlecUngukr 
Beam that can be cut out of a Given C finder. 

Let AB, the breadth of the required 
beam, be denoted by 5, ad the depth by 
di, and the diameter ac of the cylinder 
by n. Now when ab is horizontal, the 
lateral strength is denoted by id* (by art. 

$48 yol. 2), which is to be a maximum. 

Al>‘ W AC* - A»*, or rf* w »* * ^*5 

tJneref* W**(i>*-- 4*)^=ap*p-’ A’is atmxi* 

IMiitt! ilk &UKi»n» tfS —'flW is 0 a: 0* — 34*, or 0* — 
tiiao iBaft i>* - ^:a:,4* — ^ii,4*. Conseq. 4* : lii* ; Di* ; : 
1 kintt »,’tho WHitrto of the breadta, andl of the 

flnd of cyhomr*. 'dhtmeter, surq to oae ^Mother 
temeamAf m dMrttiiilMi ntknhon iyS, 3. 

, Z2 Corei. 
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Coroh 1. Hence resnli:s this easy pra^;^ 
tical construction : 4ly kk the di^ieter ,ac 
into tWee e^ualjwts* at the 1 E, 
erect the perpendiculars £B, rii j and join 
the points B, d to the extremities of the 
diameter : so shall abcd be the i^ctango- 
for ehd of tl^ beam a$ required. For, 
because AE, AB, AC are in continued pro- 
portion (theor*8'7 Geoim% theref. ae . ac t : AB* : and 

in like manner AF f AC : : ad* : ac*; henc^ aje : AF : ac ; : 
AB* : AD* : AC* ; : 1 : 2 : 3. ^ ^ 

Carols 2. The ratios of the three A, d, Di being as the 
three -/I, VSy or as 1, l-4i4, 1*732, are nearly as the 
three 5, 7, 8^6, Or more nearly as 12, 11, ^ 

CoroL 3t A square beam cut out of the same cylinder, 
lyould haye its side = V\/l isr |.d And its solidity tFould 
be to that of the strongest beam, as to 4 / 2 , or as 3 
to 2 v"2, or as 3 to 2*82S ; 'while its strength would be to that 
of the strongest beam, as "(d 4 /-'-)* to DV^y x or as iv /2 
to 1 ^ 4 / 3 , or as 94/2 to 84 / 3, or neariy as 101 to 1 ICu ^ 

}CoroL js^ -Either of these beams will exert the greatest 
lateral strength, when the diagonal of its end is placed \rerti- 
cally, by art. 252 vol. 2 . 

CoroL 5s The strength of the whole cylinder will be to 
that of the square beam , when placed with its diagonal ver- 
tically, as the area of the circle to that of its inscrijt>ed square. 
For, the centre of the circle will bo the centre of gravity of 
both beams, and is at the distance of the radius from the 
lowest point in each of them ; conseq their strengths will 
be as their areas, by art. 243 vot 2. 

MOBLOtf 34. 

To determine the Differmee in the Strength of a Trian» 
gular Beamy according as it Iks with the JCdge or with the 
Mat Side Upwards, 

In the same beam, the area is the same, and therefore the 
strength can only vary with the distance of the centre of 
gravityfrom the highest or lowest point ; but, in a triangle, ffie 
distance of the centre oi gravity from an angle, is double of 
its distance from the opposite side; therefore the strength of 
the beam will be as 2 to 1 with the different sides upwardsf 
tinder different circum^^ces, yizy when the cehtri| of gra- 
vity is farthest from the place where fracture ends, by art. ^3 
Tol. 2 ; that is, with angle upwards whea the beam, is 

. supported 
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sapported at }>bth «nd$.i bin '^h the side upwards, when it 
is sdppwted tiirily at bfte'bhdi'^art.'^dS vol. bwatite in th* 
iiaa-mer cbsi^iliie bf^1»€^8 first b^w, bat the revebe in 
the jaite/casd. v"’', 

PltOtLEM 3'5. . .. 

tkc Length Wmght of 4 Cntini^ or Prim] 
plmkd Hiki^%t(U^ mtfiom end firmly pxedj md will Just 
support u gipen weight ai the other end without breaking; it 
is required to find me Length of a similar PrisM or Cylin- 
der which, when mpporteg in like imnner gt one end^ shall , 
Jjtisl . beuv without brea/fhig another given weight at the 
siffpoxtcg end. 

Let Jf denote the length of the given cylinder or prism, d 
the diameter or depth of its en4» w its weight, and u the 
Vireight hanging at the unsupported end!; also let the like 
capitals L, aj, w, u, d^ote the corresponding p^ticulars of 
the other pyism or cylinder* Then, the weights of similar 
solids of the same matter being as the cubes of their lengths, 

as : 1 } ziw : the weight of the, prism whose length 

is L- Now iwl will be the stress on "the first beam by its own 
weight w acting at its centre o( gravity, or at half its lengthy 
and lu the stress of the added weight u at its extremity,, their 
sum {\:W+u)l will therefore be the whole'^stress on the given 
beam : in like manner the whole stress on the other beam, 

whose weight is w or w, will be (^w + u)lr or {^t^+u)L. 

But the lateral strength of the first beam is to that of the 
second, as to (an, 246 vol. 2), or as P to L^; and the 
strengths and stresses of the two beams must be in the same 
ratio, to answer the conditions of the problem ; therefore as 

(iw + u)l : + u)l i : P : this analogy, turned into 

an equation, gives zzO,z cubic equa- 

tion, from which the numeral value pf L maybe easily deter- 
mined, when thobC of the other letters are known. 

Carol. I. When u vanishes, the equation gives L^=: 

or X = whence w :w + 2u:: 1: l, for the 
length of the beam, which will but just support its own. 
weight, 

^roL 2, If a beam just only support its own weigiili 
when jgxed at one end; then a beam of double ks length, 
fixed at lK>th ends, will also just sustain itself: or if tiW one 
just break; the pther will do the same. 


rXOBXIM 
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tTOnsM 99. 

Gim» tie Z 0 ^ik md Wdigkt if « 0t JPn^t 

Jhtd HdnzmUHjf as in th4f(freg&ijigpr&alem^ md p waigkt 
wfiic^ki when huntf at a gttm fmmt^ Ifrmks itie frmp ; it 
ii required h determine mmh lansa' ike qf epmt 

l^iameter or (f equal Bieadlh and Depths mm ke extei^ed 
before it Breaks either by its own wttght, or by the tfdditim 
of other advintBious weight. 

Let I denote the length of the glv^n pristti) w its wtijgitli 
und u % weight attached to it at the diattece d from the SztA 
end ; also let l denote the required length of tte ether ptihniy 
and tr the weight attached to it at the distance d. Now the 
strain occ;asioned by the weight of the first beam is iwh md 
that by the weight u at the distance d, is dtt, their sum iud 
•h du being the whole strain- In like manner is 

dhe strain on the second btmx i but I ih ::w :y ^ 

weight of this beam^ thetef ^ + du = its strain. But the 
strength of the beam, which is just sufficient tp resist these 
strains, is the same in both cases j therefore + ^t>ir « 
*wl + dUf and hence, by reduction, the required. length 


CoroL 1. When the lengthened beam just breaks by its 
0wn weight, then u«r 0 or vanishes, and the required length 

becomes h x: v^(/ x — 

^ w 


Cordl. 2. Also 'irhen V vanishes, if d become = t, then 
i ~ is the required length. 


mosLBni 37. 

Xdl A9 ie « mofoeeHf about the md a,, to m to 
niitke am ax^lt bac wvth the pfaAe ^ the homm ac: it is 
regvireato determine the position of a pr^ or suppotM' M 
' tf a given length, zehioh shall sustain it with the greatest ease 
in any gioen pos/Uim} also to ascertain the angle bac v^en 
the lead farce which cm msiain ab, isgroeder thm the least 
forte in any other posUwt0 





JOt^o be ih$ cemre of gr^i?ity of the 
beam *» aa 4 dvzw oni to m to 
a 6 , nm to ojn, attd ,Arii to m. Put 
A 0 , fS^ 0 f tW 

bteam = 3 ^; jr. llien, by the 

|iatur 6 or^the^ pj^calfeiograft of forces, 
m t cH by trfatigles, ao “r : 

A» sc 4r ; ; ty ; thiiEbrce which acting# 

at c in the direction mo, is sufficient coeustam the bcaOH 
an4> by the nature of the levar, A» ^ ao sk r : j the ire- 

ijotoe fpt’ce itt 0 : the force capable of supporting it at f 

in a direction perp. to as or parallel to 9nQ ; and again a$ 
At? t AE : r ^ the force pr pressure actually sustained 

the given prop Dl in a direction perp. to AJf. And this latter 
force will manifestly be the least possible when the perp, Af 
Upon t>ft is the greatest possible# whatever th^ anj^te n ac may 
be, which is when the triangle ade is isosceles, or has the 
side AD s= AC, by an obvious corol. from the latter part of 
prob. fi pa, 171 of this volume. 

Secondly, for a solution to the latter part of the problem, 

we have to fin4 when ^ ^ ma:ximum | the anghs o and 

i< being always equal to each other, while they vary in mag^* 
nitude by the change m the position of ab. Let AF produced 
meet on m U : then, in the similar triangles adf, ahw, it 

will be AF : An 2» X : : OF » ijp ; h», h^oe = •jrp «n<l 

AF SP 

coQseq* X w ^ X w* But, by theot. 83 Geom, ahd 
comp. AO -i- An = r + X ; AW — X : ; an =; ^{r - ; 

Hn = -'^^v^(r* x‘) consequently the force 

X ty, acting on the prop, is also truly expressed by 

%r 

'tL Then the iUntiiWi ®f this made to vanish give* 

■jfP ^ r + * 

jp — i^SL}.p jihe COS- angl<s sac — Si’ SO*, ’dut thdittatiiMt 
ta^uiMd. 
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PiW)BLEM 38. 

Suppose the BMm a8^ miead of being moveable about fXf 
caitre a\ as m the last problem ^ to be supporSed in a g^eh 
position bp means of the given prop : it is repiired to 
determine the position of pTop^ so iAat th prismatic 
beam id, on which it stands^may be the hast liable to breaks 
wgi this latter beam being only support^ at its two ends a 
mnd c. 

Put the base ac = i? tlie prop, de = 

=: r, the wei^ght of ab :szWi s and c the 
sine and cosine of iC. x sin. Z. E, 
y ~ sin. z. D, and z =f ae. Theny by 

trigon. s : y : : p : Sy or ^ and 

AD : also cw n the force of the beam 

at G in direction cm. Let f denote the force sustaining the 
beam at E in the direction ED : then, because action and re- 
action are equal and opposite, the same force will be exerted 
at D In the direction i>E.* therefore AG . cw^ss and 

I? -Again, the vertical stress at D, will be as f x sine 

TCWti p» ri F® \ / 1. 

D X ad . DC = FJ/ . AD . DC — X = (sub- 

stituting— for Its equal x X — - — r: rew x 

X (^ — jr) = a minimum by the problem. 

Conseq. — — X is a minimum, or x a maximum, that is, 

xr:l, anefthe angle e is a right angle. Hence the point k 
is easily found by this proportion, sin. a : cos. a : : ED : £A, 

PBOBEEM 39. 

fe exphin the Disposition of the Parts of Machines* 
When several pieces of timber, iron, or any other materials, 
are employed in a machine or struettire of any kind, all the 
parts, both of the same piece, and of the different pieces in 
the fabrk, ought td be so adjusted with respect to magnitude, 
that the strength in every psat may be, as near as posrible, in 
a constant proportion to the stress or strain to which they 
will be subjected. Thus, in the construction of any engine, 
the weight and pressure on every part should be investigated, 
and the strength apportioned accordingly. All levers, for 
instance, should be made strongest where they are most 
>trained : vixj levers of the first kind) at th^ fulctum j levers 






m3 

of the-secoisd kind, where the weight acts ; and those of the 
third kind, where the is applied* The axles of wheels 
piafleys, the teeth^l wheels, also ropes, must be made 
stronger or weaker, as they are to b6 more or less acted on. 
The strength aJJgtted should be more than fully competent 
to the stress to which the parts can e^|er be liaUe j but witiv 
out allowing the surplus to be extravagant r for an over ex- 
cess of strenjgth in any part, instead of being serviceable, 
would be very injurious, by increasing the resistance the ma- 
chine has to overcome, and thus encumbering, impeding, and 
even preventing the requisite motion ; while,^ on the other 
hand, a defect of strength in any part will cause a failure 
there, and either render the whole useless, or demand very 
frequent repairs. 

PHOBLEM 40 . 

To ascertain the Strength of Farious Substances, 

The proportions that we have given on tlxe strength and 
stress of materials, however true, according to the principles 
assumed, are of little or no use in practice, till the compara* 
tlve strength of different substances is ascertained ; and even 
then they will apply more or less accurately to different sub- 
stances. Hitherto they have been applied almost exclusively 
to the resisting force of beams of timber $ though probably 
no materials whatever accord less with the theory than timber 
of all kinds. In the theory, the resistinjg body is supposed 
to be perfectly homogeneous, or composed of parallel fibres, 
equally distributed round an axis, and presenting uniform re- 
sistance to rupture. But this is not the case in a beam of 
timber: for, by tracing the process of vegetation, it is readily 
seen that the ligneous coats of a tree, formed by ks annual 
growth, arc almost concentric ; being like so many hollow 
cylinders thrust into each other, and united by a kind of me- 
dullary substance, which offers but little resistance ; these 
hollow cylinders therefore furnish the chief strength and 
resistance to the force which tends to break them. 

Now, when the trunk of a tree is squared, in order that it 
may be converted into a beam, it is plain that all the ligneous 
cylinders greater than the circle inscribed in the square or 
rectaMie, which is the transverse section of the beam, are 
ent off at the sides ; and therefore almost the whole strength 
or resistance arisea from the cylindric trunk inscribed in the 
solid part qf the beam ; ,the portions of the cylindric coats, 
«it»ated towards the angles, adding but little comparatively 
to the strengtli and resis?tance of the beam. Hence it follows / 
we cannot, by legitimate comparison, accurately deduce 



the strength of a joistVmt from a sstofttreeVl^ 
on another which lias been sawn Irom a mnehlWgeritree^ 
block. As to the; concentric cyjmcfers above mei^ontdi t|N^ 
ere evidently i|ot all of e^uai strength : ne^eet ib» 

centre, being the oldest, are also the hardek anfl krc^^st^ 
which again is contrary, to the theory, m which they 26^ su|>-< 
p 3 sed uniform thron^iont. Bnt yet, after all however^ it is 
still found that, in some of the most importaitt problems, t!W 
^ results of the theory and welhconduct^ e?cperiments c©hi*» 
cide, even with regard to timber 2 thua^ for example, the iSil* 
periments on rectangular beams afibrd Tesidts devis^tingf bnt» 
in t very $light degree from the theorem^ that the stren^fe 
i% proportional to the product of the breadth and the squasre 
of the depth. 

Experiments on the strength of different kinds of wood, 
are by no means so numerous as might be wished : the most 
useful seem to be those made by Muschenbroek, Bufibn, 
Emerson, Parent, Banks, and Girard. But it wiH he at all 
times highly advantageous to make new experiments on the 
same subject ; a labour especially reserved for engineers who 
possess skill and.zek for the advancement of their profession. 
It has been found by experiments, that the same kind of 
wood, and of the aatne shape and dimensions, will bear or 
break with very different weiglits : that one piece is much 
stronger than another, not only cut out of the same tree, but 
out of the same rmiy and that even, if n piece of any length, 
planed, equally thick throughout, be separated into three or 
four pieces of an equal length, it will often be found that 
these pieces require difieretit weights to break them. Emer- 
son observes that wood from the boughs and branches of trees 
is far weaker than that of the trunk or body; the wood of 
the large limbs stronger than tliat of the smaller ones 5 and 
the wood in the heart of a sound tree strangest of all ; though 
some authors differ on this point. It is also observed that a 
piece of timber which has borne a great weight for a short 
time, has brbke with a far less weight, when left upon it for 
a much longer time. Wood is also weaker when green, and 
strongest when thoroughly dried, in the course of two or 
th>ee years, at least, W ood is often very much weakened Iqr 
knots in it ; also when cross-grained, as often happens in 
sawing, it will be weakened in a greater or less degree, ac« 
cording as the cut runs more or less across the gtaiw* Erom 
all whidb it follows, that a consideraMe allowance ought to W 
made for the various strength of wood, when appKed to^awy 
nm where strength and duraWKty are requhech . . * 

Iron h^ck more uniform in its ^rength than 

experiments 
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fiOpefi^^ ii «ome dlffemiijt aridbj 

is' akb haM 

i^t^^ fitt^Ai&x^s$!i^ Baxw^ 

tiiay^^ke iti*a".great 
iiieasa^ £:jt>nx^ ^ of b^»t k wketi 

p(mfed.iii^,the T'-' ' ’ ^ ‘ 

, Every beam dr bar, wilder of woodi, jj^n, or atotje> fe 
more easily broken by any traiWverse strain^' wMle it is also 
sia®M*mg any very ^reat compression endiv ays ; sb xnticb so 
backed that we have scmtetimes Seen ^ rod^ or ai long slender 
bpanif. when lasOd as a fnpop or slioaiv urged "home to sOrfi at 
degreei>that it has burst amnder wttn a violent s^pringv Se- 
veral, experiments have been made on this kind of a 

piece of white marble, ;J. of an inch square, and 3 inches long, 
bore 38 lbs; but when compressed endvfays with 300 Ib^^' it 
broke with H^lbs. The effect is much more obsert uble 
in timber, and more elastic bodies ; but is considerable in aH. 
This is a point riierefore that must be attended to in *lill ex- 
periments ; as well as the fbllowing, viz, that a beam sup- 
ported at both ends, will carry almost twice as much whtn 
the ends beyond the props are kept from rising, as when th€ 
beam rests loosely on the props- 

The following list of the absolute strength of s^etal ma- 
terials, is extracted from the collection made by professor' 
Robison, from the experiments of Muschenbroek and other* 
experimentalists. The specimens are supposed to be prisihs 
or cylinders of one square inch transverse area, wiiicb ate 
stretched or drawn lengthways by suspended weights, ‘ gra*^ 
dually increased till the bars parted or were tofn asunder^ by 
the number of avoirdupois pounds, on a medium of many 
triab, set opposite each name. 

It 

1st. Metals. 

lb«. Hwl. 

Gold^ cast , . . 22,000 Tin, cast • . ^*5 • 

Silver, cast . . 42,000 Lead, cast . . ^ 8ff0 

Copper, cast \ . . 34,000 Regulus of Antimony 1,000 

Iron, cast . . . 50,000 Zinc * . . • . ,2,600 

Iron, bar . ♦ . . 70,000 Bismuth .... 2,900 

Steel, bar . . . 135,000 . 

It is very: remaric^tbte that almnst all the metallic mixttfe^ 
sure more tniaaciouathan the metals themselvesi The dfiangeof 
taitsicky ^iapflaads much on the proportion of the ingredlehtj ^ 5 
and yet the p^op^on w^hrdi produces the most teh^iHotis 
k di&i^nbin the di^retit m^ak. Ihe pt'o^rtion 
'Vr. of 





of ingredients here sdettedi fe that wiikhr pmdb<^e^ 
greatest streijgthi ' i 

^ ^ . ih«. 

2 par^ gold with I Brassy ofcopper& tin ;5i^0(K> 

silver, • • . • 2B,000 $tin, Mea4». » 1^520# 

v7 pts goldf 1 copper 50,000 U tin, i zixK . . lOjOCX) 

5 silver, I copper . 48,506. 4. tin, 1 regul. antim,* 12,000 

4 silver, I tin . . '41,000 8 lead^.l zinc . . 4,506 

€ copper, I tin • . 60,000 4 tin, 1 lead, 1 zinc 13,000 

These numbers are of considerable use in the arts. The 
mixtures of copper and tin are particularly interesting in th? 
fabric of great guns* "' Ey mixing copper, whose greatest 
strength does not exceed 37,000, with tin which does not 
exceed 6000, is produced a metal whose tenacity is almost 
double, at the same time that it is harder and more easily 
wrought: it is however more fusible. We see also that a 
very small addition of zinc almost doubles the tenacity of 
tin, and increases the tenacity of lead 5 times ; and a small 
addition of lead doubles the tenacity of tin. These arb eco- 
nomical mixtures ; and alFord valuable information to plumb- 
ers for augmenting the strength of water-pipes. Also, by 
having recourse to these tables, the engineer can proportion 
the thickness of his pipes, of whatever metal, to the pressure-s 
dtey ai-e to suffer. 

2d. Woods, &c. 


lbs. lbs. 


Locust tree . • 

. 20,100 

Tamarind . . . 

. 8,750 

Jujeb . . . . 

. 18,500 

Fir 

. 8,380 

Beech, Oak . . 

. 17,300 

Walnut . . • 

. 8,130 

Orange . . . 

. 15,500 

Pitch pine . . 

7,650 

Alder .... 

. 13,900 

Quince . • . 

. 6,750 

Elm .... 

. 1 3,200 

Cypress . . . 

. 6,000 

Mulberry . . 

. 12,500 

Poplar .... 

. 5,500 

Willow , . . 

. 12,500 

Cedar .... 

. 4,880 

Ash .... 

. 12,000 

Ivory ..... 

. 16,270 

Plum .... 

. U,800 

Bone . * . . 

. 5,250 

Elder . , ♦ 

• 10,000 

Horn .... 

. 8,750 

i^omegranate . . 

. 9,750 

Whalebone . . 

. 7,500 

Lemon . . . 

• 9,250 

Tooth of sea-calf 

. 4,075 


It is to be observed that these numbers express something 
more than the utmost cohesion 5 the weights being such as 
will very soon, perhaps, in a mimite or two, tear tie rods 
asunder. It may be said in general, that j- of these weights 
will sensibly impair the strength, after a«^mg a considmbit 
while, and that one-half is the utmost tbait 'Cail remain 

maneatlf 
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&tjhe rods with safety; aad:it is this 
last allotment that the engineer should reckon upon in, his 
coftatructions, %eaie is however considerable difference in 
this respect : woods of a wery straight fibre, such as Sr, will 
{»e ie^ impaired by any load which is not sulHcient to break 
immediately* According to Mr. Emerson, the load 
which may be safely suspended to an inch square of various 
materials, is as follows. 


ih!t. 

Iron . , - • * 76,400 
Brass . . . . . 35,600 

Hempen rope . . 10,600 

Ivory • , . . . 15,700 

Oak, box^ yew, plumb 7,8 50 
Elm, ash, beech . 6,070 

Walnut, plum • - 5,360 


189 . 

Red fir, holly, elder, 
plane . ... 5,000 

Cherry, hazle . . 4,760 
Alder, asp, birch, 

■ wiiloiy .... 4,590 
Freestone .... 91^ 

Lead ..... 430 


cwts. 

He gives also the practical rule, that Iron .... 135^** 
a cylinder whose diameter is d inches, Good rope . 
loaded to 4 of its absolute strength, Oak ..... 14d* 
will carry permanently as liere an* Fir ..... 
nexed. 


Experiments on the transverse strength of bodies are easily 
made, and accordingly are very numerous, especially those 
made on timber, being the most common and the most in- 
teresting. The completest series we have seen is that given 
by Belidor, in his Science des Ingenieurs, and is exhibited in 
the following table. The first column simply indicates the 
number of the experiments ; the column b shows the breadth 
of the pieces, in inches ; the column d contains their depths; 
the column I shows the lengths ; and column lbs shows the 
weights \^ pounds which brokh them, when suspended by 
their middle points, being the medium of 3 trials of each 
piece; the accompanying words, and /oase denoting 
whether the ends were firmly fixed down, or simply lay loose 
m the supports. 



6 

d 

1 

ids 

1 

1 

1 

IS 

406 loose. 

2 

1 

1 

18 

6‘^8 fixed. 

3 

2 

1 

18 

805 lopse. 

4.^ , 

1 

, 2 

i? 

jaSO. loose. 

5 , 

1 

1 

36 

1 87 loose. 

6 

1 . 

1 

36 

2S3 fixed. 

. 7 

, 2. , 

2 

se . 

1583 loose. 




36 . 

1660 lo(»e, 




By comparing werij^^f. 1 ^4 th a^ 

proportional to ,<^;J>rea4tn. ,- ' - - . ’■ ir «j,' “ -v- s„ 

Experimontfe 3 ^d 4 show die strengdi to be asth® breiwijii 
multiplied by tbe square of the depth* 
jExj^jrimeots 1 and' 5 sho^ the strength pearly in 
vepse ratio of the lengths, bpt with a senaiide deficiency in 
the; kuPger pieces- •+ i 

Experiments S and 7 show the strength tp be propq^ipteal 
to the breadth and the square of the depth. 

Experiments 1 and 7 show the same things compounded 
with the inverse ratio of the length $ the deficiency bf yfh|ch 
h not so remarkable here. . ^ 

Experiments 1 and and experimenb 5 and 6, show the 
increase of strength# by fastening down the ends, to be, in die 
proportion of 2 to 3 j which the theory states as 2 to 4, . 

difierence being probably owing to the manner of fixing. 

Mr. Buffim made numerous experiments, both on small 
bars, and on large ones, which are the best. The following 
is a spedmen of one set# made on bars of sound o^k> tieit of 
knots* 


Length. 

Weighl. 

B» oke 
With* 
Ibi. 

Bent. 

Time. 

feet. 

Jbs. 

iooh* 

min. 

*9 

5 60 

5350 

3‘5 

29' 

7’ 

( -56 

5215 

4 5 

02 

8 

( 68 

46Q0 

3-75 

15 

1 63 

4500 

4*T 

13 


f 77 

*4100 

4-85 

14 , 

if 

1 ^71 

39,50 

5*5 

12 

10 

4 84 

5625 

5*83 

15 

1 82 

3600 


15 ^ 

12 

f 100 

3050 

7 


\ 98 

2925 : 

8 



Column 1 shows the length of tb^ bar, jn clears he* 
tween the supports. — Column 2 is the weight, ,!|PTthe b^ in 
Ihs, the Qd day after it was felled.— Colunui a .shows the 
rru^er of TOunds necessary for breaking the tree in a few 
minute, "twl. 4 is the number of inches it bent down hcibre 
breaking.-— Cor. 5 is the time at which it broke*— The paits 
next the root wene always the heayiest and strongest. : 

The following experiments on other sizes were made ^ ^ 

^me way# two at le^ of each being takeh^ and ith^ 

t^ble cmuiik» themean rbsuks. 
and theuf(^^^i^;& indhes are plac^at 




in t^e o&T cokmm, art the Aviiicli bn&t 

fbML 'V-: \ ";' 



^ 4 

rn^m 

HmH 

jlllllllllll^ll^^ 

■QB: 



' 1 ' 

$ 

9 

10 
112 
14 
16 ^ 
is 
20 
■2B I 

24 
2B ' 

5312 

4550 

4025 

.3612 

2937 

11525 

gnsT 

8308 

712;^ 

6075 

5300 

4350 

3700 

3225 

2975 

2162 

1775 

18950 

15525 

13150 

1 1^50 
9100 
7475 
6362 
5562 
4950 

32200, 

26050' 

223,50 

19475 

16175 

13225 

llOOO 

9245 

8375 

1 

1 

476# 

397S0' 

32800 

27750' 

23450 

19775 

16375 

;1320Q 

11487 

115«.*f. 

10085 

8964 

8068 

6723 

5763 

50#' 

: 4$82! 

4034 
S6W 
336®; 

, *881' 


Mr. BuiFon had found, by many trials, that oak vtiniber 
lost much of its strength in the couree of seasoning or Ary^npi 
and therefore, to secure uniformity, liis trees were all felled 
in the same season of the year, were squared the day after, 
and the ex[)€riments tried the 3d day. Trying tj^iem in this 
green state gave him an opportunity of observing a very cu- 
rious phenomenon. When the weights were laid quickly 
on, nearly sufficient to break the beam, A very sensibte’ smoke 
was observed to issue from the two ends with a sharp hissing 
sound ; which continued all the time the tree was bending 
and This shows the great effects of the compres- 

sion, and that the beam is strained through its whole length, 
which is shown also by its bending through the whole 
length* 

Mr. Buffon considers the experiments with the 5*incli bars 
as the standard of comparison, having both extended these to 
greater kngl!^, and also tried more pieces of each length. 
Now, the t^fey determines the relative strength of bars,t:>f^ 
the same section, to be inversely as their lengths : but mo«t 
rf the trials show a great deviation from thfc rule, prpbablj 
owing, in part at least, to the weights of the pieces 
seives'. Thus, the 5-inch bar of ^ feet long should haye 
half the strength of that of 14 feet, or 2050, where^ it is 
, !«% J7?5 i the bar Of 14 fe^ ^hOuld have half the 
of Tbit of 1 feet,' tfr Mit is' only’ SfOOi a,n4 sovbfj 

'i U to show the strength th4:; 
ealfewf the Mm onlfht to h^i by 'the ths^dry. 

Mr. 
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Mr* Banks, an ingem<*s» l^turer on natural pUlosojAyv 
hiw made many e^K^imettta on tJae strength of oak, deal* and 
iron* He found tJ^at the -worst or weakest piece of dry heart 
of oak, 1 inch sjjjuare, and I foot long, broke with 6y2 lbs, 
and strongest piece wth 97 4 lbs j the worst piece of dtal 
broke with 464 lbs, and the best with 690 Ibsv A like bw of 
the Worst kind of cast iron 2190 lbs. Bars of iron bp*iii 
positions oblique to the horizon, showed strengths nearly 
proportional to the sines of elevation of the pieces, Equal 
bars placed horizontally,' on supports S foct distant, borfe 6| 
cwt ; the same at 24^ feet distance broke only witli 9 cwt.~ 
Antirched rib of 29 feet span, and 1 1 inches high in the 
centre, supported 99^cWt ; it sunk in the middle 3|- inches, 
and rose again on removing the load. The same rib tried 
without abfttments, broke with 55 cwt,~Another rib, a seg- 
ment of a circle, feet span, and 3 feet high in the middle, 
bore 1004 ^ cwt, and sunk in the middle. The same rib 
without abutments, broke -with 64 t cwt. 

Mr* Banks made also experiments at another foundry, on 
like bars of 1 inch square, each yard in length weighing 9 lbs, 


thepre^ at 3 feet asunder. 

Thtf’ 1st bar broke with 963 lbs. 

The 2d ditto 953 

The 3d ditto . * 994 

Esu* made from the cupola, broke with * , 864 
. equally thick in the middle, but the ends 
shaped into a parabola, and weighed 6^ its, 
broke with • . . 874 


From these and many other experiments, Mr. Banks con- 
cludes, that cast iron is from 3^ to 4^ times stronger than 
oak of the same dimensions, and from 5 to 64r times stronger 
than deal. 

. Some Examples for Practice. 

The theory, as ha» been before mentioned, is, That the 
strength of a bar, or the weight it will bear> A^^irectly as 
the breadth and square of the depth divided length. 

So that, if b denote the breadth of a bar^ d the depth, t the 
length, and w the weight it will bear ; and the cafat^s B, i>, 
I., w denote the like quantities in another bar ; then, by the 

rule -y- J : “j;- ’* which gives this general equation 

fcfrtw = from which any one of th^e letters is easily 

» found, when the rest are given. v 

Now, if we take* for a standard %( comparison, thfe expe- 
riment of Mr. Banlb, that a bar of oak an inch squareama* 

' foot 



foot tti length* lyfogvon a sprop m ,wli end, and its strength, 
or the wiost .v eight it ©n its 660 lbs : heafe 

i =: I , 1 , i =: 1 , 660 ; thfsp subsiihited in the above 

equation, it becomes LW =: 660 bd% from which any owe of 
the four quantities l» w, b> Vj may ne found* when tlw? ofoer 
three are grven, , when the ‘Calculation respeci^s oak timber^ 
But for fir the like rule will be lw =: 44'Oun* j .and for iron* 
tw r:z 2640bi>\ 

I . Required the utmost strength of an oak heam^ 
of 6 inches square and 8 feet long, supported at each enid* or 
the weight to break it in thW ^middle i 

Here are given b = 6, n = 6, l = S, to find w ::r , 

6^^ ^ X .3 X .9 = 17320 lbs. , 

Exam, 2, Required the depth of an oak beatn^ of the 
same length and strength as above, but only 6J, inches 
breadth ? ‘ 

Here, as 3 : 6 : : 36 : = 72, theref. D= 

the depth. 

This last beam, though as strong as the former, is but little 
more than ^ of its siiie or quantity. ‘ And thus, by fe^ng 
joists thinner, a great part of the expense is saved, as in the 
modern style of llooring, &c. 

Exam, 3, To determine the utmost strength of a deal 

^ ^oist of 2 inches thick and 8 inches deep, the bearing or 

""Tjreadth of the room being 12 feet ? — Here 'B = 2, n 8, 

L = 12 5 then the rule LW = 440 bd^ gives w 

440 X » X 4'40 X 2 X 04 -Uo x ,, 

= rr — ; — rr 4by3 Ids. 

I. 12 ./ 


Exam, 4. Required the depth of a bar of iron 2 Inches^ 
broad and 8 feet long, to sustain a load of 2U,000lbs — Hei*e 
B = 2, L = 8 /and w = 20,000, to find D from the^ equation 


LW = 2640i 3D^^, viz, 


LW 

2G40b 


Sx 21)000 1000 


2640 X 2 


= l3~ =* 30-s, 


and D = ^ ^4 inches, the depth. 

Exam- Tp find the length of a bar of oak, an inch 
square, so that when supported at both ends it may just break 
by its own weight f — ‘Here, according to the notation and 
calculation in prob, 36, / = 1, ze? = | of a lb, the weight of 
I foot in length, and u = 660 lbs. Then l =* 

I asry'SSdl 57*45 feet, nearly* * , 


Toffind the l^tigth of an iron bar an Iwch square, 
w»y break by its own weight, when it is supported at 
yot. ixi, A A both 
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both ends — H«re ,» be&re / = 1, w s? 3 lbs nearly the 
weight of 1 foot in leQg:th, also u s= 264(1>, Thferefore i ss 
~ 4j,'S7feet nearly. 

Note. % might perhaps have been sopposed,tibat this Jak 
result should exceed the j>receding ones fot it mnst be con- 
sidered that while iron is 'only about 4 times stronger than 
oak, it is at least 8 times, heavier. 

jEjww. 7. "When a wei^t w b suspended from E on the 
arm of a crane AUeoE, it is required to find the pressure at 
the rad D of the spur, and that at B against the unri ghi 
post AC. ^ 

Here, by the nature of the lever, = 

the pressure at s in the vertical direction 
sr ; but this pressure in of is to that in db 

, _ Cb ' CK . AB 

as 0 F to D», VIZ, DF : DD : : w : — 
the pressure- in db ; and again, db : fb or 
CP i =: the pressure against B m direction 

FB. 

I'hus, for examplej if CE = 16 feet, bc = 6 , CD = S, 
BP C 2 iOj and w saS tons : then :s x 3 =: 10 

tons, for the pressure on the spur db. Also x 

3 =a 8 tons, the force tending to break the bar &c at B. 

PROBLEM 41. 

To determine the circumstanres of Space^ Penetration^ 
Vehcitv^ Time^ from a Pall moving a 

Givtn Velocity^ and striking a Moveable Block of Wood^ cr 
other substance. 




' Let the ball move in the direction ae paBsing through the 
centre of gravity of the block b, impinging m the point c ^ 
and when the block has moved through the space CD in 
roiisequenoe of the Wow, let the ball have penetrated to the 
depth m, ‘ ^ ^ 





tmnnttfmB ipciketSKfcar. §ss 


Let B o: the ii3{a$$ m matter in the blocks 
b ssa the same in the ball^ 
s « CD the space moved bytbe blocks 
j;* «: !»£ the p^etration of the ball, and therdf* 
r +• X = CE the sj^ce desrribfiSd by the h»l!> 

^ i= thi^ .first velocity o( the balls 
V as? the -rfclodty o( the ball at E, 
u 3= velocity of the block at the same instants 
^ = the tixne of penetrathEi> or of the motion^ 
r ?=2 the resisting force of the wood. 


Then shall ~ be the accelerating force of the block, 
and ^ the retarding force of the ball* 


Now because the momentum em, communicated to the 
block in the time t, is that which is lost by the ballj namdy, 

— bv, therefore bw — bv^ and mi But when 

V = tf, w =: 0 ; therefore, by correcting, m tss i(a — v); or 
the momentum of the block is every where equal to the mo- 
mentum lost by the ball. And when the ball has penetrated 
to tile utmost depth, or when u n z?, this becomes bw s i 
(a — w), or = (b + b)u ; that is, the momentum before 
the stroke, is equal to the momentum after it. Apti (h^ ve- 
locity communicated will be the same, whatever be the re- 
sisting force of the block, the weight being the same. 

Again, by theor. 6, Forces, voL 2, it is m* = and 

- v’ =;= ^ X (.y + -Oj or rather, by correction, ss 

^). Hence the penetration or a 3: — ^SLI. 

And when v s= u, by substituting u for v, and bm*^ for 
the greatest penetration becomes — ^" 7 ^ 5 a^d this again, 


by writiijg for its value ( b + gives the greatest pene^ 


equal to ^ when the block is fixed, or infinitely great; itnd 

^ 6a* 

is always very nearly equal to the same when b is very 
great hi respect of b* 

Hence ^ ^ x =« 

Ani 




4^r 


•*4gB6 
(1 + 6 )* ^ 


AAH 



8i3l« 




And theref. B + 5. ! s,; jt ; + jt, or b *1*^ : i : : 4f,: Sf 

j ' kx , t h^a^ , ' ' k\ ^ 

and s ^ i^JfSTTp* . 

Exam: \%^hen the ball is iron, and weig^ 1 pdund^ it 
penetrates elm about 13 inches when it moves wim a velo- 
city of 1500 feet per second, in which case, ^ ^ 

r 15009 90009 Ji 

— = 32284 nearly. 


4i$a 4 X 16^ X 10Sxi;i 


When B =5: 5001b, and 4=1; then u ?= =s = S 
' ' B + fc 501 

feet nearly per second, the velocity of the block* 


Also szz — ^ 

4>gr 


500 X 9 


of an inch, which is the space moved by the block when the 
ball has completed its penetration. 

And ^ =r — zz — 'Dart of a second* 'or 


/ = 


Sf + 2.r 


464x3 
46ij ^ 12 


6+ 13.201 


I5t)0 6,231.1600 

cond, the time of penetration. 


= part of a se- 


PKOBLEM 42. 

To find the Velocity and Time of a Jlcaty Body descend-^ 
ing down the 4rc of a Circle, or vibrating in the Arc by a 
Linefxed in the Centre. 

Let D be the beginning of the descent, 
c the centre, and a the lowest p<)int of the 
circle *, draw de and Pa perpendicular to 
AC, Then the velocity in p being the same 
as in a by falling through ra, it will be 
t;=:= 2V[g X Ea)=:8i/{« — ,r),when «r=AE, 

X A^. 

But the flux, of the time ^ is =s — and ap zz 

where r = the radius ac. Theref. t r: ,4- X 

‘ ti X VC'"*) 

^ ^ ^ ^ X , I. ^ ^ 

^ 16 16 



X v(t — j") 


where d =s: 2r the diameter. 
• Or < - ^ 


. /I I g , 1 • 3«» 1 . 3 ■ an „ . 

VCfl*-*®) ' “ 2|« ^ 3. 4(i»“ 2 . 4 . 6<P 


16 '' ' 2if 

by developing i -r ‘✓(l - or (I — in a series. 

But 



mf'Miikmvs 


.■feY 


But tlw fluent of is X arc to radius la and' 

vers, or it is the arc whose rad. is I and vers. — : which 

call I. And let the fluents of the succeeding terms, without 
the coeffidems, be c, e, &c. Then will the flux, of any 

one> as ct, at n distance from a, be u =s = ^p, which 
suppose also =» the flux* of ip ~ ^ x^) = ip — 

d{n — l)xx^'^'^ ^{ax — — dxx^'"’^ x =r ip -* 

= ip — 




Hence, by equating the coefficients of the like tefms. 


, 1 , 2 // ~ I 

a = — - i 0 = — a : 

n ’ fin ’ 


and Q = 


(fin •- l)«i> — 


fi« 


Which being substituted, the fluential terms become X 

^ ^ l an 9^{fiT — r^) 1.3 SrtB — 2:r^(«*r — x‘^) 

' “ “ u • r 

1.3.5 5(rC-"»;V(«*-*’) 

S*. 4 . ^ft'3 ‘ (> 

be found by art. ‘S.l pa. 2J8. 

But when x = </, those terms become barely X 


2 . 4d« ‘ 4 

See). Or tlic same fluents will 


I'i . 3V 


]« 


— &c) ; which being 


( _ 1 - ii“ 

subtracted, and r taken = 0, there arises for the whole 
time of descending down da, or the corrected value of 


~Tg 


X (1 + 


I’fl 




2^ . 


fi*^ 4‘^ . 6V3 


When the arc is small, as in the vibration of the pendu- 
lum of a clock, all the terms of the series may be n.i.itted 
after the second, and then the time of a semi’vibration t is 

nearly = X (1 q- '-Ip). And theref the times 

of vibration of a pendulum, in different arcs, are as 8r q- x, 
or 8 times the radius added to the versed sine of the arc. 

If D be the degrees of the pendulum’s vibration, on each 
side of the lowest point of the small arc, the rariiiis being 
the diameter d, and S'Hdh 5= p; then is the length of that 

arc A = ^ But the versed sine in terms of the 

arc is a = + &c = ~ - ^ + &c. Therefore 

"“355* 
the 


0 . 

4 


- + &c - 

3rf* ^ 3(^0* 


3rf* 


,p*D* 


+ &c/or only 



»s» 


the first term, bj it^ecting eU the rest of the terms eti se« 
count of tb«r %i(eariy =: 7^. This 

value theii bejiig'suhsirnted ibr 4 ~' m 

V3kltie ^ ^« it bectom^ /cs ^ 

nearly. Aik! therefore the times of vitraiibtt in idiffetfeiif 
smah arcs, are a# ^32521+ as added Ip 

square of the number of degrees in the arcs 
Hence it follows tliat the rime lost in bach second, hy vi- 
brating In a circle, instead of the cycloid, is •, and coh- 

seqtwntlf the time lost in a whol#day of 24 Hours, or f 4 X 
60 X 60 seconds, is tw^lrlyl M like xnaimer, the seconds 
lost per day by vibrating in the arc of A degrees, is ^ A*. 
Therefore, if the pendulum keep true time ip one of these 
arcs, the seconds lost or gained per day, by vibrating in the 
other, will be -|(d^ — A^j, So, for example, if a pendulum' 
measure true time in an arc of 3 degrees, it will lose 1 if se- 
conds a day by vibrating 4 degrees ; and 26f seconds a day 
by .vibrating 5 degrees ; and so on. 

And indike manner, we might proceed for any other curve, 
as the ellipse, hyperbob, parabola. See. 

Sc/ioliUph . By comparing this with the results pf the prp- 
W^rhs 13 and 14 in voL 2, it will appear that the times in 
the cydpid, and in the arc of a circle, and in any chord of 
the circle, are respectively as the three quantities 

l.l+^&cand;^, 

or nearly as the Aree quantities 1, I + gp? 1 '21 324; the 

fint and last being constant, but the middle one, or the timO 
m the circle, varying with the extent of the arc of vibration. 
Also the time in the cycloid is the least, but in the chord the 
greatest; for the greatest value of the eeries, in this prdb* 
When the arc ap is a quadrant, is 1 • 1$014 ; and 

in that case, the proporrion of the three times is as the num- 
bers 1 , 1 ‘ 1 8014, 1-27B24. Moreover the time in the circle 
approaches to that in the cycloid, as the ju;c decreases, and 
they are very nearly equal wlien tfait arc is very small. 


«gLosuEit 





ss$ 


fUdBUlM 4i$. 


tkn TiW md Vthdty ef # Ckain^ CBnmtmg of 
etry small Unks^ de$ton4ing Jr om a smooth horizontal plane; 
tMi Chain bekng lOO inches long, and i inch pf it h^ing 
Plane at the Commencement of Motion, 

Put « IV 1 iochi the ien^^i at the begimui^g ( 

/ =s ICK) the whole length of the chain ; 

4F tz any variable length o£F the plane. 

Then or is the motive force to move the bo4y, 

and s::/the accelerative force. 

Hence vi =s ^gjs :=: x a rz 


The fluents give z; 




But V Zb 0 When :t :zz Mf 


theref. by correction, > and v \/(2g X 

the velocity for any length x. And when the chain just 
quits the plain, x zz I, and then the greatest velocity it 

-/{ig X -j-)=^{2 X 193 X = a - “ 

196*45902 inches, or 16*371565 feet, per^econA 


Again i or — 2: v' X --p^ — - ; the correct fluent of 
which IS f = -/ X log. the time for any 

length X. And when x zz I zz JOO, it is ^ 

5 = 2*69676 seconds, the time when the last of the 

1 

chain just quits the plane. 


PROBLEM 44. 


To find the Time and Velocity of a Chain, of very mail 
Links j quitting a Pulley, by passing freely over it: the 
whole Length being 200 Inches, and the me End hanging 
9 Inches below the other at the Beginning. 


Put a Zb 2, 1 sz 200, and x = nn any variable 
difference of the two parts ab, ac. Then 

^ ss/, and vv or ^gfs 2g 

Hence the correct fluent is ^ x — - — , and 

• ^ ^^Cg ^ general expression fi# the 



veloc. 



PKOMESCtrotrS SXBSCi«l»> 


veloc. And when x zz I, or when c arrives at A, it 
is X = X X ^~) = 

^(386 X = 196-45302 

inches, or 16*^7158.5 feet, for the greatest velocity 
when the chain just quits the pulley. 


Again, ^ or — = ~ x And the car- 

feet fluent is f =: x log* the general ex- 

pression for the titne. And when s zz ly it becomeis t = 

200 , 200 + yf200«-2*> 

r = 2 


r 4;r ° 

, *00 1 


^ =. 2*69676 seconds, the whole 

time when the chain just quits the pulley. 

So that the velocity and time at quitting the pulley in this 
prob. and the plane in the last prob. are the same j the dis- 
tance descended 99 being the same in both. For, though 
the weight I moved in this latter case, be double of what it 
was in the former, the moving force x is also double, because 
here the one end of tJie chain shortens as much as the other 
end lengthens, so that the space descended Uv is doubled, 

and becomes x j and hence the accelerative force -y or f is 

the same in both ; and of course the velocity and time the 
same for the same distance descended. 


PROBLEM 45. 

To find the Nmnber of Vibrations made by ftc’o Weights^ 
comucted by a wry fine Thready passing jrcety over a Tack 
de a Pulley, u'kile the less Weight is drawn up to it by the 
jycsceni of the heavier Weight at the other End-, the Extent 
of the vibrati'jfib being Indefinitely Small, 

Suppose the motion to commence at equal dis- 
tances\bciow the pulley at b ; and that the weights 
are 1 and 2 pounds. 

Put a = AL , half the length of the thread j 

b 39 1 inc. or feet, the second’s pend. ^ 
j;’ =5 jiw XI Bw, any spare passed over ; 
z =: the number of vibrations. 

HzJi — / — 4 is the accelerating force. 

yv + w ^ ^ ^ 

And hence v or ^ and ^ or ^ 

' But, 






But, by the nature of pendulums, ^/(u ± x) : l vibr. : 

vibrations per second made by either weight. 


namely, the longer or shorter, according as the upper or 
winder sign Js used, if the threads were to continue of that 
length for. 1 second. Hence, then, as 

1" ti:W~~ ' k- v4- = -^A - 7 ;-^^’ 

a± PS ai: X 4ij/ ± 

the fluxion of the number of vibrations. 


Now when the upper sign i takes place, the fluent is 

Z=^^/-Xh T-^- And 

when X = the same then becomes z ^ a^/ x logt 

If ^^2= V^~ X log. 1 + ^/Q = tc log. 1 + V'i =a 

•688c>l 1, the whole number of vibrations made by the de- 
scending weight. 

But when the lower sign, or — , takes place, the fl,uent is 

Which, when x = 


b 

4/ — X arc to rad. 1 and vers. • 
Hf ^ ^ 

gives iP*y = 3*11*16 X 


4 X 


V yj3 > 

•2 ^ 1^)3 


1 *2270.') 1 , tile wlioie number of vibrations made by the lesser 
or ascending weight. 


SchoL It is evident that the whole number of vibrations, 
in each case, i« the same, vv'-hat.cver the length of the thread 
is. An<l that the greater number is to the less, as 1-5708 to 
the hyp log. of 1 I \/"2. 

Farther, the number of vibrations performed in tlie same 
time by an invariable pendalum, constantly of the same 

length is v'~- = 130. For, the time of descending 

the space or the fluent of / = when r = is / 

And, by the nature of pendulums, Va : \/b : : 
1 vibr. : the number of vibrations performed in 1 se- 

cond ; henco X” \t ; ; v*-- : the constant 

number of vibrations. 


•So that the three numbers of vibrations, namely, of the 
ascending, constant, and descending pendulums, arc propor- 
tional to the numbers 1*5708, 1, and hyp, log. 1 + V' 2, or 
as 1*5708, 1, [Oid '8B|37j whatever be the length of the 
thread. ^ 


FRODLEM 



362 






detefwifm Cij^itmiamzs of the and ticscmf 

of tm um^^l ^e^hts^ suspemlod at Me* Mnds of d 
T^tnd^ p0«ing^rm€r u PuMoj/: Me fV^At Th^oad: 
and of w Patley being conMtMd in the ^ ^ 

Let i 'zz the Mvhdh length ©f the thread ; 
a r: the weight of the same ; 
b zz 4w> the dif, of lengths at first ; 
d zz ^ i- w the dif/of the two wdghts ; 
e r: a weight aj^iplied to the circumference, 
such as to be equal to its whole wt. and 
friction reduced to the circumference ; 
ssi w 4 a?+ a 4- r the sum of the weights mo^^ed- 

Then the weight ^)f b is A^and d^ is the moving force 

at first. ' Blit if x denote any variable i^ace de*«cended by W, 
or ascended by w, thp, difference of the lengths of the thread 
will be altered 2x j ik> that the diSerence will then be A — 2x, 

and its weight — <«7, conseq* the motive force there will bte 
g ^ p —7 and theref. zzj the ac- 

celerating force there. Heiice then ©t? = r: 2gx x 
j””* > the fluents of which give xr r: ^gx x -- — - — 

or V r= 2 X Viex + x*) the general expression for the 


velocity, putting e = 


dl-^ctb 


And when x = ft , or w becomes 


as far below w as it was above it at the beginning, it is barely 
r =r 2 for the velocity at that time. Also, when tf, 
the weight of the thread, is nothing, the velocity is only 
as it ought. 

Again, for the time, if or-^ ^ -JV;^ X ^ 

ill^ents of which give t = x log, the ge* 

neral expression for the time of descending any space x. 

And ifttlie radicals be expanded in a series, and the lOj^. 
of it be takeUr the same will become 

Wliich therefore, becomes barely when the weight 
of the tbr» 4 »is 89t^.Bg; ought. 

PROBLEM 



wmmtwm 




fwnvtm 47 . 

to* find /*(ff nnd Tim ^ a m^l 

ti^cimt^fijtj^ to tkt middle ^ « Juuci or jlm J%rml mid ' 
^ wway, 4«d hy a gitmH temon ; iki Mmtm 

of the Vibration being tmy smitJU 



3Let / r: AC half the length of the thread j 
n =r CD the extent of the vibration i 
:r =5 CE any variable distance from c ; 
w = wt. of the small body fixed to the middle ; 
w =3: a wt* which, hung at each end of the thread, 
will be equal to the constant tensibn at each end, 
acting in the direction of the thread. 

Now, by the nature of forces, ae : cE r : w the force in 
direction ea : the force in diroctioti EC. Or, because AC is 
nearly = ae, the vibration being very small, taking ac in- 
stead of ae, it is AC : CE : : w : ^ the force in Fr arising 
from the tension in EA. Which will be also the same for 
that in eb. Therefore the sum is - - zz the whole motive 
force in FC arising from the tensions on both sides. Cqnse- 
quently := f the accelerative force there. Hence the 

equation of the fluxions vv "2gfs = ; and the flus. 

if ss: — But when this is—-™, and should 

Itff * Up 

M 

be = 0 ; theref. the correct fluents arc v = 4^w x — 
smd hence f = V'(4^rw x — — — ) the velocity of the little 

body w at any point E. And when x ~ 0,it is v Za^ ~ 

for the greatest velocity at the point c. 

Now if we suppose w ss 1 graint vr = 5lb troy, or 28800 
grains, and 2/ = ab = 3 feet ; the velocity at c becomes 

av' % zsllll^rt. So that 

s 

if AT 5= ^Vinc. the greatest veloc. is 3 tV ft. per sec. 
if n =: I inc* tlie greatest veloc. is 92^? ft. per sec. 
if a zz ^ inc. the greater veloc. is per s^c. 

To 


moMisettotKS x!!£eilttix«£s. 


•sst 

• aw. t' ttm ^ 

To find the time /, it it f or -^ = V — X 

Hence the correct fluent is / ~ iv'-- y arc to cosine — and 

wg a 

radius Ij for the time in de. And when x = 0,the whole 

tt)/ 

time in OC, or of half a vibration, is *7854 andconseq. 

a ttfl 

the time of a whole vibration tlirough vd is 1*5708 

Using the foregoing numbers, namely w ^ 1, w « 
28800, and 2/ = 3 feet ; this expression for the time gives 

J . ^ L t — 353. f, the number of vibrations per second. But if 

!«; = 2, there would be 250 vibrations per second ; and if 
^ = 100> there tvould be 351 J vibrations per second. 


PROBLEM 48. 

To determine the same as w the Ja^f Problem, •when the. 
Distance cd hears some sensible Proportion to the Length 
AB ; the Tensioji of the Thread Inrwcvcr king still huppoaed 
a Constant Quanti{y. 

a 

B 



Using here the same notation as in the last problem, and 
taking the true variable length ae fm Ac, it is ae or kb : CE : ; 

2\y : = the whole moti\ e fore e from the two 

ae -r «-) 

equal tensions w in ae and EB ; and tlieref. x — zzf 

‘ ' Vf y(/a ^ ^a) ^ 

Is the accelerative force at E, Tbercf. the fluxional equation 
is rv or 2g/s r: — x - and the fluents ^ X 

+ But when x z:: a, these are 0 ^ ““ 

^/[V + therefore the correct fluents are zz ^ X 

[v" (/" + «*) - 4- JF*)] ~ ^ X (AD - ae). And 

hence v = a/L— ^ X (ajj — As)] the general expression for 

the vcloc'ty ill E, And when ■ arrives at C, it gives the 

greatest 





^test velocity there = VC — X (ad - Ac)]. , Wl^ 
When w = 2S8O0, w = 1 , 2/ = S feet, and cd =: 6 inches 
or i a foot, is </(» x 28800 x ler'r X = 548-J feet 

pCT second. Which, came out 555r\ in the last problem, J)y 
using always AC for ae in the value of f. But when the ex-* 
tent of the vibrations is very small, as tSt of an indt, as it 
commonly is, this greatest velocity here will be V8 x 28800 
X ‘16 tV X Triisv == 9^ i^arlyj which in the last problem 
was 97 V nearly. 


To find the time, it is i or — = X 

makiiipj c* = ad =: ^ (/^ To find the fluent the easier^^ 
multiply the numer. and denom.bothby V[c+ v^(^^+»0!!> 

so shall t = X X V^CC + v/(P + .e)]. 

Expand now the quantity V[c -b \/(^^ + in a sericr^ 


and put d^c+ly so shall i 
Srf + / -h /« r, 


~ V— X— — fl+— 


40fi'S-^^<N+yX(Il^ + !il^ 


See), Now 


the lluciit of the first term — is = tlic arc +o sine — 

- x‘^) a 

and raJius 1 , which arc call a ; and let p, Q^be the fluents of 
any other two successive terms, without the coefllcients, the 
distance of a from the first term a being n ; tJien it is evi- 
dent that a = = ;r"A. and V = .r*” - *A. Assume theref. 


a = &p — ^ v* i then is u or x^v = «« (2n — 1) 


— X') -h 

(‘in— 




zz hv — 


( 2 « - l)ta‘^x*n-^h 


•f 


= — (2/2 — 1 )eiz'p+(2>z — l)t'.rp -f* 


e'.r*? = /^p — ( 2/2 — d" 2?7(?.r^p. Then comparing the 

coefficients of the like terms, we find 1 = *2en^ and b =: 


( 27 ^— l)ea''*; from which are obtained c = ,/-,and 

2 n 2 /z 

Consequently a = ^ L.^ the general 

equation between any two successive terms, and by means of 
which the series may be continued as far as we please. And 
hence, neglecting the coefficients, putting a == the first term, 

namely the arc whose sine is -p and «, c, n, &c, the follow- 
ing 



-866 


rkt^imolriM^ as^KCtiHiis. 


tejTBs, the'.^Jjs'is Ss'^Wi^ 'a’ -f' 

If* ■7jifl':TJ^} *’ ■ < ^'** ^ ^--Six. ■ ^^'O, 

,,t|MS series -aa and' whe^ -^- ^ f’tne^.^et'ies, + 

i«*A , jt«*a,. . fi<i®c 


21£. 8tti . ■;»■=: 'S'-H'S®, 



jjK 1 -f -f 

, taking uj.fbesoeflicients* thie gebei^ ^*ue *f 

pvising over any distance jde will be 




8W^' 

,1 i 

A41'' 


JL 

4rfr 


arf ^ . 1 ^ 3 , 


'3!?A'3 r 
fl . yiS -» P y , ; , 




And hence, taking x =» 0, and doubling, :lliie iti#e of a 
whole vibration, or double the time of parsing over cn will 

- 1 , .«j(r + /) /, , J ^ hd + ^i 3 

be equal to ip */ * { 1 + 

4d^ + 2di+l* 1 


l-a^- 


XUStdiL^ 


,4.6^ 


3Wi» * A 4 
40rf> + 8fW+12.'//* + 5i* 

•‘i 


+ 






Whidi, when a =r O, or c ie: /, becomes only the 

same as in tl^o last problem, as it ought. 

"Taking here the same numbers as in the last problem, 
viz, I'r^ I, <i == ts^^zz 2, w =5 g =» 16tV » thto 

ip rr -0040514, and the series is I + ^006762 

•000173 + *000001^ &c = i*00G590; therefore -00405 14 x 

1^006590 = *0040965 S5 is the time of one whole vi- 
24^J 

hratioti, and consequently 245^ vibrations are performed in 
a second ^ which were 250 in the Is^t problem. 


PEO^JLEM 49. 

I4 fs propmedio determine the P^ehcit^^ mid (he Time 
fbratwni Fluid m tke Armk efu Cmed^or bmt* T^dm* 

lij^t the 'tube '&msad'&Thme 
bjcafw^^ JSC, OB irertijC^ .md 
|jan^^m;'in'^a^y p^os^ion^ wliatey% .the, . 
vrlrclt# SBinjg otz or 

'^dth throughout! X^ wat^i of 
silver, or any other fluid, be poured hi, 

M it stand “in ^’e'quiUteio,' St udy 


'r[ 

B 

oW 
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bf ibakiagt jio 3^^ we otlbeTi^l iiscc^ 

_:tliiii^(M^g}i :lhe ’ Ufa ; ,4^ter'<«(!hkH ' let. tlietn' W 

.flitted freeif to return^ The swrl^es wilt then cbptuioi^ir 
ih eqaid tSthes herween A<h ittnd &6. Tte Vi^ecli^ 
«pd hy^e^ ‘<^ .erh^teyKaUatii^na ere therefote 'rsqdied; 

Wh^ the 8ur£i<jes we wy where out of e horhcdiutd hte, 
as at r and a, the ^aats the fluid ki moft,' oheii^ 
below ait, will balaste each others and <he weight of„the 
halt in tr, wbicii hv^aito 2?F^ giv« ihatMa to'the 
So that the weight ot ihe' part Sr*' is the iaddve flwce^ 

wtx)Ie fluid is iarg«d^ and therrfdaae 

aci^el^ative force. .Which weights being prc^oruon^j ip 
Shfiir lengths, if I be the length of the whole flmd, dir awof 

the tabe fltied, and a =. fo or bc j then is -t-r- the aecetera- 
tive force. Putthjg theref. -r =5 OP irty variable distance, v the 
velocity, and t the time *, then vr ss^ a ^ s, and 5 * / 

fee aecelerative force 5 hence or ^gfs =: y {ax — fiv) ; 
the fluents of which give v* rs ^2ax a**), and = 


\/{4fgx is the general expression for the velocity 

«t any term. And when x = fl, it becomes v =: 2 «-/ j for 
the greatest velocity at b and f* 

Again, for the time, Vre have / or X 

the fluents of which give t “ i'^Y ^ su* v®t**d sine — 
and radius I, the general expression (ot the time. And 
when jp = a, it becomes I = ipy j for the time of moving 

from o to F, ^ being = 3*1416 5 ^ consegttently 

thdtime of a ai^de vfl»atieB. frond 6 to e, or from o to a. 
And which therefore is the same,L whatever ad u,jthe whole 
ieogth i remsdnibg the saUB®* . * 

Aad the tBne.iof wbl'^tibh is sitio e«|taal to the .dipe of the 
vibrittion,^ a,|df dulodiw'ho^'laagth e ii»whalf the length 
tV a»fa of -tfafc flnid.^: So that; rf the leaj^ / be 18^ inches. 
it,l!ritt_osd^e id 1 se&iid. ^ . . 

; This r^(|^rb^bo of in the canals is 

' je|wly similar to the motioh of the waves of the sea. For 
!■ ”* the 
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the time of vibration is thesame^lioweyer^hoit llji^ brsitt^Jb^ 
are, provided the whole length be the same* So that when 
the height is small, in proportion to the length of the cansjJJ 
the motion is similar to that of a w^ave^ from the top to the 
bottom or hollow, and from the bottom to the top of the 
next wave; being c^qual to two vibrations of the canal; the 
whole length of a wave, from top to top, being double the 
length of the canal. Hence the w^ave will move forw'ard by 
a space nearly equal to its breadth, in the time of rvvo vibra- 
tions of a pendulum whoso length is (iJ) half the length of 
the canal, or one-fourth the breadth of a wave, or in the 
time of one vibration of a pendulum whose length is tlie^ 
whale breadth of the wave, since the times of vibration are 
as the square roots of their lengths* Consequently, waves 
whose breadth is equal to inches, or "^^ 1 ^ move 

over 3 feet in a second, or feet in a mimtte, or iiearly 
2 miles and a quarter in an hour. And the velocity of greater 
or less waves will be increased or diminished in the subdu- 
plicate ratio of their breadths. 

Thus, for instance, for a wave of 18 inches breadth, as 
: 39{. : : VlH t x/(39^ X IS) = |V3l3 =: 26-33711 
the velocity of the wave of 18 inches breadth. 

vnoBtiLM 50, 

To delcrmbie the Time of emptying any Ditc/iy or Inun^ 
dation, S(c^ by a Cut or Notch, from the Top to the Bottom 
of it. 

Let .1' = Aii the variable height of water at 

any time ; n 

3 r: AC the breadth of the cut ; j, 

d = the whole or iirst depth of water ; 

A =: the area of the surface of th^ water ^ 
in the ditch ; 
g = feet. 

The velocity at any point d, is as that is, as the ordi- 
nate DR of a parabola XEc, whose base is ac, and altitude ab* 
Theretbre the velocities at all the points in ab, are as all the 
ordinates of the parabola. Consequently the quantity of 
water running through the cut ABOc, in any tfane, is to the 
quantity which would run through ati equal aperture plalecd 
all at the boitoni in the same time, as the area of the para^ 
bola ABC, to the area of the parallelogram 4BGC, that as 
2 to 3. . . 

But \/g : : 2^ • 2 the velocity at Ac; th^r^re 

X 2s/gx X 6 . 1 = the quantity discha|ged^j3|r 

second 
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second ihroagh aboc ; and cdnseqaentJy is the ve* 

locity per second of the descending surface. Hence tlien 
^ if' ; : = i the fluxion of the time of 

descen<flng. 

Now when a the surface of the water is constant, or the 
ditch is equally broad throughout, the correct fluent of this 

fluxion gives t = x for the general time of 

sinking the surfece to any depth s. And when s Ot this 
expression is infinite ; which shows that the time of a corn* . 
plete exhaustion is infinite. 

But if d r: 9 feet, 6 » 2 feet, a sa 21 x 1000 = 21000, 
and it be required to exhaust the water down to of a 
foot deep ; then or r: -/y, and the above expression becomes 

T ' x 41 ' ’ ^ “"X” ^ 14?4jOO , or Just 4 hours for that time. 

And i/ it be required to depress it 8 feet, or till 1 foot depth 
of water remain in the ditch, the time of sinking the water 
to that point will be 43' 38". 

Again, if the ditch be the same depth and length as be- 
fore, but 20 feet broad at bottom, and 22 at top ; then the 
descending surface will be a variable quantity, and, by prob. 

16 vol. 2, it will be X 20000 ; hence in this case the 

rt r t • -SAi- , —500 ^ 90 + r . . 

flux, of the time, or rr 9 becomes X — ; the 

correct fluent of which is / rr X ( — ; —) tor 

a/® 

the time of sinking the water to any depth x. 

Now when x =: 0, this expression for the complete ex- 
haustion becomes infinite. 

But if .. X = I foot, the time t Is 42" 56"4. 

And when x = foot> 28 "a. 

PROBLEM 51. 

To determine the Time of filling the Ditches of a Foriifi^ 
cation 6 Feet deep wUh Wafer ^ through the Sluice of a Trunk 
of 3 Feet Square^ the B(dtom <f which is level with the BoU 
tom of the Ditch^ md the Height of the supplying Water is 
9 Feet above the Bottom of the Ditch* 

Let ACOB represent the area of the vertical sluice, being a 
square of 9 square feet, and ab level with the bottom of the 
ditch. And suppose the ditch filled to any height a£, the 
furface bemg then at vr. 

rtsunv BB Pot 
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Put SB 9 the height of the head or i 

J = S =s AB r: AC ; 

s= ^ ^ 

A =s the area of a horizontal section of 
the ditches; 

X ss a AE, the height of the head 

above 1 ^, ^ ^ w i ' 

Then ; \/x : : 2ff : Qi\/gx the velocity with which the 
water presses through the part aefb ; and theref. 2 x 
AEFB s= 2ki/gx{a — jr) is the quantity per second runi^ng 
through ASFB.^ Alsoi the quantity running per second 
through ifiCDF is 2^/gx x r\%cm rs *^b^/gx{b — o + *r) 
nearly- Fcnr the real quantity is, by proceeding as in the last 
prob. the difference between two parab* segs. the alt. of the 
one being x^ its base i, and the alt. of the other a^b% and 
the medium of that dif. between it$ greatest state at ab, 
where It is Aad, and its least state at CD, where it is 0, is 
nearly 4 ^Jed. Consequentljr the sum of the two, or ^%^g^ 
(a I i b x) is the quantity per second running in by the 

whole sluice acdb. Hence then \h*/gx x ^ i=cvh 

tixe rate or velocity per second with which the water rises in 



the ditches ; and sov: — ;r : : T' : / zi — -y— X 

the fluxion of the time of filling to any height ae, putting 
IT a + 1 


Now when the ditches are of equal width throughout, A 
is a constant quantity, and in that case the correct fluent of 

this fluxion is X log. X the gc- 

neral expression for the time of filling to any height ae, or 
<1 — jr, not exceeding the height ac of the sluice. And 

when rzzACZZtf — ind suppose, then t = j-— X log, 
is the time of filling to CD the top of 

the sluice. 


Again, for filling to any height GH above the sluice, x de- 
noting as before n — ao the lieight of the head above oh, 
2 ^/gx will be the velocity of the water through the whole 
sluice AD : and therefore 2b^\/gx the quanthy per second, 

rit; the rise per second of the watet in the ditches ; 


consequently » t - ir : : l" : « = - X the 

general fluxion of the time i the ctarrect fluent cf which^ 

‘ , •' .hmng 
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f^ing 0 tj^hen x ss a ^ ^ r= is / 
time of filling from, CD tp OH. 

Th6n the sum of the twro P^dyi that of filling 
from AB to ci), mi, that of filling, from cx) to gh,j is 

A V'a' , (> r ^1 

v« '• i — + J 

whole time required- And^ using the numbers in th# {aob.s 


this becomes r- 7 - f • , 

the time in terms 


,y4S ^ 


0‘03577^77a, the time in terms of a the area of the 
length and breadth,, or horizontal section of the ditches^ 
And if we suppose that area to be 200000 square feet, the 
time required will be 7154'', or i*' 59' 14". 

And if the sides of the ditch slope a little, sO as to he a 
little narrower at the bottom than at top, the process will be 
nearly the same, substituting for A its variable value, as in 
the preceding problem- And the time of filling will very 
nearly the same as that above determined* 


PROBLEM 52. 

But if the Water, from which the Ditches are tu be filled^ 
be the Tide, which at Low Water is below the Bottom oj the 
Trunk, and rises (0 9 Feet above the Bottom of it by a regu^ 
lar Rise of One Foot in Half an Hour ; it is required to 
ai>c€r tain the Time of Filling it to 6 Feet high, as before in 
the Last Problem. 


Let ACDB represent the sluice ; and when the tide has risen 
to any height ch, below cn the top of the sluice, without 
the ditches, let ef be the mean height of the water witliin- 
And put 5 ri: 3 =; AB = AC ; 

5’= i , If 

A r= horizontal section of the ditches ; i | 


; AE* 


Then ^g ; Veg :: tig: ^Vgi^-z) the velo- 
city of the water through aefb ; and 
. %/^g: v'eg:; Jg- ; I the mean vel. through eghp; 

theref. 2bz^/g(x—z) is the quantity per sec, through aefb ; 
and i6(x — z)^g(a; - z) is the. same through eghf ; 
conseq. {b^g x i2x .+ z)V{z; - z) is the whole thro^ugh 
ions per i^conA TWs quantity divided by the surface a, 

gives ^ X (2X +’?V (■*■ - z j = ® Telocity per second 

BBS with 
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With which KF, ot the surface of the water the ditches^ 
rises. Therefore 

But, as CH rises unifonuly 1 foot in 80' or 1800', thei’e- 
fore 1 : AG : : 1800^ ; IBOOjt =: t the time of the tide rising 

through AG ; conseq. i = ISOOi = X 
rrt^ =s (SjT 4- 2i)\/(Jr— f) . x is the fluxional equa. expressing 
the relation between x and x ; where m = :=: -jjj* 

or JSfJI when a = 200000 square feet. 

Now to find the fluent of this equation, assume x = 
Ax^ + BJT^ + co: ^ + vx^ &€• So shall 

,, . i A A a*+4» t >3+4,\b + 8C„V « 

V{x - z) = —x^ r &c, 

5^ I 11 

2 x ‘{- Z ^ 2 x + AX^ + BX* + CJt ^ &C, 

V y. -1. 3 a* S. , Ai ^6AB . o 

(2jr 4- z)\/{x^z)x zz ^x^x # — j &Cy 

1 6 0. ^ I » ^ 

and mz = IWA.t’V 4- .JmB.r'^ir4- 4- ^ i 8u:. 

Then equate the coefficients of the like terms. 


so shall 

4 


iniA = 2, 

fWB = 0, 

ywc = - |A% 

yWD = - |A’ - |AB, B=3-r- 

&c ; &<*• 

Which values of A, B, c, &c, substituted in the assumed 
value of z, give 


and consequently 
4 

^ ~ 

B = 0, 

^ 54 

16 

i75m< > 


4 4 «4 V 


16 y j, 

:X &c; 


8T5m* 


or 2 =: very nearly. 

And when r = 3 = AC, then X =: "886 of a foot, or lOf 
inches, = AE, the height of the water in the ditches when 
the tide is at cD or 3 feet high without, or in the first hour 
and half of time. 
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Again, to find d>« lifter the above, when 
EP afnve^S at cd, or when the water in the 
ditches arrives as high as the top of the i^luicet 
The notation remaining as 
then ^IhzV^ix — z) per sec. runs thrdn^ aj** 
and |-/>(3 — z)0^g{x — «) per sec. thro’ ev nearly 5 
therefore x (I2 + z)^/(.v-‘z) k the whole per second 
through AO nearly, 

conscq,^^’ ^ (12 -f - s) =: is the velocity per 

second of the point e ; and therefore 



i[» : X 


l" 




X 


s 


n I800;r, or 


T?2«rr(l'2+^)v'(‘^'-“Z) . where nearly. 

= A*r^ -f BT^ + + DJP^ &c. 

I . ^ A 9 A. A., 3 . a . 

V(jr - z) 


im^g 

' * t ji 

Assume z ^ ax^ -f bx^ + + dx'^ &c. So shall 

a^+4b 1 a^ + 4ab + 8c 4 rt 

Is ^ ; 




12 + 3 = 12 + A.r‘ 4 - B.r’ 4 - c,y^ &c; 

2 i i. 

{! 2 +;i). V'(.r — r) . A'=:l 2 r^i-' 6 A.r*;!f — 

t- A 

z: ■5?/iAr"**’+ fJ?2B-r^r + -mex^x &c, 


Then, equating the like terms, 8cc, wo have 

H 24 96 64 , . 

A = — , Br: r, Cn — r, D — nearly, &c. 

m' 5m-*’ 3m‘ 


Hence 2 = - .r' 


24 


96 


64 




3m* 


8 

Or z “ nearly. 

But, by the first process, when x n 3, k =: *886 ; which 
substituted for them, we have z r: *886, and the series =: 
1*G3 i therefore the correct fluents are 

z - -886 =; - 1-63 4- — Sit, 

or z + *744 = — Jrf — &c. 

And when s r: 3 =: AC,5t gives x r: 8'369 for the height 
of the tide without, when the ditches are filled to the top of 
the sltiice, or 3 feet high ; which answers to 3‘‘ 1 T 4". 

liBstly^ to find the time of rising the remaining 3 feet 
above the top ot the sluice ; let 

jf r: c« 
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f 


-e-lT' i 




iz CG the height qf the tide above jCD^ , k 
3f CE ditto in the ditches above CD j 
and the other dimensiot^s as brfoare.^ 

Then : ^eo 2 tho 

vetecity with which tlPyater runs through the \ .;' J 

whole sluice ad ; cons^. AD x ~ , 

I B - z) is the quantity per second running through the 

sluice^ and — 2f) s= t? the veldcity of or the ris^ 

of the water in the ditches, per second ; hence v : i ^ ; V ' : 
f = il^. = l80Pi,anami = i^(:r-z)> 

die fluxional equation j where m — = 

To find the fluent, 

4 ^ 4 ® 

Assume x = ajt^ + bx^ + cx H- Dx^ &c. 


’207^ 


Then x — j? = x — ax^ 
ifV^(x — x) = x'^^ir 


“♦ 4 

BX^‘ — CX- &C, 

A - 7 ,. a*+ 4 b - 

—X X — X X &c* 


» 4 # « 

nia = I-WAX X -h 4 mJx X + |?ZCX’X &Ce 

Then equating the like tenns gives 


0 


z} 

6n«* 


90n3 > ^ 


Hence z = - ;;;^> &c. 


6n« 


90n» 


81 On* 


But, by the second case, when r = 0, x = d’3f)9, which 
being used in the series, it is 1*936 5 therefore the correct 

fluent is z — 1*936 + &c^ And when 

^ 371 

a: 3, X =s 7 ; the heights above tfte top of the sluice, 

answering to 6 ^d 10 feet above the bottom of the ditches. 
That is, for the water to rise to the height of 6 feet within 
the ditches, it is necessarj for the tide to rise to 10 feet with- <• 
out,. which just answers to 5 hours; and so long it would 
take to All the ditches 6 feet deep with water, their horizon- 
tal area being 2000QO square feet. 

Further, when x = 6, then z = 2*1 17 the height above 
the top of the sluice ; to which add 3, the height of the sluice, 
and the sum 5*1 ] 7, is the depth of water in the diuhes in 4 
hours and a half, or when the tide has risen to the height qf 
9 feet without the ditches. - 

Note, In the foregoing problems, concerning the efilux 

of 



of .|ratert it h> taken granted that the velocit|^5e the same 

as that i^ch is due tp^thc whole height of surface of 
the supplying water: a suf^osition whith agrees with the 
principles of the greater number of authors ; though some 
make the v^ocity to be that which, is Hie to the half heig^ 
only : and others make it still less* ' 

Ateb in some places. Where the difference between tw<# 
paraboKc segments was to be taken, in estimating the mean, 
velocity of the wateir through a variable orifice^ i have Used 
a hear mean value df th^ expre^ion ? which niafejs the op^ 
ration of finding the fluents much more easy, and,b at the 
same time sufficiently exact for the purpose in hand* 

We may further add a remark here concerning tlie method 
of finding the fluents of the three fluxional forms that occur 
in the solution of this problem, viz, the three forms mk n 
(2x + z) /'{x — z)Xf and niz = {12 + z)V{x — 2 )i, and 
W7« :z: y/'{x — z)x^ the fluents of which are found by assum-^ 
ing the fluent mz in an infinite series ascending in terms of 
X with indeterminate coefficients A, B, c, &c, which coeffi» 
cients are afterwards deiermined in the usual way, by equat- 
ing the corresponding terms of two similar and equal serie^, 
the one series denoting one side of the fluxional equation, 
and the other series the other side. By similar series, is 
meant when they have equal or like exponents ; though it 
is not necessary that the exponents of all the terms should 
be like or pairs, but only some of them, as those that are not 
in pairs will be cancelled or expelled by making their coeffi-r 
cients = 0 or nothing. Now\he general way to make the # 
two series similar, is to assume the fluent z equal to a series 
in terms of x, either ascending or descending, as here 
z = x’*' + &c for ascending, 

or z = See for a descending 

eyries, having the es^pnents r, r ± r ± 2r, &c in arith- 
metical progres ion, the first term r, and common difference 
s ; without the general coefficients A, B, c, See, till the values 
of the exponents be determined. In terms of this assumed 
series for z, find the values of the two sides of the given 
^fluxional equation, by substituting in it the said scries instead 
of z j then put the exponent of the first term of the one side 
equal that of the other, which Will give the value of the first 
exponent r; in like manner put the exponents of the two 
£d terms equal, which will give the value of the common 
difference ^ ; and hence the whole series of exponents r, 
r ± s, r ± ks, &c, becomes known. 

Thus, far the last of the three fluxional equations above 
maawi^d, mymx zz or only k zz x)x; 

having 
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having assumed as above z ssi + jf. + * &ic, and taking the 
fluxion, then z “ x 4- + &c, omitting the 

coefficients ; and the other side of tfae equation V(x-^z)x zz 

&c)ir: x^x — a.'""- ix Sic. Now the expo- 
nents of the first terms made equal, give r — 1 == theref* 
r = 1 4* i = i ; and those of the terms made equal, 
give r+5— l=r— theref.5— 1 '-4, and.? — 1 — 

conseq. the whole assumed series of exponents r, r + 
r + 2s, &c, become 4, &c» as assumed above in pa. ^i74. 

Again, for the 2d equation inz or « r; (12 + a)\/(jr— r);? 
=; (a + z)4/(x — z)x ; assuming z =: x^+x^+^ &c as before, 

thenj£r:x'^’“’if+x^+**^*if &c,andv'(*t'— -- x^-'^x 
ficc, both as above; this mult, by ist + a? or &c, 

gives — &c : then equating the first exponents 

gives r— 1 “4 or r=f, and l=ar — n or 5=1 — 5- — f » 

hence the series of exponents is 4-, 4, 8cc, the same as the 
former, and as assumed in pa. 373* 

Lastly, assuming the same form of series for z and z as in 
the above two cases, for the 1st fluxional equation also, viz, 

3fn«=(2jr-f z) v'(j — js);^; then — a )■*’=; ^x &c, 

which mult, by 2 j:+ 2 :, gives ^x^x — 8lc : here equat- 

ing the first exponents gives r — 1 = ^ or r = [, and equat- 
ing the 2d exponents gives — 1 =sr + T»or5=:4; 

hence the series of exponents in this case is L V , &c, as 
used for this case in pa, 372. Then, in every case, the gene- 
ral coefiicients A, B, c, &.c, are joined to the assumed terms 
4’'^+', &c, and the whole process conducted as in the 
three pages just referred to. 

Such then is the regular and legitimate way of proceeding, 
to obtain the form or the series with '•'espect to the expon- 
ents of the terms. But, in many cases we may perceive at 
sight, without that formal process, what the law of the ex- 
ponents will be, as I indeed did in the solutions in the pages 
above referred to ; and any person with a little practice may 
easily do the same. 

Problem 33. 

To determine the fall of the Water in the Arches of a Bridge. 

The effects of obstacles placed in a current of water, such, 
as the piers of a bridge, are, a sudden steep descent, and an 
increase of velocity in the stream of water, just under the 
arches, more or less in proportion to the quantity of the ob- 
struction and velocity of the current : being very small and 
liardly perceptible where the arches are large and the pier* 
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few or sma]}^ bat in a high and extraordinary degree at 
London-bridge, and some othm, where the piers and the 
sterlings are so very jatge* in proportion to the arches. This 
is the casei not only in such streams as run always the same 
way, but in tide rivers also, both upward and downward, hut 
much less in the former than in the latter. During the time 
of flood, when the tide is flowing upward, the rise of the 
water is against the imder side of the piers j but the diflSer- 
ence between the two sides gradually diminishes as the tide 
flows less rapidly towards the conclusion of the flood. When 
this has attained its full height, and there is Up longer any 
current, but a stillness prevails in the water for a short time, 
the surface assumes an equal level, both above and below 
bridge. But, as soon as the tide begins to ebb or retutH 
again, the resistance of the piers against the stream, and the 
contraction of the waterway, cause a rise of the surface above 
and under the arches, with a fall and a more rapid descent in 
the contracted stream just below. The quantity of this rise, 
and of the consequent velocity below, keep both gradually 
increasing, as the tide continues ebbing, till at quite low 
water, when the stream or natural current being the quick- 
est, the fall under the arches is the greatest. And it is the 
quantity of this fall which it is the object of this problem to 
determine. 

Now, the motion of free running water Is the consequence 
of, and produced by the force of gravity, as well as that of 
any other falling bo^y. Hence the height due to the velo* 
city, that is, the height to be freely fallen by any body to ^ 
acquire the observed velocity of the natural stream, in the 
river a little way above bridge, becomes known. From the 
same velocity also will be found that of the increased current 
in the narrowed way of the arches, by taking it in the reci- 
procal proportion of the breadtli of the river above, to the 
contracted way in the arches j viz, by saying, as the latter is 
to the former, so is the first velocity, or slower motion, to 
the quicker. Next, from this last velocity, will be found 
the height due to it as before, that is, the height to be freely 
fallen through by gravity, to produce it. Then the differ- 
ence of these two heights, thus freely fallen by gravity, to 
produce the two velocities, is the required quantity of the 
waterfall in the arches ; allowing however, in the calculation, 
for the contraction, in the narrowed passage, at the rate as 
observed by Sir I. Newton, in prop. 36 of the 2d book of the 
Principia, or by other authors, being nearly in the ratio of 25 
to 21. Sudi then are the elements and principles on which 
the solution of the problem is easily made out as follows. 



i978 fiomseoom ' tixxn^diB. 

Let A ^ th^ Itreadth dF tiie charmei in ifeet i" 

V ;5ss «Kin veificky of rise water in feet petis^d^id | 
e = breadth of the waterway between tjse ti|^ 

Now 35 : ai : : c the waterway contracted as abfye. 

And : i : : v : the velocity in the contracted way. 

Al$o S2* :v*:: 16 : height falleix to gain the velocity v. 

And 32^ : : : 16 : (^):x 'st»% ditto for rise vel. ^ 

Then ( X gj- is the measure of the fall required. 
^ i] ^ h>r computing the fall. 

<5r rather * J— ■ X v' very nearly, for tlxe fall. 


Exam, l. For Londm-bridge* 

By the observations made by Mr. Labelye in 1746, 

The breadth of tlie Thames at London-bridge is 926 feet ; 
The sum of the waterways at the time of low* water is 236 ft 5 
Mean velocity of the stream just above bridge is 3-^ ft. per sec. 
Bat under almost all the arches are driven into the bed great 
numbers of what are called dripshot piles, to prevent the bed 
from being washed away by the fall. These dripshot' piles 
still further contract the waterways, at least ^ of their’^mea- 
^ sured breadth, or near 39 feet in th*^ whole j so that the 
' Waterway will be reduced to 197 feet, or in round numbers 
suppose 200 feet. 

Then b = 926, c = 200, v = 3* = */. 

1 •44A’» - 1 2 1 761 6 - 40000 . ^ 

= -ZiTTlmr = 

And t;* = ^ = lO/v 

Theref. -46 x IOVt ="4*^3 ft.=4 ft. 7i in. the fall required. 
By the most exact observations made about the year 1736, 
the measure of the fell was 4 feet 9 inches. 


Exam. 2. For fFestminsttr-brldge. ^ « 

Though the breadth of the river at Westmtns^er-bridge is 
1220 feet ; yet, at the time of th^ greatest feH, ihere is watet 
through only the 1 3 large arches^ which amount to but 620 
feet} to which adding the breadth of the 12 intermediate 
piers, equal to 174 gives '994 fmr the breadth of the 

river 
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river at that tm ^ ; a|^,jth^ velocity of the water a Uttlc above 
the bridge, from xnaiity (fcEperimcn is not'more thaa 5|. (u 
per second. ’ 

Mere then b =s= 994, c :sz 820*^tJ 3 ; 2^ =5 , , ; 

— (J4 5^6^12400 01722* 

And =s — =s 

Theref. *01722 x 5-|2y tz -087^ ft. ss I in* the fall requiije^ ; 
which is about half an inch more Aan ftie great fall 
observed by Mr. Labelye. 

And, for Blackfriar’s-bridge, the fall WiB bt timch the 
same as that of Westminster. 


FINIS. 












